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turbulent motion. Thus their results do not give the real viscosity, but a value 
which may be any number of times larger than the true one.* . . 
We see that the problem of measuring the viscosity of liquid helium is a 
particularly difficult one, since the method must be such as to preserve laminar 
motion even with an exceptionally low kinematic viscosity. We have developed 
the following method for measuring viscosities of liquids whose kinematic 
viscosity is much lower than usual. The apparatus is shown schematically 
in the figure. _ 
The viscosity was measured by the difference of pressures of the liquid 
flowing in the very narrow gap between the glass disks J and 2, which were 
optically flat, and whose separation could be adjusted by thin mica distance 
pieces. The external diameter of the disks was 3 cm, and the upper disk had 


Fia. 1. 


a hole in its centre, 1-5 cm diameter, above which was fixed the tube 3. By 
means of the thread 4, this whole arrangement could be raised or lowered 
in the liquid helium, and the liquid level in the tube 3 could be set higher or 
lower than the level 5 in the surrounding Dewar vessel. The quantity of liquid 
flowing, and the pressure, given by the difference of levels, were measured by 
means of a cathetometer. 

The measurements produced interesting results from the first. In the case 
when the disks were pressed togethcr without any mica distance pieccs —the 


* Further measurements have shown that the viscosity of helium I is, to an accuracy 
of 5 per cent, independent of temperature from 4-22°K down to the A-point (2:19°K), and 
that its magnitude is approximately 11-10~6 c.g.s. units. This provides experimental con- 
firmation of the fact that the viscosity value obtained in Toronto, even for heliuin I, is 
much higher than the true one. The temperature dependence found there can probably 
be explained by the increase of density which occurs when the temperature is reduced to 


the A-point; the increase of density increases the turbulence thus causing an apparent 
inercasc of viscosity. 


Viscosity oF Ligurip Heitum 507 


gap was estimated as 0-5 microns by observation of the interference fringes— 
helium I could hardly flow through the gap at all; thus in the course of several 
minutes the height of the column in tube 3 changed by only a fraction of a 
millimetre. In the case of helium II, however, a marked flow was observed, 
and the levels equalised in the course of a few seconds. 

From the numerical data provided by the measurements, we could conclude 
that the viscosity of helium IT was at least 1500 times less than that of helium I 
at 4-22°K. The results also showed that the rate of flow was proportional to 
the square root of the pressure difference which means that in our case the 
flow through the gap was still turbulent. If, however, we calculate the viscosity 
assuming the flow to have been laminar, we obtain the order of magnitude as 
10* c.g.s. units, which is evidently still only an upper limit to the true viscosity 
which may be any number of times smaller. From the data we can also find 
a lower limit for the Reynolds number, and this comes out to be 50,000, so 
that turbulence could easily have occurred even in our narrow gap. 

We are now developing a method with which we hope to set a still lower 
limit to the viscosity of helium II, but the results described above are already 
sufficiently remarkable, since the viscosity 10~° of helium IT is at least 10,000 
times less than that of gaseous hydrogen at low temperatures (when its vis- 
cosity is least)—until now supposed to be the least viscous of all fluids. I think 
that our upper limit is already sufficiently low to consider, by analogy with 
superconductivity, that liquid helium below the 4-point assumes a special kind 
of state, which can be called a ‘“‘super-fluid”’. 

As we have already mentioned, this exceptional fluidity supports the ex- 
planation given at the beginning of the article, for the abnormal thermal 
conductivity and other anomalies of helium II. Evidently the turbulence 
which can be set up in helium II in the course of the technical manipulations 
of the experiments will not be able to die away, even in the narrow capillaries 
used in the thermal conductivity measurements. Such turbulent motion would 
of course provide a much more efficient means of heat transport than ordinary 
conductivity. The great fluidity of helium IT also makes it very easy for con- 
vection currents to arise, whose magnitude will depend on the temperature 
difference for which the thermal conductivity is measured. In this way it is 
possible to explain the anomalies observed by Allen, Peierls and Uddin. 
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35. THE ZEEMAN AND PASCHEN-BACK EFFECTS 
IN STRONG MAGNETIC FIELDS 


(1) A method is described for studying the Zeeman and Paschen—Back 
effects in magnetic fields up to 320 kG. 

(2) It is shown that the Zeeman splitting is within the limits of experi- 
mental error proportional to the magnetic field and obeys the theoretical 
predictions previously verified only in weaker fields. 

(3) In strong magnetic fields we were unable to discover any displace- 
ment of the centre of gravity of the splitting pattern, which again is in agree- 
ment with the theoretical prediction. 

(4) The Paschen-Back effect was studied in fields up to 300kG on a 
beryllium doublet, and it was shown that the splitting accurately followed 
the theoretical predictions, and that the intensities of the various com- 
ponents agreed qualitatively with the theory. 

(5) The initial stages of the Paschen—Back effect were also observed for a 
zinc triplet 3P-38. 


l. INTRODUCTION 


The Zeeman effect in strong magnetic ficlds was first studied by Kapitza 
and Skinner}, the fields being obtained by a method developed by one of us 
(Kapitza?), in which an accumulator battery of small capacity was discharged 
through a coil. In this way it was possible to obtain magnetic fields up to 
140 kG during a time of 7; sec. It turned ont that in such fields the majority 
of the spectral lines which were studied, split up (within limits of experimental 
error) proportionally to the applied field, in accordance with the theory which 
had previously been verified only in weaker magnetic fields. An exception, 
however, was the zinc line at 4680 A, which gave a splitting about 10 per cent 
grcater than that predicted by the theory, this discrepancy being outside the 
limits of experimental crror. 

Since then the method of producing strong magnetic ficlds has been con- 
siderably developed’; instead of the discharge of an accumulator the powerful 
current impulse from a short-circuited generator has been used, which has 
made possible the production of ficlds more than twice as great as those 
formerly obtained, and, morcover, in considerably larger volumes. At the same 
time the technique of measuring the magnetic field has also been improved. 
Using those improvements we have made a new investigation of the Zeeman 
effect in fields up to 320 kG, in which we have been able to increase considerably 


II. Naumua, I. P. Crpeaxop un E, Jlaypmanu, Asaenne Seemana nu Mamen-baka B caspuntx 
MAPUNTULIX NOMAX, Hypras Oncnepumenmanonot u Teopemurecsoti Dusuxu, 8, 276 (19388). 

P. Kavirza, P, G. StrreLxov and E.Laurman, The Zeeman and Paschen—Back effects 
in strong magnctic fields, Proc. Roy. Soc., A 167, 1 (1938). 
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the accuracy of the measurements, and to explain the cause of the discrepancies 
previously found. We have also been able to investigate the Paschen—Back 
effect and to verify the theory of this effect. 


2. THe EXPERIMENTAL ARRANGEMENT 


The experiments were made only in longitudinal fields, since this was the 
most convenient under our experimental conditions. 

In its essentials the experimental arrangement is similar to that used in 
the former research; it is shown schematically in Fig. 1. 

The current from the short-circuited generator passes along the leads (1) 
and through the coil (2) in which the magnetic field is produced, the strength 
of the current being measured by means of the shunted oscillograph (3). 
A spark is produced by the discharge of two condensers (4), each of capacity 
0-1 pF, charged to a potential of 30,000 V through a kenotron and a water 
resistance from the transformer (5); the condensers are discharged at the 
required moment by means of an oil switch (6), which is provided with an 
electromagnetic release mechanism (7). The discharge takes place through 
an iron-free transformer (8) whose secondary is connected in series with the 


Fic. 1. General experimental arrangement. 


spark gap, which is situated at the centre of the coil (2). In this circuit is 
included also a resistance (9) and a transformer (10), whose secondary is 
connected directly to the other coil of the oscillograph (11), which marks 
the time of passage of the current of the spark on the same photographic 
plate (12) on which is recorded the current passing through the coil (2). The 
spectrum is produced by means of a Hilger E11 quartz spectrograph (13) 
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(some of the spectra, for instance Plate 33, were however produced with a 
spectrograph with glass optical parts, made by State Optical Institute). 

The transformer (8) consists of a primary of 320 turns, wound on a glass 
cylinder of diameter 270 mm, and a secondary of 50 turns also wound on 
a glass cylinder, with oil insulation. The use of this transformer is to regulate 
the voltage of the spark, which was chosen to be lower than that of the con- 
denser; with this arrangement no high tension has to be introduced into the 
centre of the coil. By means of the resistance (9) the current strength in the 
spark can be adjusted, which is very important since the current has a strong 
influence on the breadth of the spectral lines produced. 

The whole arrangement works in the following way. The condensers are 
first charged, and then when the generator is short circuited through the coil 
by pressing a button (for the detailed description of this mechanism see 
Kapitza*), current is passed from sliding contacts connected with the special 
switch of the big generator, through the release meehanism (7), thus bringing 
the oil switch into action. The contacts are so arranged as to synchronise the 
action of the release mechanism with that of the big generator, so that the 
spark is produced at the moment at which the current through the coil has 
its maximum value. This synchronisation is checked by the oscillogram pro- 
duced on the photographic plate (12); a typical oscillogram is shown in Plate 32. 


Fic. 2. The discharge tube. 


The arrangement of the spark gap is shown in Fig. 2. It consists of a glass 
tube (1) which is inserted into the hollow of the coil (2) (shown schematically 
here). In some of the experiments the diameter of this tube was 10 mm and 
in the others 12 mm according to the size of the hollow of the coil used in 
the particular experiment. The spark takes place between the electrodes (3) 
and (4), one of which (4) is insulated from the other by a quartz tube which 
surrounds it. This whole system can be evacuated, and usually the spark is 
produced at a pressure of 1mm Hg. A small window (6) of fused quartz is 


placed in front of the spark gap to limit the spreading of the spark along the 
axis of the coil. 


3. MEASUREMENT OF THE MaGnertic FIELD 


The magnetic field was measured by the same method as used in the pre- 
vious research’. The coil (2) was calibrated by placing inside it an accurately 
measured search coil, which was connected by means of a specially syn- 
chronised switch to a ballistic galvanometer at the moment of maximum 
current in the coil (2). By comparing the throw of the galvanometer with that 
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produced by a standard mutual inductance, the strength of the magnetic field 
was determined; the current in the coil was deduced from an oscillogram, and 
so the constant of the coil (2) could be determined. Since the coil (2) is sur- 
rounded by a steel bandage in order to strengthen it, the magnetic field is not 
strictly proportional to the current in the coil, the deviation from proportio- 
nality being of the order of a few per cent. The calibration was therefore carried 
out for several different current strengths, and from the results the curve 
showing the relation between magnetic field and current was constructed. The 
oscillograms were measured after a five-fold magnification, produced by means 
of a special pantograph, one end of which was automatically guided along the 
curve of the oscillogram with the help of a photoelectric cell.* We estimate the 
accuracy of measurement of the magnetic field in the coil as from 1 to 14 per 
cent. 

In Plate 32 we reproduce one of the oscillograms of the current in the 
coil (2), from which the values of the magnetic field at the moment of the 
beginning and end of the spark, as indicated by the other oscillograph, could 
be deduced. It can be seen from the oscillogram that the time occupied by 
the spark is 0-001 sec, and in this time the current through the coil did not 
generally change by more than 1-1} per cent. ; 

The inhomogeneity of the field in the volume in which the discharge occurs 
was also studied, the search coil being placed at various points along the axis 
of the coil. It was found that in the space between the spark gap (3) and the 
quartz window (6) (Fig. 2) the field did not vary by more than 3 per cent. 

The spectra were investigated in fields from 60 to 320 kG. 


4. PRODUCTION OF THE SPARK AND MEASUREMENT 
OF THE SPECTRAL LINES 


The precision of the results of our research depends to a large extent on 
the possibility of producing sharp narrow spectral lines, and as in the previous 
work!, we found that the most suitable method was to use the required ele- 
ments not in their pure form but as impurities in some other material. Thus in 
our experiments the main substance of the electrodes was either copper or 
tungsten. 

The breadth of the spectral lines was found to be extremely sensitive to 
the experimental conditions, a minute change of the latter being sufficient 
to spoil the quality of the lines quite appreciably. 

An improvement in the sharpness of the lines obtained, as compared with 
the earlier experiments, was brought about by the larger available volume 
in which the spark was produced; in the previous experiments the coil dia- 
meter was only 0-4 cm, while now it was nearly three times greater. The main 
factor, however, in determining the sharpness of the lines was the current 
density: by suitable choice of the resistance (9) (Fig. 1), the line could be 


* A detailed account of this pantograph, constructed by P. Kapitza and E. Laurman, 
is to be published shortly. [Editor’s note; This account has as yet not been published. ] 
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considerably sharpened. Evacuation of the tube diminished the rise of pressure 
during the time of the discharge, and thus also increased the sharpness of the 
line. 

In Plate 33 we show, for comparison, photographs of the zinc triplet (4680, 
4722 and 4511 A), the first of which was taken at the beginning of the research 
before the various measures described above had been taken, and the others 
after the experimental technique had been improved. 

The breadth also depends appreciably on the strength of the magnetic field 
itself, apparently because the character of the spark is changed by the pre- 
sence of the magnetic field. In a magnetic field, the ions of the evaporated 
metal can depart from the electrodes only along screw-like trajectories of very 
small diameter round the lines of forces of the field, and consequently their 
concentration is greatly increased. In this connection it is interesting to men- 
tion that after each discharge a well-blackened spot was noticed in the centre 
of the window (6) (Fig. 2) just opposite the electrode; the formation of this 
spot was presumably due to the ions moving along the lines of force settling on 
the quartz. After each experiment it was necessary to use a new quartz window. 
In a magnetic field the relative intensities of the various spectral lines were 
also strongly affected, especially the lines of impurities in the main metal of 
the electrode; the lines of some impurities, hardly noticeable without a magne- 
tic field, sometimes became even more intense in a magnetic field than the 
lines of the main metal. This is illustrated by Plate 34, where the spectra 
taken without a field, and in a field of 320 kG, are superimposed on the same 
plate, and it will be seen for instance that the lines of the doublet Ca 2S—2P, 
which in the absence of a field do not appear on the plate, have a considerable 
intensity in the field. 

The spectra of each electrode used were generally taken at various fields 
up to 300 kG, and there was a large number of lines which had to be measured 
on each plate. It turned out that the best method of measuring up the plates 
was by means of a travelling microscope, this method giving an accuracy 
exceeding 0-01 mm. The measuring technique was improved by the appli- 
cation of Linnik’s vibrating objective method‘, which increases the accuracy 
by weakening the influence of the grain of the photographic plate. Any possible 
lateral displacement of the objective by the vibrations was excluded by sus- 
pending it on bronze strips which were vibrated electromagnetically. We also 
tried using a microphotometer but, in spite of the longer time required and 
the more tedious nature of the measurements, no increase in accuracy was 
obtained. In order to translate the microscope measurements of the splittings 
into wave-lcngths the plate was calibrated, using for the greater part the lines 
investigated themselves as standards. Since linear interpolation over 30-40 A 
would have given an error of order 1-5 per cent, we introduced a dispersion 
correction, differentiating the dispersion formula for quartz 


waa +a 4 (1) 
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with the following values of the constants: 


a = 3-4629 22 = 0-010627 
M, = 0-010654 22 = 100-77 
M, = 111-47 


The accuracy of our determinations of the Zeeman splitting varied from 
1 to 3 per cent according to the breadth of the line and the strength of the 
magnetic field. 


5. VERIFICATION OF THE PROPORTIONALITY OF THE 
ZEEMAN SPLITTING TO THE MAGNETIC FIELD 


First of all we investigated the zinc line 2°P,-2°8,, 2 = 4680-20 A, which 
in the previous research has not shown strict proportionality between split- 
ting and field. Using stronger magnetic fields, we discovered at once that 
the apparent increase of splitting in the previous experiments was caused 
by a neighbouring line, apparently a4F,-c4D, of copper, 4 = 4674-76 A. In 
the photographs without a field this line was absent, and became observable 
in the photographs with a field on account of the change in the conditions 
of discharge. Even in a field this line was very weak, but its splitting, super- 
imposed on one of the components of 2 = 4680 A, displaced the corresponding 
position of maximum blackening on the plate, and caused an apparent increase 
of the splitting. The use of stronger fields definitely established the accidental 
character of the discrepancy; in Fig. 4 can be seen the superposition of the 
splitting of the zinc and copper lines in a field of 126 kG. 

By a suitable choice of the spark conditions we were subsequently able 
to eliminate the disturbing line. In Plate 33 we show the splitting of the tri- 
plet in a field of 275 kG; as can be seen from Tables 1, 2 and 6, the 4680 zinc 
line is split proportionality to the field up to 275 kG within the limits of 
experimental error. 

The proportionality of the splitting and the field was verified also on a 
number of other lines; a summary of the results is given in Tables 1-7. We 
tried to investigate as large as possible a variety of spectral terms, but were 
limited by the optical aperture of the spectrograph and the sensitivity of the 
plates. High terms, having a complicated splitting, could not be sufficiently 
accurately studied, owing to the limitcd resolving power of the spectrograph, 
so we had to confine ourselves to the first lines of the principal and sharp 
series. Each of the tables refers to a separate photograph, and we have chosen 
seven of the most characteristic. From the experimental splitting (4A) the 
magnetic field was deduced in each case by means of the theoretical formula 


AiA=A(m ea = 4-69 x 10-542, in A, 


where 4 (mq) is the difference of the mg values for the levels which give rise 
to the displaced component, and is known as the splitting type. It will be 
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seen that the magnetic field deduced in this way agrees fairly well with the 
field deduced from the oscillogram, so that the theory, and in particular the 
law of proportionality to the magnetic field, is confirmed up to the strongest 
field we were able to use. 

It will be noticed on more detailed examination of the tables that the 
splitting of the lines is systematically slightly less than could be expected 
from the accuracy of measurement of the magnetic field: thus the magnetic 
field deduced from the splitting is usually 2-3 per cent less than that deduced 
from the oscillograms. Probably the discrepancy is due to the fact that all the 
experimental errors tend to diminish the measured splitting below its true 
value. Firstly, each of the components has a diffuse tail, which, superimposed 
on the corresponding opposite component, slightly displaces the position of 
maximum blackening towards the centre; this error, however, is not large. 
A more serious error is caused by the fact that the spark in our discharge 
tube is limited only in the forward direction. Part of the excited atoms falling 
into the back part of the tube, farthest removed from the window, may radiate 
already in a region of weaker magnetic fields. The radiation of these atoms 
though weak in intensity, causes a spreading of the split lines towards the 
centre of the pattern and thus causes an apparent reduction of the splitting. 

Since various atoms will be distributed with varying concentration in the 
discharge gap of our tube, according to their ionisations, quantities and tem- 
peratures, the apparent diminution of the splitting should be different for the 
various spectral lines, and this can also be seen from the tables. 

It should be noticed that in the doublets and triplets investigated the 
Paschen-Back effect is still of negligible influence, causing departure from 
proportionality much less than the errors of measurement. 

In this way we can conclude from our experiments that the fundamental 
laws of the Zeeman splitting are perfectly valid for the spectral terms in- 
vestigated in magnetic fields up to 320 kG. 

Further, we investigated whether there was any displacement of the centre 
of gravity of the splitting pattern in a strong magnetic field, by superimposing 
on the same plate exposures in the absence of a field and in a field of 320 kG. 
The results of such double exposurcs are shown in Plate 34: it will be seen that 
the split lines lie exactly symmetrically about the line obtained in the absence 
of a field. Accurate measurements showed that there was no common displace- 
ment greater than 0-01 mm, so that our experiments confirm that the centre 
of gravity of the pattern is not displaced by a strong magnetic field, in accord- 
ance with theory. 


6. Tue PascuEn-Back Errscr 


In order to trace the development of the Paschen—Back effect and to verify 
the theory of this effect* we examined the beryllium doublet, Be II. principal 
series 1 = 3131-32 and 3131-97 A. Tu our magnetic fields the splitting of this 
line was as great as 5-5 A. which considerably exceeds the natural splitting 


For theory and experiments see for instance Bethe >, 
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of the level (0-65 A), so that the conditions were suitable for the occurrence 
of the Paschen—Back effect. 

This doublet was easily obtained by using electrodes of ordinary beryllium 
copper. The exposures were made at various field strengths and are repro- 
duced in Plate 35. Since the doublet occurs close to the already investigated 
copper doublet, we could check the magnetic ficld by the splitting of the copper 
lines which are adjacent to the beryllium lines. 

We were able to trace clearly all the stages of the development of the 
Paschen—Back effect. The splitting of the beryllium doublet can be calculated 
exactly; for the energics of the longitudinal components we have: 


A 


3H +t Vw + 32uHA + A?) 
1 TQ ) 
_ 3H + Vw? —3uHA + A’) 
9 ? 
where A is the energy difference between the doublet levels in the absence 
of a field. The intensities of these components are respectively given by 
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where / is the intensity of the weaker component of the doublet. 

The splittings in wavelengths calculated from these formulae are plotted 
against the magnetic fields in Fig. 3 (full curve). In reducing the plates of 
the Paschen-Back effect obtained cxperimentally, we generally determined 
only the difference of wavelengths between the components, the results 
being plotted in Fig. 3 in such a way that the points departed approximately 
equally from the theoretical curves. In one case (261,900 G), however, the 
wavelengths of all the components of the splittings were directly determined 
by comparison with the lines of the Be IT doublet without field (superimposed 
on the same plate); the results of this measurement are indicated by full 
black circles. 

As can be seen from Fig. 3, the discrepancy between our experimental results 
and the theory is well within the limits of experimental crror, so that we can 
conclude that the theoretical formulae correctly describe the phenomenon up 
to the highest magnetic field used in our experiments. The asymmetry pre- 
dicted by the formula can, in fact, even be seen visually; thus for the largest 
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splitting on the photograph (Plate 34), it can be seen that the right-hand pair 
of more intense lines is slightly less split than the left-hand pair, which corre- 
sponds to the theoretical prediction, as is evident from the diagram (Fig. 3). 
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Fic. 3. Dependence of splitting of the Be II doublet on field strength: the 
full lines are the theoretical curves, and the circles experimental points. 


We were not able to carry out a thorough investigation of the intensities 
of the components, but made microphotometric intensity curves which are 
compared in Fig.4 with the theoretically predicted intensity relations. 
Although only qualitative comparison is possible, it can be seen that the 
experimental results are in agreement with the theoretical predictions. The 
intensity of the extreme components rapidly diminishes with increase of 
magnetic field, while the inner components approach equal intensities, the 
ratio of intensities of the components of the original doublet being 1: 2, as 
can be seen from the microphotometer curve. The theoretical value of the 
intensity ratio of the central components to the weaker extreme components 
is 20: 1, and if the blackening of the plate is taken as a measure of intensity 
it will be seen that, allowing for the roughness of the method, the agreement 
of the experiment with theory is quite satisfactory. 

The initial stages of the Paschen—Back effect can be traced also with the 
zinc triplet 3P—°S; in Plate 33 it can even be observed visually that the line 
4722 A of the triplet is not symmetrically split, the separation between the 
longer wavelength components being greater than between the shorter wave- 
length components. Measurement showed that these separations were 1-5 and 
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1-3 A respectively, which agree very well with an approximate calculation, 
kindly made by Dr. L. D. Landau, predicting separations 1-55 and 1.31 A 
for the particular magnetic field used. 
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Fia. 4. Comparison of microphotometer intensity curves with the theoreti- 
cally predicted intensities for the components of the split Be II doublets. 


TABLE 1 


Description Wave. am Pane Field deduced from 
of spectral lines ong or sp A ng splitting, in kilogauss 


Si (2) 3905-52 187-6 
Ca II *SP 3933-66 183-1 
Ca II *S-2P 3968-46 187°8 
Zn I *P-98 4680-20 183-2 


Field deduced from oscillogram 186-8-189-1 
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TABLE 2 


Wave- Amount 


Description Type wae Field deduced from 
of spectra] lines length of splitting of spine splitting, in kilogauss 
a oe 
Si (?) 3905-52 . 

Ca II 2S—P 3933-66 
Ca II 28-*-P 3968-46 
Zn I °P-35 4680-20 


Zn IT ?P-8§ 4722-16 


Field deduced from oscillogram 278-0-279-6 


TABLE 3 


Wave- 


length Type | Amount | Field deduced from 


Description uD 
of spectral lines of spitting 


of splitting splitting. in kilogauss 


Si (2) 3905-52 1/1 (2) 3:89 — 272-0 
5/3 6-68 276-0 
20 2 . 969. 
Ca I 28-2P 3933-66 3/3 3.83 3634 269-7 
Ca 11 28—2P 3968-46 4/3 5-34 271-0 
Ca ISP 4226-73 i/l 4-51 — 269-1 
Cd I 8P-38 4678-19 4/2 11-25 — 270-5 


TABLE 4 


Wave- 
Iength 
A 


Amount 


Description wags 
of splitting 


of spectral lines 


Type 
of splitting 


Field deduced from 
splitting, in kilogauss 


Cu 1 282P 3247-55 264-2 
Cu 1 2S—P 3273-97 267-6 
Si (?) 3905-52 264-0 
Ca TL 282P 3933-66 262-8 
Ca Ll °S-2P 3968-46 264-2 
Hg I *Pp-3g 4046-56 262-2 


Vield deduced from oscillogram 273-4-275-9 
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TABLE 5 


Wave- Amount 


Description Type ws Field deduced from 
of spectral lines vength of splitting of splitting splitting, in kilogauss 

Cu 1 28-2P 3247-55 5/3 451 273-3 276: 

” 3/3 2-77 278-7 760 
Cu I *SP 3273-97 4/3 3-70 — 275-6 
Si (7) 3905-52 1/1 (?) 3-89 — 272-3 

2c 2 5/3 6-62 273-7 a 

Ca IT *S-*P 3933-66 3/3 3.98 974-1 273-9 
Ca IT *S—*P 3968-46 4/3 5-41 — 274-3 
Hg I5P-38 4046-56 4/2 8-42 — 274-0 
Hg 1*P-§ 4077-83 3/2 6-37 — 272-1 


Field deduced from oscillogram 275-2-276-9 


TABLE 6 


Description Wave- Type Amount Field deduced from 
‘ length ee of splitting Nrnereare 
of spectral lines of splitting A ® splitting, in kilogauss 
oc a 265-2 a 
Cu 1 SP 3247-55 265-1 265-2 
Cu I *S—P 3273-97 — 267-6 
Ca I ?S2P 3933-66 265°0 266-0 
267-0 
Ca II *S—*P 3968-46 — 267-5 
Hg I °P-8 4046-56 — 267-1 
Hg I °P'S 4077-83 — 266-0 
Zn T §PS 4680-20 — 266-8 
Zn 1®P-9§ 4722-16 2688 268-7 
268-6 


Ficld deduced from oscillogram 274-4-276-3 


TABLE 7 


Amount 


Description Type f splitting Field deduced from 

of spectral lines of splitting or SP A ing splitting, in kilogauss 
a 
Ou 1°82P 3247-55 5 5 320°3 
Cu I SP 3273-97 4/3 320-2 
Si (2) 3905-52 1/1 (2) 322-3 
Ca IL 2S-2P 3933-66 a 329-3 
Ca II 2SP 3968-46 4/3 322-2 
Hg [°P8 4046-56 4/2 : 
Hg [I °PS 4077-83 3/2 


Ficld deduced from oscillogram 319-6-323- 
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TABLE 8 
Measured Calculated Difference: measured 
wavelength wavelength minus calculated 
of the component of the component wavelength 


3134-05 3134-04 + 0-01 
3132-90 3132-88 + 0-02 
3132-49 3132-53 — 0:04 
3130-61 3130-61 0-00 
3130-06 3130-12 — 0-06 


3129-00 3129-07 — 0-07 
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PLATE 32. Oscillogram showing (1) current in the coil, and (2) current 
in the spark. 
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PuateE 33. Splitting of the zinc triplet ?P—*S: (a) at 126kG with badly 
chosen current density, (6) at 275kG with improved spark conditions. 


PuaTvE 34. Superimposed spectra with field of 320kG and without field. 
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Puate 35. Paschen—Back effect for the beryllium doublet *S—*P. On the left 

is shown the splitting of the doublet in increasing fields (a) 0, (6) 74:3, 

(c) 168-4, (d) 241-8, (e) 307-0 kG; on the right the splitting of the copper 
doublet 3248, 3274 A for the same fields. 


PLATE 36 


36. EXPANSION TURBINE PRODUCING LOW 
TEMPERATURES APPLIED TO AIR 
LIQUEFACTION 


It is shown that for improving Linde’s method of fractionation of oxygen 
and nitrogen it is important to find a method of liquefying air at low pres- 
sures of about 5-6 atm. 

(1) The necessary thermodynamical conditions under which liquefaction 
at low pressures is possible are deduced, and it is shown that this can be ac- 
complished by the use of an expansion turbine. 

(2) The losses in cold producing turbines are calculated, and it is shown 
that by making use of centrifugal forces the efficiency can be considerably 
raised. Theoretical calculations are given showing that in such a way it is 
possible to design an expansion turbine of very high efficiency. 

(3) The correctness of the assumptions is proved for an experimental 
expansion turbine whose efficiency is 83 per cent, and its construction is 
described. 

The description is given of an air liquefier working from an expansion 
turbine at 5-6 atm with an output of 30 kg of liquid air per hour. 


1. INTRODUCTION 


Though the liquefaction of air dates back as early as 1877, when indepen- 
dent communications were submitted to the French Academy by Cailletet 
and Pictet, it was only much later that liquid air became an article of technical 
value. Already Pictet’s? method of continuous cooling by means of a volatile 
refrigerant can be considered to be sufficiently efficient; however, the rather 
complicated and cumbersome apparatus did not come into general use, espe- 
cially as at that time liquid air did not present any interest from a commercial 
point of view. Only after 1895, when Hampson? and simultaneously Linde* 
succeeded.in designing a simple type of liquefying machine using the Joule— 
Thomson effect, liquid air became more extensively used, though for a long 
time its field of application was restrictcd to laboratory purposes. As to modern 
research, it is greatly dependent on the use of liquid air. 

If liquid air were required solely as a refrigerant, it would never have been 
largely used, and the designers of liquefying machines would still continue 
to prefer simplicity to economy. Both Linde’s and Hampson’s machines satisfy 


Il. Kanana, Typrofetanaep (1A nonydenia NWaKIX TeMiepaTyp H ero MprMerreriuue 
Wa omMmelMA BosZyxa, Hypnas Ternurecnot Ousaxu, 9, 99 (1939). 

P. Karrrza, Expansion turbine producing low temperatures applied to air lique- 
faction, J. Phys. USSR, 1, 7 (1939). 

* Linde demonstrated his apparatus for the first time before the Miinchen Physico- 
Technical Society on the 20th and 25th of May 1895. 
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this demand for simplicity and thus are used up to the present day whenever 
only small quantities of liquid air are needed, though the operating cycles 
employed are far from efficient. 

New fields for the commercial application of liquid air were opened up in 
1899 after a discovery made by Linde’ and almost simultaneously by Baly*: 
at. atmospheric pressure the boiling point of nitrogen is 12-80 °C lower than 
that of oxygen, so that liquid air, on evaporation, becomes more and more 
rich in oxygen. It is on this fact that Linde based his technical method of air 
fractionation. 

The development of scientific methods for separating the constituents of 
air, the possibility of supplying the market with cheap oxygen, etc. led to an 
increased industrial application of oxygen, especially for oxy-acetylene weld- 
ing. The large industrial demand for oxygen is closely related to its role in 
combustion processes which play such an important part in the national eco- 
nomy. When combustion takes place in air, in addition to the oxygen reacting 
with the fuel, a four times greater quantity of nitrogen is present which results 
not only in the lowering of the combustion temperature, but also causes 
increased thermal losses (heat is carried away by the nitrogen leaving the 
furnace). In many cases even a partial increase of the oxygen content in the 
air will considerably raise the intensity and the efficiency of the thermal pro- 
cesses. Hence the ever increasing demand for oxygen or air with excess of 
oxygen in the various fields of metallurgy, for power plants, for the gasification 
of coal and petroleum, etc.. a demand which amounts to thousands and tens 
of thousands of cubic metres per hour. There is just as much demand for the 
nitrogen left over from the separation of oxygen; this nitrogen constitutes 
one of the most valuable products in the chemical industry of fixed nitrogen 
and is intended to satisfy the agricultural needs for nitrogenous fertilisers. 

In the course of the fractionation of atmospheric air the rare gases argon, 
neon, krypton and xenon are also obtained as by-products. The two latter 
are now of great commercial value, being used as fillers in electronic tubes and 
incandescent lamps. 

In connection with the increasing demand for oxygen and nitrogen, science 
was confronted with a new problem, that of finding the best means for the 
production of these gases, as regards lower cost. of apparatus (investment of 
capital) and increased efficiency (energy expenditure). 

Before proceeding to a more detailed description of the Linde process, the 
question is whether atmospheric air is really the most suitable source for 
obtaining oxygen and nitrogen. 

There is little doubt as to the answer being in the affirmative. In the pro- 
duction of oxygen and nitrogen it is the encrgy expenditure which must. be 
considered in the first place. The gases should therefore be chosen in a state in 
which the minimum of work would be required for their separation. In chemical 
compounds, as well as in solutions (for instance, in aqueous solutions), oxygen 
and nitrogen are bound more tightly than in the atmosphere. In air a definite 
amount of work must also be performed in separating the oxygen from the 
nitrogen, but this amount of work is small, being only as much as required for 
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the compression of the oxygen from its partial pressure to the normal pressure. 
It would be easy to show that this work is less than in any other case relating 
to the separation of oxygen and nitrogen. 

Another question of no less importance is whether there do not exist other 
processes, besides the fractional distillation of liquid air, more suitable for the 
production of free oxygen and nitrogen from air. 

According to our modern concept of the physical character of the processes 
involved in fractionation, it is in the liquid state that the separation of oxygen 
and nitrogen will be the most efficient. Indeed, in order to separate oxygen 
and nitrogen from a mixture of the two gases, we must overcome the tendency 
of these gases to diffuse one into another. This tendency is the more pro- 
nounced the higher the temperature. From a theoretical point of view it 
might be possible to separate the oxygen from the nitrogen in centrifugal 
machines by using the difference in their molecular weights; or else to alter 
the concentration of the paramagnetic oxygen and the diamagnetic nitrogen 
by applying a strong magnetic field. Both methods, which have been proposed 
more than once, are quite feasible from a theoretical point of view; but, in 
actual practice, the centrifugal force in even the most powerful centrifugal 
machine is too small to effect any changes in the relative concentration of the 
oxygen and nitrogen in the atmospheric air®; the action of the strongest 
available magnetic field is also negligible as compared with the forces of 
diffusion, and therefore of no practical value. 

It thus appears that in practice the separation of oxygen and nitrogen can 
be based solely on the forces of molecular affinity. When air is cooled down to 
the liquefying point, the oxygen molecules are the first to pass into the liquid 
state, since their mutual attraction is greater than that between oxygen and 
nitrogen molecules. The liquid therefore becomes richer in oxygen than the 
gaseous phase itself. The above process, repeated many times, constitutes the 
basis of fractionation. The process can be conducted continuously and, theoreti- 
cally, with complete reversibility. Any excess of energy expenditure above the 
minimum value required by the theory must be put down to deficiencies in 
the apparatus itself, resulting in losses, and it appears that the main source 
of losses is due to the necessity of performing the fractionation at very low 
temperatures. 

The separation of the constituents of air by using molecular affinity might 
be conducted nearer to room temperature by using a special absorber. Suppose 
a substance with a surface characterised by different affinities for oxygen and 
nitrogen, the affinity depending on the temperature in a definite temperature 
interval nearer to room temperature than the liquefying point. In this case the 
fractionation could be performed at more convenient temperatures. The pro- 
cess would be to some extent similar to the separation of helium and air by 
means of activated charcoal. As we well know, when a mixture of helium and 
air is passed through charcoal cooled to a low tempcrature, the air is absorbed, 
while the helium escapes. In principle, the existence of a substance with a 
selective surface effect with respect to oxygen and nitrogen is quite con- 
ceivable; but even should such a substance be discovered, it would be of little 
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use in the case of large installations. Two difficulties would arise at once. First, 
the difficulty of obtaining a continuous cycle. In the second place, the con- 
siderable losses due to the heating of the substance of the absorber, the mass 
of which would always considerably exceed that of the substance to be frac- 
tionated. 

In view of the above, the fractionation of air in the liquid phase will prob- 
ably long remain the most economical method, unless the present state of 
things should be altered in the future by the discovery of new properties of 
matter. Scientific and technical research should therefore be directed to the 
improvement of the above method by simplifying it and reducing the losses, 
so as to bring the energy required for separation nearer to its theoretical value. 
The expansion turbine, of which a description will be given below, is such an 
attempt to improve the methods of fractionating air in the liquid phase. 


2.THE CooLINnG CYCLE IN AIR RECTIFICATION 
INSTALLATIONS 


The minimum work required for the separation of oxygen and nitrogen from 
air can be calculated with the aid of the equations of thermodynamics, having 
recourse to an expression usually associated with the name of Gibbs. The 
numerical value of the external work is equal to the work required for the 
isothermal compression of the oxygen and the nitrogen from their partial pres- 
sure to normal pressure. Assuming the partial pressure of oxygen to be about 
0-20 atm and that of nitrogen about 0-80 atm, the energy required for separat- 
ing 1 m® of oxygen and 4 m§ of nitrogen from 5 m° of air will be found to be 
not less than 0-068 kWh. 

Now, in the most perfect installations supplied by Claude or by Linde, 
from 0-45 to 0-50 kWh are spent on the production of one cubic metre of 
oxygen, 1.e. 6-8 times more than the above theoretical value. Owing to the low 
efficiency of these machines—about 0-14-0-15—there is ample scope for 
improvement. 

The analysis of the losses in machines of this kind is well known, and will 
enable us to decide upon the further trend of our activities. The whole process 
of the fractionation of air comprises three stages. First comes liquefaction. 
Then—trectification consisting in a repeated evaporation and condensation, 
the results being gaseous nitrogen and liquid oxygen. Third, if the required 
final product is gaseous oxygen, the liquid phase is allowed to evaporate, 
care being taken that the cold gained during the liquefaction of the first por- 
tion of air does not escape with the gaseous products, but is used for the lique- 
faction of the incoming air. 

Owing to the heat exchangers being imperfect, the above processes are 
accompanied by continuous losses of cold, and work must be performed to 
restore these losses. One of the fundamental parts of any fractionation appara- 
tus is therefore the liquefier. During the starting period, the required amount 
of liquid air is produced, and its quantity in the part where the fractionation 
takes place is maintained constant to restore its losses. About half of the losses 
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being losses of cold, the part where the liquefaction proceeds is one of pri- 
mary importance in the apparatus. The remaining losses, due to the lack of 
reversibility in the rectification column, also play an important part, but will 
not be considered here. 

The losses of cold are due to: (1) the incomplete heat interchange between 
the incoming and outgoing gases (owing to incomplete recupcration, these losses 
are mainly dependent on the type of the heat exchangers used, and not on 
the output of the installation), and (2) the thermal conductivity of the 
surrounding medium. These latter are closely connected with the size of the 
apparatus. In large machines, where the ratio of surface to volume is low, 
these losses decrease, the amount of the fractionated air being proportional 
to the volume, while the losses are proportional to the surface area through 
which the loss of cold takes place. 

For every cubic metre of fractionated air the total losses of cold vary from 2-5 
to 1-0 Cal, depending on the size of the machine. The production of each m? of 
gascous oxygen will therefore be accompanied by losses attaining to 12-5 to 
5:0 Cal. In order to produce this amount of cold adiabatically from 0-04 to 
0-016 kWh are required. As will be shown later on, the efficiency of modern 
liquefying machines is about 0-15, so that actually from 0-27 to 0-11 kWh are 
required to restore these losses of cold, ic. 4-2 times the theoretical 
value for separation (0-068 kWh). Of course, these losses might be further 
reduced by improving the recuperation and the heat insulation, but this would 
lead to increased dimensions of the machine. It seems therefore more expedient 
to raise the efficiency in that part of the machine where thc losses of liquid 
air are replenished. 

There is another point in favour of trying to improve in this way the methods 
used in modern fractionation machines. The air which enters the machine is 
usually divided into two parts: the main bulk (up to 90 per cent) is compressed 
to 5-6 atm and then delivered directly to the rectifier column cycle; the 
remainder is compressed to a higher pressure, usually to 200 atm, and then 
admitted to the cooling cycle. The high pressure is indispensable, being the 
condition for liquefaction in all the existing methods. The co-existence of two 
different pressures, of which one exceeds the other some forty times, renders 
the construction of the apparatus extremely complicated. Thus, the gas under 
high pressure requires tubular heat exchangers, while at low pressures regenera- 
tors can be used which are considerably more efficient. The existing methods 
require not only the use of two different systems of heat exchangers, but also 
two different types of compressors, the one for low, the other for high pres- 
sures. For machines where quantities of the order of 10,000 m® per hour are 
treated, turbo-compressors will prove of advantage for the main flows; besides 
being more efficient than piston compressors, they have smaller dimensions 
and are, on the whole, more reliable. When the air is compressed to a high 
pressure, only piston compressors can be used, and their dimensions increase 
considcrably when the production of several thousands of cubic metres per hour 
is considered. The development of new methods where the liquefaction proceeds 
at comparatively low pressures will permit the use of turbo-compressors only ; 
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the design of the fractionating apparatus will then become much simpler, while 
the operating features will improve. 


3. THERMODYNAMIC CHARACTERISTICS OF AIR-LIQUEFYING 
MacuInEs Using Hiau anp Low PRESSURE 


The design of an effective cooling cycle at comparatively low pressure 
requires a clear understanding of all sources of losses and of their influence 
on the efficiency of the process. The existing methods used in engineering for 
the design of liquefaction plants are mostly based on the analysis of the heat 
balance and do not take into account the thermodynamic efficiency of the 
processes involved in the given cycle. We shall next consider the elements of 
high pressure and low pressure cycles from the point of view of irreversibility, 
with the view to elucidating the main sources of losses. This will make clear 
the direction to be taken by modern research in order to raise the efficiency 
of the liquefaction cycle. 

Let us have recourse to a formula from technical thermodynamics. Imagine 
a gas with the entropy S, and the heat content 7,, at a pressure p, and a tem- 
perature 7',; let it change to a state characterised by S,,1,, p, and T,, respec- 
tively. The work performed during the reversible process is 


A Lyy = T,,(S; —_ S,) — (tz _ ty); (1) 
A being the mechanical equivalent of heat. 
Here L,, is obviously the least possible work. The work performed in actual 


conditions will be greater, say, &,,. The thermodynamic efficiency 7,, will be 
determined by the ratio of the ideal work to that actually performed: 


Ney = () 
ry Qe, . 
In order to calculate the minimum work ZL, required for the liquefaction of 
1 kg of air at a pressure of 1 atm, the difference between the values of the 
entropy and the heat content in the gaseous and in the liquid phase must be 
introduced into (1). We then obtain: 


DL, = 0-19 kWh/kg at p, = latm . 

T', = 293° (20°C). 8) 

In the existing machines, as for instance in Heyland’s apparatus, 2, = 1:3 kWh 

and more are spent in the production of every kilogram of air, including losses 

in the compressor, and the thermodynamic efficiency, according to (2), becomes 
equal to yn, = 0-145. 

As will be shown later on, the low efficiency of the above cycle is mainly due 
to the incomplete reversibility of the cooling processes employed. 

In order that cold be produced in a reversible way, the air, in expanding, 
must perform external mechanical work. A machine in which the expanding 
air performs mechanical work and thus cools down, is called an expansion 
machine. Up to now only piston expansion machines have been used. In prin- 
ciple, an expansion machine is nothing more than a steam engine using com- 
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pressed gases in the place of steam. In Heyland’s expansion machine, which 
is generally used, the air enters at room temperature and under a pressure 
of 200 atm, expands in performing work and cools down to about — 150°C. 
The boiling point of liquid air being — 194°C, the cooling through the remaining 
44°C is effected at the expense of the internal energy of the compressed gas, 
using the Joule-Thomson effect. From a thermodynamic standpoint the latter 
effect is not very efficient at room temperature, but becomes more efficient 
when the air is pre-cooled and when the expansion begins at a high pressure. 
This is one of the reasons for employing pressures of the order of 200 atm. 
The importance of high pressure for liquefaction of air can be shown in the 
following way. From (1) we may calculate the work necessary to liquefy air 
at 200 atm. Evidently the air must be cooled from 293°C at a pressure of 
200 atm to a temperature at which the heat content will be equal to that of 
the liquid air at normal pressure. The temperature—entropy (T-S) diagram 
together with (1) yields: 
LD, = 0-092 kWh/kg; p, = 200 atm. (4) 


The comparison of L, with L, {the work required for the liquefaction of air at 
normal pressure (3)] shows that L, constitutes less than half of Z,. The advan- 
tage of high pressure is thus obvious, since the work required in the cooling 
cycle becomes considerably reduced, while the efficiency of the cooling cycles 
plays a less important role. 

The work performed during liquefaction consists of two parts: (1) the work 
Cy required to compress 1 kg of air at a temperature 7', from the pressure p, to 
the pressure /p, [in the case of an ideal cycle this work can be calculated from 
(1) substituting the initial and the final values of the entropy and the heat 
content], and (2) the work spent in the cooling cycle on liquefaction at the 
pressure pp). 

Let us denote this latter part by Z, in the case of an ideal process. If 7, be 
the isothermal efficiency of the compressor and n, the thermodynamic efficiency 
of the cold-producing apparatus, then the actual work required for the lique- 
faction of 1 kg of air will be 


CY iL 
Q = +=. (5) 
Ne Ye 


For 1 kg air compressed to p, = 200 atm we obtain, from the (T—S) diagram 
(Fig. 1): 


g, 2 a kWh/ke. (6) 
t 


Putting the efficiency of the compressor 7, = 0°59, we find that, if 
&, = 1:3 kWh which are actually spent on liquefaction, the work performed in 
the cooling cycle will be 1-1 kWh, instead of the minimum value 0-092 kWh 
which follows from (4). Thus, in Heyland’s machine the efficiency of the 
cooling cycle 7, = 0-084, i.e. 1-7 times less than the efficiency of the lique- 
faction cycle. 

It is easy to show that the low efficiency in the cooling cycle is mainly due 
to imperfect operation of the piston expansion machine. 
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The (T-S) diagram of Fig. 1 illustrates the working cycle of an expansion 
machine. . 

In a compressor the air is compressed isothermally from point a to point 0. 
During the adiabatic expansion, the air ought to reach point 3, but actually 
reaches point 2 with greater entropy. The state of the air in the different points 
will be denoted by the indices, corresponding to the numbers of the points in 
the diagram. 


Ss 
Fic. I. 


The efficiency of the expansion machine is usually determined in the follow- 
ing way. During a reversible cycle the cold i,—%, should be obtained at the 
expense of the work performed; in reality, the cold i,—7, is obtained [the 
indices refer to the points in the (7S) diagram of Fig. 1]. The efficiency of the 
expansion machine (let it be called the technical efficiency), is assumed to be 
equal to 

ty — te 
-T (7) 
The above method is of particular importance for the computation of the heat 
balance, but it is not characteristic of the operation of the expansion machine 
from a thermodynamical point of view. Indeed, the work spent in the production 
of cold depends not only on the calories of cold, but also on the temperature 
at which the cold is obtained. The lower this temperature, the more ‘“‘ valuable”, 
say, is the cold. In the determination of the efficiency with the aid of (7), 
the cold is assumed to be of “equal value”, while in reality, from a thermo- 
dynamic point of view, the lost cold is the most valuable. In Heyland’s expan- 
sion machine, where the issuing gascs have a temperature of — 150 to — 130°C, 
the technical efficiency is 


p = 0-57, T, = 143° Py = 200 atm, (S) 


17 =_ 0-67, T's _— ne T, == 293°, | 
Pa = latm. 


In addition to the technical efficiency, let us now consider the thermo- 
dynamic efficiency which can be determined from (2) and which will be found 
to be considerably less. In order to bring the air from point a to point 2 in a 
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reversible way, the work [,, must be done which can be calculated from (1). 
The actual total work will be equal to the work C;/n, used for the compression 
of the gas from the pressure p, to the pressure , minus the work recovered 
in the expansion machine during expansion, namely: 4, (i, — %,), where 7m 
is the mechanical efficiency of the expansion machine. 

The thermodynamic efficiency of the expansion machine thus becomes 
equal to 


n Alyse 
6235 DN. eee, 
oO im (is ~ i) ” 


Ne 


If we assume the compressor to be an ideal machine, then H_ = 1, and for 
Heyland’s expansion machine with the same characteristics as in (8), 4m = 85, 
we obtain: 


Ha = 0:30 at T, = 123°; (10) 
Na = 0-23 at T, = 148°. 


A comparison with (8) shows the efficiency to be half that usually adopted. 
In high-pressure compressors the isothermal efficiency is usually assumed to 
be equal to 7, = 0-59, and the real efficiency of the cooling cycle in the expan- 
sion machine becomes: 
= 0:15, T, = 128° ; 

a = OL, Te = asr} = 098% | (11) 

Nm = 0°85, py = 200 atm 

Na =latm, T, = 293°. 


The efficiency of the whole cooling cycle can be put equal to the product of 
the efficiency 7, of the expansion machine cycle and the efficiency 7, of the 
remaining elements of the process 


He = Nanr- (12) 


Hence, according to (11), for the remaining part of the cooling cycle we obtain 
Hr = 0-084/0-15 = 0-56, i.e. the remaining losses are about 4 times less than 
the direct losses in the expansion machine cycle. It is obvious that in the 
existing liquefaction plants the main source of losses is due to the low efficiency 
of the expansion machine itself. 

The practical difficulties connected with the design of a piston expansion 
machine are mainly responsible for its low efficiency. The chief difficulty is 
to secure a sufficiently tight and frictionless motion of the piston in the cylinder, 
considering the fact that no fluids are known which maintain their lubricating 
properties at such low temperatures. In Heyland’s expansion machine this 
difficulty is overcome by keeping the cylinder and the piston at room tcmpera- 
ture, so that the cooled air has no time to transfer its cold to the walls of the 
cylinder while in contact with them. But this can be attained without con- 
siderable losses only if the heat capacity per unit volume of the gas in the 
expansion machine cylinder is sufficiently great. In order to prevent high 
losses of cold, the expansion in Heyland’s machine is conducted only from 


530 COLLECTED Parers oF P. L. Kapitza 


200 to some 8-10 atm, and the work which might result from the expansion of 
the air from this pressure to normal pressure is wasted. That means the loss of 
the corresponding cold, that which, as already stated, would be the most 
“valuable’’, being produced at a lower temperature. 

Let us now consider the air-liquefaction cycle proceeding at low pressures. 
Up to the present, a cycle of this kind has not been made use of, and for the 
following reasons. 

First, because the efficiency of the piston expansion machine, already low 
at high pressures, would further decrease at low pressures. 

In the second place, when the liquefaction proceeds at low pressures, the 
work in the cooling cycle increases, as may be seen from (5). Thus, the efficiency 
of the expansion machine itself becomes of more importance for the efficiency 
of the installation. 

The third condition is that the entire process should develop at the expense 
of the cold from the expansion machine alone, since the Joule-Thomson effect, 
at these low temperatures, is too small to be of any practical value. It is 
obvious that in the expansion machine the cold should be produced at a tem- 
perature below the liquefying point. 

The two conditions to be met by the expansion machine of a liquefaction 
plant are therefore: high thermodynamic efficiency and operation at a low 
temperature. The only possible way of satisfying these requirements is the 
use of a turbine mechanism to convert into cold the work done by the com- 
pressed gases. 

In the following sections the main conditions determining the operation 
of an expansion turbine will be considered, and it will be shown that it is 
possible to obtain high efficiency of cooling in this way. At present we shall 
deduce the fundamental relationships for low-pressure cycles. 

The cycle is represented in Fig. 2, its general arrangement in the left-hand 
corner, to the right—the (7S) diagram with indices characterising the cor- 
responding state of the gas. The gas leaves the compressor at a pressure of 
4-5 atm, first passes through the heat exchanger I, then through the expansion 
machine where its temperature decreases from 7', to J',, enters the conden- 
ser II, where it spends cold on the liqnefaction of the air, then returns again 
through the heat exchanger I and escapes to the exterior. The liquid which 
collects in the condenser IT is run off by means of a valve into the container III. 
A small fraction of the air evaporates and joins the air leaving the turbine. 
The actual installation is shown in Fig. 6 and will be described in more detail 
in one of the following sections. 

Just as in the case of high pressure, the work required for the liquefaction 
of 1 kg of air at low pressure can be calculated from (5), where by C,, as before, 
is denoted the ideal work spent on isothermal compression, by L,—the ideal 
work required for the liquefaction of 1 kg of air and by 4, and 7,—the thermo- 
dynamic efficiencies in the compressor and in the cooling cycle respectively. 

Referring to a numerical example close to actual conditions, let p, = 4-3 atm. 
According to (1), we obtain from the (J'-S) diagram OC, = 0-032 kWh/kg and 
Ly = 0-141 kWh/kg. The liquid air flowing through the valve from the con- 
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denser into the lower part of the container will partly evaporate when expand- 
ing to the normal pressure p,. In order to produce 1 kg of liquid air at normal 
pressure, it is evident that a k times greater amount of air must be liquefied 
at the pressure p,; the heat balance yields 


lg — bs 


k=- —. 13 
ta — 4 ( ) 
b, a 
L 
boa 
o 
£& 
co 
oO 
o 
E 
c 
2 
c 
a 
x T | 0 
4 
5 
23 
Ss 
Fic. 2 


Thus, the liquefaction of 1 kg of air at normal pressure will require k times 
more work; multiplying (5) by k, we obtain: 


42, = (24). (14) 
Ve He 
If p, = 4:3 atm, then k = 1-09. 
The thermodynamic efficiency 7; in the cooling cycle is equal to the product 
of three factors 
Yt = Nar Ns (15) 


where 7, is the efficiency of the expansion machine cycle, ,—a factor depend- 
ing on the heat and other losses, and 7,—a factor characterising the thermo- 
dynamic losses arising from the fact that all of the cold in this cycle is obtained. 
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at the temperature of liquefaction, ic. at a temperature lower than that 
required for the cooling of the gas which passes through the heat exchanger I. 
In order to liquefy a kg of air at a pressure p,, the amount of cold required 
is 7, — t,. If the cold is transferred at the temperature 7',, i.e. at the boiling 
point of liquid air, the minimum work required will be 


. Ta — T', 


Aly = (in — ty) (16) 
4 


The above amount of work is greater than the ideal work L,, and 7, will be 


Ly 
Me =F (17) 
This factor characterises unavoidable losses inherent to the cycle; they can 
only be reduced by making the cycle more complicated, for instance, by intro- 
ducing additional expansion machines or similar devices for pre-cooling the 
air when it flows through the heat exchanger J (Fig. 2). 
The magnitude of the above factor does not appreciably depend on the 
pressure. In our case, at a pressure of 4:3 atm 


1s = 0°635. (18) 


The thermodynamic efficiency of the expansion machine cycle is deter- 
mined as follows. The air expanding from point I ought to reach point 2, but 
owing to losses it attains point 3 (Fig. 2). The minimum work Ly; — Loo 
required to reach from the point 3 can be determined from (1). In actual fact, 
the work which is performed is equal to the work required for the compres- 
sion of the gas to the pressure p, at the temperature 7’, minus the work done 
in the expansion machine. Using the same notations as before (y,—isothermal 
efficiency of the compressor, 7,,—mechanical efficiency of the expansion 
machine), the efficiency in the expansion machine cycle, similar to (9), works 
out to: 

_ eA (Lag — Lao) (19) 
‘la AC, = Ne Nm (ty ~~ tg)” 
Referring to numerical examples, we shall consider two particular cases. One, 
when the air is compresscd by means of a powerful turbo-compressor where 
H_ = 0°70; the other—that of a usual reciprocating piston compressor with an 
efficiency of 0-59, we assume 7,,, = 0°85. 

In the following we shall make usc of the experimental results obtained with 
our specially designed expansion turbine, of which the description will be given 
below (section 4). 

The efficiency of the cooling circuit of the expansion machine is: 


Ya = 0-41 for Yo= 0-59 


na = 0:50 for n, = 0-70 Hm = 0°85. (20) 


The factor 7, is determined by the main losses of cold to the exterior and by 
the losses due to the pressure drop in the piping. These losses depend to a large 
extent on the size and the design of the liquefier. With a heat exchanger of 
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large dimensions the losses due to recuperation will decrease, but the starting 
time of the machine will correspondingly increase, and the losses of cold to the 
exterior might also increase. For this reason the dimensions of the machine 
are usually dictated by its special designation, and in different cases the losses 
are different. In actual practice we expected 7, to vary between 0-6 and 0:8. 

Since the value of 7, is uncertain, Ict us assume it to be unity. With the aid 
of the computed values of k, 7, etc., the work required to liquefy 1 kg of air 
at the pressure p, = 4:3 atm and a tempcrature T, = 293°K, as well as the 
efficiency of the whole apparatus, can be obtained from (2) and (3). According 
to the two values adopted for the efficiency of the compressor, we have: 


&, = 0-65 kWh/kg for n. = 0:29, n, = 0-59, 


, = 0-54 kWh/kg for y, = 0°35, 74. = 0-70. (21) 


Let us now draw a coinparison between machines operating at low pressurc, 
and at high pressure. 


(1) As has been shown by previous computation, given onc and the same 
efficiency 7, = 0-59 of the compressor, the efficiency of the cooling cycle in the 
expansion turbine may attain 0-41, while that in a piston expansion machine 
does not exceed 0-148. This difference is more than sufficient to compensate 
for the extra amount of work required in the cooling cycle owing to the liquc- 
faction proceeding at a low pressure. 

(2) Owing to the use of a lower pressure, an expansion turbine can be em- 
ployed, this being much cheaper and simpler than a piston cxpansion machine, 
especially one operated at high pressure. Moreover, in the case of large scalc 
production, the efficiency of a turbo-eompressor can attain 0-7, when, as may 
be scen from (20), the efficiency in the cooling cycle rises to 0-50. 

(3) In a low-pressure cooling cycle the heat interchange betwecn the inlct 
and the outlet gases proceeds without ‘any additional losses, the specific heats 
wt constant pressure of both flows being of the same constant valuc. At high 
pressure the hcat interchange necessarily involves thermodynamic losscs, owing 
to the difference in specific hcat which, at 200 atm, varies from C, = 0°33 at 
room temperature to C, = 0-44 at low temperatures. Computation shows that 
the losscs of the heat interchange in a high-pressure cycle are of the same 
magnitude as the losses in a low-pressure cycle which arc duc to the necessity 
of producing all the cold at a low temperature (i.e. the losses involved in the 
factor 7,). 

(4) At low pressures the influence of the losses due to the incomplete re- 
cuperation is, in general, more pronounced than at high pressures, as the cold 
available per 1 kg of air is some 3 times less. But this is readily compensated, 
as operation at low pressures allows of the use of regenerators for heat inter- 
change, which, for technical reasons, cannot be used at high pressures. The 
use of regenerators presents considerable advantages (such as dispensing with 
the necessity of a preliminary removal of the carbon dioxide and with the 
drying of the gases); in addition to this, regenerators are the most efficient 
of all the known types of heat exchangers. The incomplete recuperation being 
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some 3-4 times less than in the usual tubular heat exchangers, the losses at 
low pressures duc to heat intcrechange do not increase, but, comparatively, 
even decrease. 


(5) At low pressures the losses due to pressure drop in the piping become 
more important, but they can also be considerably reduced by the use of 
regenerators, in which the hydrodynaniic resistance is much smaller than that 
in other types of heat exchangers. 


External losses of cold due to thermal conductivity will affect the efficiency 
only in the case of machines of small dimensions. The turbo-liquefaction plant 
beeomes the more efficient, the greater the amount of air whicli is treated. 
In the latter case, moreover, it is possible to use turbo-compressors having 
a high efficiency. 

We thus sce that the design of an expansion turbine with a high thermo- 
dynamic cfficiency makes it possible to use a low-pressure liquefying cyele, 
the efficiency of which may excced that of a high-pressure cycle. 

Other advantages inherent to the fractionation part of a low-pressure in- 
stallation have already been discussed at the end of the preceding section. 


4, THEORETICAL FOUNDATIONS FOR THE DESIGN 
or EXPANSION TURBINES 


The idea of using a turbine as an expansion turbine dates back to the carl y 
days of refrigeration techniques and was first suggested by Rayleigh in 1898°. 
But nevertheless, up to the present time turbines have not been applied to lique- 
faction. The advantages of the turbine are manifest. In these machines the 
problem of lubricants withstanding low temperatures does not exist; the 
bearings supporting the rotor shaft can be removed from the cold zone of the 
rotor to a distance where they will operate under normal temperature con- 
ditions’. When using turbines for liquefaction, the main difficulty lies in the 
extremely low efficiency of the existing turbines which therefore could not 
be used for air liquefaction. In the most perfect air rectification machines, 
expansion turbincs are used only as additional sources of cold, to compensate 
for part of the thermal losses, and as yet nobody has succeeded in producing 
all of the cold by means of a turbine alone. 

Even in powerful installations, the technical efficiency of the expansion 
turbine used in liquefaction plants, calculated on the basis of the cold balance, 
as shown in the preceding section, docs not exceed 0-6. 'The question at once 
arises, whether this extremely low efficiency, lower than that of any steam 
or water-operated turbine, is directly duc to the fact that in the expansion 
turbine the working substance is air at a low temperature, or whether it is the 
result of unsuitably chosen constructional features. 

The design of any expansion turbine in use and described in technical litera- 
ture is similar to that of an impulse steam turbine, with the air flow along the 
axis. We shall now consider the proper selection of the type of turbine for cold 


Expansion TurBINE Propucina Low TEMPERATURES 535 


production. It will be easy to show that any design similar to that of an impulse 
turbine is not to be advised, and that in case of a properly selected design, the 
efficiency will exceed not only that of the existing expansion turbine, but 
that of the steam turbine as well. 

As we know, the efficiency of the steam turbine is impaired mainly by the 
losses due to the friction of the gas when passing through the nozzles and the 
rotor blades. Figure 3 shows an element of an ordinary axial flow turbine. Let 
us first consider the losses on the nozzle. 

For the sake of simplicity, let it be a nozzle with a circular cross-scction of 
radius r. Suppose a gas of density @ is moving through the nozzle at a 
velocity v,. 

The unit mass of gas carries the energy v;/2 which, in properly selected 
designs, is, to a small fraction, converted into mechanical work in the rotor. 


Fia. 3 


Since zr? 9 v, is the amount of gas passed per unit time, the power output 
will be 
1 
W,= 3% reo vi. (22) 
According to the hydrodynamics of turbulent motion, the friction in the gas 
is proportional to 
. 5 lor on 
r= Op ’ (23) 
where J is a factor depending on the length of the guide nozzle, and A,—the 
hydrodynamic coefficient of resistance. 
The work required to overcome the friction will be equal to the product of 
the friction forces and the volume of the gas passed through the nozzle in unit 


time. We thus obtain 


AW, = <A, rlov, (24) 
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and the relative losses will be 

AW, 

Wy 
The above expression shows the effect of the physical properties of the medium 
on the losses in the nozzle. Only the value of A, is dependent on these properties, 
as the length of the nozzle and the radius of the cross-section are chosen with 
a view to obtaining a sufficiently directional flow and, generally speaking, 
do not depend on the physical conditions of the medium used. 

Hydrodynamics states that the factor A, is a function of Reynolds’ number, 

but no simple relationship has been as yet established between the two. All we 
know is that in the case of smooth surfaces, such as are met with in nozzles and 
turbine blades, A, decreases with the increase of Reynolds’ number. Correspond- 
ing literature gives a number of semi-empirical expressions for practical cal- 
culations. If the walls of the nozzle are smooth, Blasius’ formula will prove 
sufficiently accurate for our purpose? : 


4 
2, = 0133 /(2), (26) 
vOyr 


Here y is the kinematic viscosity, being viscosity divided by density 


a, - (25) 


£ 
pal. (27) 
0 


It is easy to see that the relative losses will be the smaller, the lower the 


kinematic viscosity of the medium moving through the nozzle. Tu Table 1 
y g 4 
the kinematic viscosities for steam, air and water are given. 


Taste l. Kinematic viscosity in ¢.g.s. units 


Steam at ] atm and 600°K 0-35 
Steam at 5 atm and 600°K 0-07 


Air at 1 atm and 100°K 0-019 
Air at 5 atm and 100°K 0-004 
Water at 300°K 0-178 


A comparison of the above figures shows that the kinematic viscosity of air 
at 100°K and 5 atm (conditions close to those under which the air flows through 
the nozzle of the expansion machine) is small, being some 18 times less than 
that for steam under conditions close to the working conditions in steam tur- 
bines. The considerable difference is due to the fact that the density of the air 
increases with tle decrease of the temperature, while the viscosity decreases. 

Expression (26) further shows that A, is a function of the velocity v,. The 
higher the velocity, the smaller the relative losses (25). In a steam turbine the 
velocity in the nozzles and blades is usually made as high as possible, attaining 
800 m/sec, while in expansion turbines the velocity is considerably less—about 
200 m/sec. Allowance being made for the simultaneous effect of the difference 
in velocities and for lowered viscosity, it can be seen that, on the whole, the 
factor A, in a steain turbine will be some 1-4 times higher than in an expansion 
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turbine, so that the relative losses (25) in the nozzle of the expansion turbine 
will become less. 

Other losses are due to friction in the blading. Let us denote by v the vel- 
ocity of the gas in the blading and by w the translatory velocity of the blades. 
The kinetic energy 7/2 of unit mass of the gas which enters the blades can 
be obtained from the parallelogram of motions (Fig. 3): 

1, 1,, ° . 
345 (v2? + w? + 2vw sina). (28) 
Similarly, we obtain the kinetic energy per unit mass of the gas leaving the 
blades: 
1 

v= 5 (v? + w* — 2ow sin B), (29) 
where the significance of the angles « and 8 may be secn from Fig. 3. The 
energy communicated to the rotor by unit mass is therefore equal to the dif- 
ference between the kinetic energies of the inlet and outlet gases. 

Tf the blade height be denoted by A and by 0 the clearance between the 
blades, the amount of air h 6 0 v will flow through the blades in unit time, and 
the power output per blade will be 


W, =hbov*w (sine + sin f). (30) 


Let us denote by a the radius of curvature of the blade and by f its width. 
From the diagram 


f =a(sine« + sin fp) (31) 
and expression (30) assumes the form 
We = hbLovtw. (32) 


The wasted power can be determined in the same way as in the nozzle. Denoting 
by A, the coefficient of resistance, if the length of the channel between the 
blades is a(« + £), we obtain 


bh 
AW, = dg —— (x + B) 0°, (33) 
275 
where 7, is the equivalent radius equal to 
hb 
=——., 34 
To h+ b ( ) 


The above equivalent radius must be introduced into the expression for the 
coefficient of resistance 2, which then assumes the form 


dy = 0-13 (~.) (35) 
UN 
The relative losses will then be 
AW a 
t= — 36 
W, *2a077, Oe ( ) 


CPK 2 
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The velocities v and w are closely related to each other. Let us find this 
relationship, if only to a first approximation. The power W, is equal to the 
power W, minus the loss of the kinetic energy carried away by the outgoing 
gas, and in turbines this loss is made as small as possible. W, and W, can there- 
fore be assumed to be equal. The amount of gas flowing through the nozzles is 
the same as that flowing through the blades, therefore h b v = 1? v,. Expres- 
sions (22) and (32) yield 


a 1 - 
F ew ZY ve . (3 i ) 
Considering that { amounts to about double a, we obtain 
] 
wwe: (38) 


Since the above relation holds for all types of impulse turbines, it may be 
seen from (35) that the coefficient of resistance A, in the blading will be some- 
what greater than in the nozzles. As before, the coefficient of friction in the 
blades of an expansion turbine will be some 1-4 times less than the correspond- 
ing coefficient in a steam turbine. The rclation between the remaining magni- 
tudes entering (36), i.e. between (« + 6), ro and f, does not depend on the pro- 
perties of the medium used. The ratio v/w in an expansion turbine differs 
considerably from the same ratio in a steam turbine, where it constitutes one 
of its chief characteristics. To secure high efficiency and partly also to reduce 
the size of the impulse turbine, modern technique shows a tendency to raise 
the velocity of the gas through the nozzles to the maximum possible value 
and to possibly increase the peripheral speed of the rotor. The value of v, can- 
not be increased infinitely, a limit being set by the critical velocity of the gas. 
In an expansion turbine the value of v, at 100°K attains about 200-180 m/sec. 
and there is no practical reason for having recourse to the de Laval nozzle in 
order to increase it, as is done in steam turbines. In designing a steam turbine, 
v, is usually made as high as possible, attaining 600-S00 m/sec. The peripheral 
velocity c, is limited by the mechanical strength of the rotor and rarely much 
excecds 200 m/sec. Accordingly, the ratio of v,/w in an expansion turbine is 
different to that in a steam turbine. In actual practice, the above ratio will be 
[compare (38)]: 


TABLE 2 
v,/w vw 
Steam turbine 4—10 2—5 
Expansion turbine ~l ~0°5 


Substituting the above values into (36), it may be seen that in an expan- 
sion turbine the frictional losses in the blading will be from 6 to 15 times less 
than in a steam turbine. 

Thus, the main losses which must be taken into consideration in a steam 
turbine arc found to be less important in an expansion turbine. 
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On the other hand, if the design of the expansion turbine has not been 
properly chosen, some of the losses will become even greater than in the steam 
turbine. In the first place the losses due to the friction between the rotor and 
the air. If w be the peripheral velocity of the rotor and I its radius, the power 
required to overcome the friction of the air will be 


AW, =A, R* 0 w, (39) 
where 4, is a function of the Reynolds’ number and, as before, will be some- 
what smaller than in the case of a steam turbine. 

The total output of the turbine will be equal to expression (32) multiplied 
by », the number of the blades, ie. by 
22h 
b 


n= 8, (40) 
s being the friction of the rotor circumference where the blades are facing the 
nozzles, i.e. performing useful work. The total output thus becomes 


W,=- oo thts 


ov w, (41) 
and the relative frictional losses will be 


> 


Wy 2x * hfs” 


AW, 1 a ( w ) (42) 
v 

The above expression contains the ratio w/v, the reciprocal of the ratio 
v/w which enters (36). Referring to Table 2 it is easy to see that in an expan- 
sion turbine the frictional losses in the rotor are from 16 to 1006 times greater 
than in the steam turbine. These losses can be reduced by making the radius 
of the rotor as small as possible, in other words, by making s approach unity. 

In the expansion turbine there also appear other losses which depend on the 
square of the ratio w/v, and which in a steam turbine can be neglected owing 
to their being small. At a working temperature of 100°K, the density of the air 
in an expansion turbine is 11 times greater than the density of the steam in a 
steam turbine at the same pressure and a temperature of 600°. During rotary 
motion, a medium of the above density will be submitted to a considerable 
centrifugal force, causing a radial pressure gradient. Air will therefore be 
cjected from the rotor, impairing the regular motion of the gas in the blading 
and causing considerable losses. Computation shows that this is the main 
source of loss which appears to have been neglected and which is probably 
responsible for the low efficiency of any expansion turbine based on the prin- 
ciple of axial flow turbines. 

The way to prevent the centrifugal forces from impairing the operation of 
the machine would be to make them work in a useful way. 

Now, take the water turbine: here also we are dealing with a medium of 
high density, moving comparatively slowly, the ratio of w/v approaching unity. 
In these turbines, to the impulse action of the water flow is added the work 
of the centrifugal forces. 


O* 
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Considering the high density of the air in the expansion turbine and its slow 
motion, the problem should be approached as if we had to deal with water, but 
always bearing in mind the compressibility of the gaseous medium; this pro- 
perty might be used as, for instance, in an expansion turbine working with high 
pressure drop, by using the principle of the de Laval nozzle. A properly chosen 
type of the expansion turbine should represent a kind of compromise between 
a steam and a water turbine. 


Fic. 4 


Figure 4 which represents an element of a radial turbine will make it clear 
how the centrifugal forces can be made use of. 

With a velocity v, the gas flows through the guide blades to the blading and 
enters the rotor in a radial direction, from the circumference to the centre, 
leaving the blades at a velocity v,. Let w be the angular velocity of the rotor. 
The work communicated by unit mass of air to the rotor blades consists of 
two parts. In the first place, of the work P, delivered by the kinetic energy 
of the gas flow, just as in the usual impulse turbine, which we calculated when 
the difference between (28) and (23) was considered. This work will be equal to 


1 


oa 


(v] — 23). (43) 
In the casc of centripetal turbines, the additional work P, performed by 
the Coriolis forces arising when the gas moves from the circumference to the 
centre must be also considered. This work is equal to the work performed by 
unit mass to overcome the radial pressure gradient due to the centrifugal 
forces of the rotor: 
Ry 


P. = fo RAR = 


Rs 


1 


a 


“ 


w? (RZ — RR). (44) 


If by 7 we denote the peripheral velocity, then 
w=oh,. (45) 


The ratio of the work done by the centrifugal forces to that due to the im- 
pulse action of the gas is 


Pew? 1 — (R3/Ri) 


P, 1 (eh) * 


(46) 
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For an approximate estimate of the above ratio, let us assume FR, to be small 
compared with R,, and v, to be small compared with v,, as it is in actual prac- 
tice. Neglecting the ratios squared against unity, we obtain 


Pe (=). (47) 


Table 2 shows that the ratio w/v, in a steam: turbine is small as compared 
with unity; the useful work done by the centrifugal forces will therefore be 
from 16 to 100 times less than the impulse action of the steam. This is why it is 
never used in turbine design. But in an expansion turbine the ratio w/v, 
approaches unity. The impulse action of the gas becomes of the same order of 
magnitude as that due to the centrifugal forces, and by making use of this 
effect the output of the expansion turbine can be doubled without necessitating 
the increase of the size of the nozzles or of the rotor. Since, in this case, the 
losses remain unchanged, the relative losses will be halved. Thus a very high 
efficiency can be obtained. 

It has already been mentioned that the expansion turbine has more features 
in common with the water turbine than with the steam turbine. As seen from 
Table 1, at low temperatures the kinematic viscosity of air is close to that of 
water. The ratio w/v, is also nearly unity; thus, in an expansion turbine the 
losses will be of the same order of magnitude as in the water turbine, where 
they are known to be very small, the efficiency of a medium-sized water 
turbine attaining 0-87. 

The above theoretical considerations have been verified on an experimental 
expansion turbine, the description of which is given below. 


5. Tne Desian oF OuR EXPERIMENTAL 
EXPANSION TURBINE 


Computation shows that, owing to the high density of the air, i.e., to the 
considerable kinetic energy per unit volume of the inlet flow, the dimensions 
of an expansion turbinc must be made very small. Thus, in the particular 
expansion turbine built at our Institute in which from 500 to 1000 m? air at 
normal temperature and pressure can be treated per hour, the rotor has a 
diameter of 8 cm, its weight being 250 g in all. The piston compressor supplying 
the air weighs 3 ton, the energy consumed 50-80 kWh. The small size of the 
rotor is dictated by the desire to reduce the frictional losses during the rotary 
motion, as follows from (39). 

In actual practice, the construction of an expansion turbine of this size 
involves quite a number of difficulties. Thus, to obtain a sufficiently high peri- 
pheral velocity not less than 40,000 r.p.m. must be secured. The small 
dimensions make it also difficult to give the blades the most favourable 
shape, and straight blades are used for simplicity. 

The hydrodynamical computation of the rotor and guide blades is carried 
out in the same way as for turbines or blowers, as our expansion turbine is a 
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kind of inverted turbo-compressor. The physical properties of air at low tem- 
peratures (viscosity, density, etc.) must, of course, be taken into account, and 
the selection of the proper shape of the blades and of the rotor must be made 
according to the theorctical considerations set forth in the preceding section. 
As regards the mechanical strength of the rotor, the usual rules for turbines 
can be applied also in this case. But in selecting the materials, care must be 
taken to select such materials which maintain their plasticity and their mecha- 
nical strength at low temperatures. Monel has been chosen in our case, an alloy 
containing 67 per cent Ni and 29 per cent Cu, the remaining 4 per cent consist- 
ing of Fe and Mn; but austenitic steels are also suitable for low-temperature 
work, as has been shown by the author on a previous occasion". 

The design of the expansion turbine is shown in Fig. 5, where the shape of 
the nozzles J and of the rotor blades 2 is also seen. 
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Fig. 5 


In order to secure satisfactory thermal insulation of the bearings and to 
reduce the losses, the rotor is mounted in the free end of a flexible de Laval 
shaft, the other end of which is supported by two bearings. The calculation 


EXPANSION TURBINE Propuctna Low TEMPERATURES 543 


of the above type of shaft and of the critical velocities is well known to the 
designer of turbines and will not be dwelt upon here. 

Owing to the small dimensions of the expansion turbine, the rotor must be 
made with great accuracy and carefully balanced in order to guarantee a small 
clearance between rotor and cover. The pressure of the air leaving the guide 
blade is about twice the pressure at the outlet of the turbine. To prevent the 
air from flowing past the blades, two labyrinth glands 4 are provided (compare 
Fig. 5), with a clearance of 0:15 mm. The motion of the rotor must be made 
sufficiently stable, so that no mechanical contact with the cover can occur. 
The labyrinth glands are of equal size at both ends, in order to avoid axial pres- 
sure on the bearings. Owing to the labyrinth glands on shaft 5, the cold air 
inside the cover is insulated from the surrounding medium. 

The necessity of securing sufficient stability of the rotor at the required 
high velocities has led to serious difficulties and has considerably delayed 
the construction of the expansion turbine. For a long time we failed to find 
out why, at velocities considerably above the critical value, the rotor becomes 
unstable, knocking against the cover. A careful study of the phenomenon 
showed it to be due to the friction between the rotor surface and the sur- 
rounding air which in this case becomes more pronounced, owing to the higher 
density of the air at low temperatures. The effect will be examined in more 
detail by the author in a separate paper, both from a theoretical and an 
experimental point of view; a special damper placed at the end of the shaft will 
also be described, by means of which the required stability of the rotary motion 
has been secured. It suffices to say that, though the clearance docs not exceed 
0:3 mm at the circumference of the rotor and 0-15 mm in the labyrinth glands, 
no mechanical contacts with the cover occurred even with peripheral velocities 
as high as 180 m/sec. 

The shaft of the rotor rests in two ball bearings lubricated by dripping. To 
reduce the side-pressure on the bearings as much as possible, the rotor is 
fitted freely on to the shaft, being able to move about its centre of gravity 
round the spherical end, so that the principal axis of inertia automatically 
takes the direction of the axis of rotation. This freedom is limited by friction, 
so that any accidental disturbances or vibrations will be immediately damped. 
Through a universal joint of special design the rotational couple of the rotor is 
im parted to the shaft. 

With the above precautions the axial pressure on the bearings will become 
negligibly small, even in the case of the rotor being suspended on a freely 
extending shaft. After 700 hours of operation at 40,000 r.p.m. the ball bearings 
still proved fit for further use. 

No useful work is wasted by the expansion turbine, the work being ab- 
sorbed by a water brake, consisting of a small short-circuited centrifugal pump 
with an adjustable intermediate orifice. The rotor of the water brake is 
3-2 cm in diameter and weighs 18 g in all. At a maximum loading of the turbine 
the power consumption in the brake reached 8 kWh. The pump produced a 
pressurc of 30-40 atm, the pressure is read in a gauge, and the number of revo- 
lutions can be estimated in this way. 
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In order to remove the heat from the loading device, water is passed through 
the latter; this water, mixing with that circulating in the pump, carries away 
the heat evolved. The above device has proved very convenient for an experi- 
mental installation; the estimate of the output can easily be made by mea- 
suring the rate of the water and the difference in temperature before and after 
the loading device. The amount of cold generated in the expansion turbine and 
used for liquefaction will be determined at the same time, since it is equal to 
the above amount of heat generated. The device further allows of quiekly 
adjusting the most favourable working conditions for the expansion turbine; 
this is done by altering the number of revolutions, until at the same constant 
rate of the water flow the latter is heated to its maximum temperature. 

During the 700 hours of operation the above expansion turbine has proved 
a most reliable machine, simple and easy to handle. Normally it runs at 40,000 
to 42,000 r.p.m., but has also been tested up to 60,000 r.p.m. In our present 
installation 570 kg air per hour are treated. During the starting period, the 
expansion turbine is loaded to 8 kWh, at the working temperature the above 
figure falls down to 4 kWh. The pressure drop in the turbine varies about 
fourfold. The results of an actual measurement will be given by the following 
example. Using the notations of the diagram in Fig. 2, the inlet pressure 
py = 5:6 atm, the outlet pressure p, = 1-56 atm, the temperature of the inlet 
air Ty = 115°K, that of the outlet air being T; = 86°K. The output of the 
expansion turbine, as calculated from the temperature difference and the 
water rate, works out to 3720 cal/hr. Aecording to (7), the technical efficiency 
will be 


p = 12 = 0-79 to 0-83. (48) 
11 — ty 

The exact determination of the efficiency of the expansion turbine is connected 
with certain difficulties; indeed, at low temperatures, the air leaving the tur- 
bine might be supersaturated, the degree of supersaturation being unknown, 
so that the position of point 3 in the (7-S) diagram remains uncertain. Neglect- 
ing the heat of supersaturation, we obtain from the diagram: 7, — iz = 6-2 
cal/kg. The work performed by the expansion turbine per kg of air can also be 
determined in a different way, dividing the measured cold output by the 
amount of gas flowing through the expansion turbine. We thus obtain 


2; ~ 1g = 3720/570 = 6.5. 


Accordingly, two different values are obtained for the efficiency. 

The thermodynamic efficiency of the expansion turbine cycle has been given 
in Section 3, expression (20), allowance having been made for the work of the 
compressor. The maximum value of 7; which characterises the work of the 
expansion turbine itself will be obtained if we put the efficiency of the com- 
pressor equal to unity and [according to (19)] assume the whole work of the 
expansion turbine to be useful work; this maximum value has been found 
equal to 0-81. 
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In this case, the thermodynamical efficiency differs but little from the tech- 
nical efficiency. This is due to the fact that the expansion turbine operates at 
a low temperature with a small temperature drop 7) — T,, and practically 
the same amount of work is required to produce 1 cal of cold, independently 
of the temperature region in which it is produced. 

The high value found for the efficiency of the expansion turbine confirms 
the theoretical considerations, advanced in the preceding section. Every- 
thing seems to indicate that, in the casc of more powerful expansion turbines, 
still higher efficiencies must be obtained which might even exceed that of the 
water turbine. The efficiency of a small expansion turbine will always be less, 
as follows both from theoretical considerations and from the practice of 
turbine design. This is easily seen by examining the coefficient 4, in (26) which 
characterises the frictional losses. With increased dimensions. the radius of 
the channels in the turbine also increases, and A, decreases. 

The relative losses due to heat conductivity also decrease, being proportional 
to the square of the linear dimensions, while the output of the turbine increases 
as the third power of its linear dimensions. The relative leakage through the 
labyrinth glands also decreases with the increase of dimensions. The construc- 
tion of large units will make it further possible to select for the blades and 
nozzles a more effective shape than that which we were compelled to adopt 
in the smaller units. 

However, as already stated, the efficiency as yet obtained is quite sufficient 
to justify the use of expansion turbines for liquefaction. A brief examination 
of the experimental installation will make this still more evident. 


6. EXPERIMENTAL INSTALLATION FOR AIR LIQUEFACTION 


The general arrangement of the installation is shown in Fig. 6. After being 
purified in the filter J, the air is admitted to the compressor 2, where it is com- 
pressed to 6-7 atm. This is a standard doublestage compressor by the “Boretz”’ 
works, type BB-8, designed for a normal working pressure of 9 atm, dclivering 
13-3 m? air per minute at 500 r.p.m. The compressor has not yet been used by 
us at its full output; it has been operated at a lowered speed (380-390 r.p.m.) 
and has been found to supply 9-5-10 m3 air per minute. 

The flow of compressed air passcs through the tubes of the watcr cooler 3, 
the oil purifier 4 and enters the valve system 4 of the regenerators 6. 

The valve, specially designed for the purpose presents a slide valve type 
balanced against the pressure. It is operated by two clectromagnets type 
KMP-14 supplicd by the ‘‘Dynamo”’ works. Every 25-27 seconds the stroke 
is reversed by means of a special commutating device actuatcd by a small 
motor. 

The design of the regenerator differs somewhat from that usually adopted ; 
instead of the usual corrugated, a flat ribbon covered with bumps is used, 
50 mm wide and 0-1 mm thick. The temperature difference at the warm end 
amounts to 1:5-2°C. The thermal insulation:is of the vacuum type. The valve 
at the cold end operates automatically. 
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The liquefying cycle is similar to that which has been described in Section 3, 
the scheme of which is shown in Fig. 2. Immediately after the valves 7 (Fig. 6), 
the flow of the compressed air is divided in two. The main bulk of the air, after 
passing a filter and a temperature equaliser 8 (the role of the latter will be dis- 
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cussed in more detail later on), enters the expansion turbine 9, where it ex- 
pands and then returns by the inner tubes of the condenser 10 into the other 
regenerator and escapes to the exterior. The remaining flow of compressed 
air is delivered through the check valve 11 to the condenser 10, where it 
liquefies. 

The liquid air is drawn off through the valve 12 into the container 13, 
whence the liquid air can be finally drawn off through the tap 14. 

Any air evaporated on its passage to the condenser joins the flow which 
leaves the turbine, its cold being used for the liquefaction of fresh portions 
of air. 

As may be seen from Fig. 6, the condenser and the liquid air container are 
insulated by a common vacuum insulation from losses of cold. A similar type of 
thermal insulation is provided for the temperature equaliser §. 

The watcr for the cooling of brake 14 is supplied under a constant pressure 
from a tank 14 (preliminary passing a filter 16). In this way the rate of water 
is independent of any fluctuations of pressure in the main water supply, and 
the estimate of the output of the expansion turbine based on the temperature 
difference becomes more precise. 

Plate 36 is a photo of the essential parts of the installation. 

As we know, both from the theory of regenerators and from experience, 
no preliminary removal of traces of moisture and of carbon dioxide is necessary 
from the air participating in the heat interchange; this is due to the fact that 
any moisture or carbon dioxide deposited by the incoming air will be almost 
entirely carried off by the outgoing air. Indeed, the density of the outgoing 
air is considerably less, therefore the volume greater, and even at a slightly 


EXPANSION TURBINE Propucinc Low TEMPERATURES 547 


lower temperature the partial pressure of the water vapour and the carbon 
dioxide will be sufficient to remove almost as many impurities as were intro- 
duced by the incoming air. At the cold end of the regenerator the partial pres- 
sure of the carbon dioxide is not considerable, and the amount of carbon 
dioxide deposited in the condenser tubes is so small that, before the latter could 
be blocked, the regenerators themselves would also be blocked by deposits. 

More trouble arises from blocking of the nozzles of the expansion turbine. 
The carbon dioxide takes a long time to accumulate in the nozzles, but as the 
cross-section of the latter is of the order of only 1-2 mm?, even a very thin 
layer of carbon dioxide will considerably reduce this cross-section and impair 
the work of the expansion turbine. The resulting rise of pressure may attain 
1-5 atm. This troublesome effect can be successfully eliminated in two ways. 
As known from the theory of regenerators, at the cold end the temperature 
between two subsequent reversions does not remain constant; immediately 
after the reversion, the temperature is lower and then gradually increases. 
These fluctuations may be seen from Fig. 7; the left-hand graph shows the 
temperature curve obtained with a thermocouple with small thermal inertia 
recorded on a moving film. The amplitude of the fluctuations is seen to 
attain 28°. 

The partial pressure of carbon dioxide vapour being an exponential function 
of the temperature, the concentration of carbon dioxide increases considerably 
in the given temperature interval, and therefore the carbon dioxide enters 
the expansion turbine practically only during the time when the temperature 
of the air leaving the regenerator attains its highest value; the temperature 
fluctuations must therefore be made smooth. This can be done in different 
ways; for instance, by introducing a considerable heat capacity before the inlet 
of the gas in the expansion turbine. This solution, however, would require 
great masses. It is more expedient to make use of the heat of adsorption of 
charcoal or silica gel. A few kilograms of charcoal will suffice to equalise the 
temperature. The effect of the temperature equaliser may be seen from Fig. 7; 
the right-hand side shows a temperature curve recorded after the heat equa- 
liser 8. In comparison with the left-hand record, the temperature fluctuations 
have become 5-6 times less. 

The difference in temperature between the inlet and outlet air of the expan- 
sion turbine depends on the degree to which the air is saturated with vapour. 


Before equoliser After equaliser 
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Satisfactory conditions are obtained with a 2-3 per cent content of moisture, 
but in this case the output of the expansion turbine becomes somewhat less. 

With a small temperature drop only small amounts of carbon dioxide will 
be deposited in the nozzles, and for a number of hours this will not tell on the 
work of the installation, but the delivery of liquid air will drop by several 
kilograms. 

It has been therefore found more expedient to use a greater temperature drop 
and to remove every 1:5-2 hours the carbon dioxide deposited in the nozzle. 
This can be done in the following way. Before entering the turbine, the com- 
pressed air is passed through the electric heater 17 (Fig. 6). During normal 
operation the heater is idle; as soon as the pressure in the nozzle exceeds a 
certain definite value, the air is sent through the by-pass 19 by turning the 
stopcock 18, and the flow ceases almost completely. At the same time the heater 
17 begins to work. The heating continues some 3-4 min, after which the stop- 
cocks are turned again, and 3-4 min later the normal working conditions are 
restored. 

The technical and economical characteristics of the installation must be 
regarded as preliminary. For the first installation the choice of the correct 
dimensions of all the parts is no easy matter. But the main difficulty lies in the 
necessity of fitting the construction with the available tubes and materials 
which sometimes differ from those determined by computation. The desire 
to verify the theoretical considerations leading to high efficiencies of the 
expansion turbine made us anxious to get the experimental results quickly. 
And even with the present plant we have fully ascertained the possibility of 
building expansion turbines with a high efficiency, the experimental data con- 
firming all our theoretical assumptions. 

As regards the liquefaction method used, the results may also be con- 
sidered favourable. The expcrimental installation delivers on the average 
29-30 kg liquid air per hour (counting 7-8 hours of operation, the starting 
period excluded). The air consumption is 9-5-10 m/min. The pressure 
drop amounts to 7 atm. Thus, if the efficiency of the compressor is 0-59, the 
energy required for 1 kg liquid air will be equal to 1-7 kW. Out of the seven- 
fold pressure drop, four are taken up by the turbine. The remainder is wasted 
in the piping and the regenerators. These losses might easily be avoided by a 
proper selection of the tubes, valves, ete. Accounting for these losses in the 
piping etc. we obtain a power consumption of 1-3 kWh/kg of liquid air. 

If we remember that 0-85 of the output of the expansion turbine can be 
recovered in the form of useful work, the power consumption will work out 
to 1:2 kWh/kg. This figure is more favourable than in high-pressure machi- 
nes, but not so favourable as might be expected from theoretical considerations. 
It will evidently be possible to raise the efficiency of the installation by per- 
fecting the thermal insulation and by reducing a number of minor losses which, 
put together, impair the efficiency. It nay be hoped that the power consump- 
tion will be brought down to 1-1 kWh/kg, but essential achievements will 
only be attained when applying the method to large installations. Not only 
will the efficiency of the expansion turbine increase, but the influence of the 
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losses of cold will become less appreciable and the efficiency of the plant will 
by far exceed that of any high-pressure installation. 

Our installation has now been in service for 9 months, functioning once every 
six days and supplying the whole laboratory with liquid air in a most satis- 
factory manner. The liquefaction begins some 18-20 min after the start, the 
first 9-1] kg are drawn off 45-50 min after the start, the following portions— 
every 20 min. 

The installation has not yet been opcrated more than 12 hours at a time, 
since the whole demand for liquid air could be satisfied during this period. 
No traces of blocking have been observed in the regencrator. 

While the installation was working, experimental research was continued. 
Thus, it was found, for instance, that liquid air can be obtained directly from 
the turbine dispensing with the condenser. Of course, the efficiency in this case 
lessens, but in other ways the operation is normal and in some respects even 
more satisfactory, since blocking by carbon dioxide is entirely absent. The 
working scheme becomes in this case very much simpler, since, owing to the 
absence of the condenser, the drawing off of the air becomes superfluous. The 
deficiencies of the scheme are as follows: the difficulty of completely separating 
the liquid and the gas which leave the turbine, and, in the second place, the 
presence of a 40-50 per cent excess of oxygen in the final product. The liquid 
air used for laboratory purposes should contain as little oxygen as possible. 
In our installation every precaution is taken to prevent the liquid from the 
turbine entering the container 13; the final product contains from 24 to 
30 per cent oxygen. 


7. CONCLUSIONS 


The liquefaction of air at low pressures has been found to be not only pos- 
sible but, at the same time, economical. For this success the high efficiency 
of the cooling cycle is mainly responsible, being duc to the satisfactory opera- 
tion of the turbine mechanism as an expansion turbine. 

I think that the liquefaction of air at low pressures has a great future before 
it; economical considerations, in this case, are not conclusive, the main advan- 
tages are simplicity, reliability and safety, as guaranteed by operation at 
pressures of 4-5 atm instead of 200 atm. The short starting period (18-20 min) 
presents another advantage, whenever small quantities of liquid air are re- 
quired at short notice. The absence of decarbonators and dryers simplifies the 
operation and permits of greater compactness of the installation. Thus, the 
dimensions of our experimental installation are 5-6 times smaller than those 
of a high-pressure installation with the same output. It may be expected that 
the cost of installation will be lower in the same proportion. 

In addition to using the installation directly for air liquefaction, it may also 
be used to restore in a simple and efficient way the losses of cold during air 
fractionation. The production of liquid air in an efficient cooling cycle con- 
stitutes only part of the technical problem related to the rectification of air 
in an economical way. The next problem to be attacked by the Institute is 
the fractionation of the liquid air and the production of liquid oxygen. In 
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principle, no objections can be made to the usually adopted scheme making use 
of a double column, but in actual practice it will probably prove unsatisfactory 
for low pressures. Other methods can be suggested which might prove of 
greatcr advantage for low-pressure cooling cycles. The difference lies mainly 
in the fact that, at low pressures, only 5-6 per cent of the treated air is liquefied, 
while at higher pressures the percentage of the air undergoing liquefaction 
attains 15-16 per cent. On the other hand, with high-pressure cycles, the addi- 
tional cost implied by the removal of moisture and carbon dioxide makes the 
compressed air more expensive, requiring its economical use. In low-pressure 
cycles, the purifying of the air can be dispensed with, so that it can be used 
more freely. 


In conclusion I wish to acknowledge the work of the Institute staff who 
have helped to build the installation in minimum time. Special thanks are due 
to the scientific workers: O. A. Stetzkaya who has aided in the computation 
of the installation, as well as in the experimental work, further to A. J. Shal- 
nikov, P. G. Strelkov and M. A. Veksler who also have assisted in the experi- 
mental work. 

With the exception of the compressor, all the other parts have been con- 
structed in the Institute workshop by N. N. Minakov and S. I. Mrysha who 
have also helped in the design and tests. 
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37. INFLUENCE OF FRICTION FORCES ON THE 
STABILITY OF HIGH-SPEED ROTORS 


The theory of the transition through the critical speed for high-speed 
rotors is discussed. 

It is shown that this transition can be accomplished in the actual machines 
only if there is damping of the lateral vibrations of the shaft. It is suggested 
that in the existing machines the damping of the rod is due to the oil layer 
in the bearings. Calculations from actual examples support this assumption. 

The theory of the transition through the critical velocity for flexible shafts 
is given for cases when the transition through the critical point is attained by 
means of limiting rings. 

It is shown that the friction caused by the surrounding medium of the 
rotor has an important influence on the stability of the rotor. This frictional 
force necessarily induces lateral instability, and the axis follows a trajectory 
of the form of a logarithmic spiral with rotational frequency equal to that 
of the critical speed. 

The calculations show that in the presence of a damper complete stability 
can be obtained. Experimental data supports the calculations put forward. 

By the introduction of a damper for the lateral vibrations, not only great 
stability is attained, but the transition through the critical speed is made 
easy, the rotor acquires immunity from outside shocks and the turbine no 
longer requires to be fixed to a rigid foundation. 

The author suggests that by the introduction of “ordered damping” (that 
is, a damper designed according to the theory put forward) it is possible 
to obtain such stability of the rotor that the clearance between the rotating 
parts and the casing can be made very small, thus raising the efficiency of 
a number of fast rotating machines. 


1. INTRODUCTION 


Modern technique develops a more and more increasing trend towards the use 
of high-speed rotating machines, such as turbines, turbo-compressors, centri- 
fugal machines, gyroscopes and the like. In these, the peripheral velocity of 
the rotor often attains 200-300 m/sec and more, and the problem of stability 
and of vibrations becomes one of vital importance. 

Special attention is usually given to a peculiar effect observed when the rotor 
passes through the critical velocity, an effect well known in turbine design. 
When the velocity approaches a definite value characteristic of the given 
machine, mechanical vibrations are set up in the rotor which, if not properly 
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balanced, might even lead to serious damage of the machine. This critical 
velocity once passed, normal running conditions are restored again. 

The nature of the above phenomenon has been known for a long time and 
was first pointed out by Rankine in 18691. It can be shown in the following 
simple way. Imagine a disk of mass Af (Fig. 1), rotating about an axis which 
coincides with the z-axis of coordinates. Suppose the centre of gravity of the 
disk M to be at a distance ¢ from the axis of rotation. The centrifugal forces 
due to the rotary motion will bend the shaft; let the corresponding deflection 
be r. Owing to this deflection, the centrifugal force will increase still more, 
namely, to (r + €) M w?, where w is the angular velocity of the shaft. This 
centrifugal force must be balanced by the elastic reaction due to the bending of 
the shaft. If by K be denoted the force required to produce a unit deflection, then 


Kr=(r+e)Mo?. 
Owing to the restoring force K, the disk will possess natural vibrations of 
the angular frequency p. By the theory of vibrations 
pe =—- (1) 


whence 


Fic. 1 


It is easily seen that, as the angular frequency w of the rotating disk ap- 
proaches the angular frequency p, the deflection of the shaft may increase 
infinitely, and Rankine and several others wrongly assumed this to be the max- 
imum admissible velocity. In the early nineties de Laval? showed, on his own 
turbines and centrifugal machines with a flexible shaft, that, as soon as the 
critical velocity is exceeded, the rotary motion becomes once more steady. The 
theoretical explanation of the above fact, first suggested by Féppl? follows from 
expression (2). At a velocity exceeding the critical value, when w > p, the 
deflection becomes again finite, but its sign is now opposite to that of the dis- 
placement of the centre of gravity. 

The nature of the phenomenon is similar to that of resonance, when forced 
vibrations arc set up in the disk under the action of a periodic force due to 
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the eccentricity of the centre of gravity. When the frequency w of this periodic 
force approaches the frequency p of the natural vibrations of the system, a 
marked increase of the forced vibrations takes place, just as in the case of 
resonance. 

In actual practice, the design of the rotor is not as simple as shown in Fig. 1. 
If several disks are mounted on the same shaft, the system will possess a number 
of frequencies of natural vibrations, and to each of these frequencies will cor- 
respond a definite critical velocity followed by the instability of the system. 
If the bearings are not symmetrically placed with respect to the rotor, the 
phenomenon becomes still more complicated, since the deflection of the shaft 
will be accompanied by an inclination of the rotor. Gyroscopic forces will come 
into play, and, similarly as in the gyroscopic pendulum, the frequency of the 
natural vibrations, and therefore the critical velocity of the system, will alter. 

In order to secure quiet running conditions, it is essential that the operating 
velocity should not coincide with any of the critical velocities. In designing 
the rotor, great care must therefore be taken in determining the value of the 
critical velocities; this computation may become very complicated in the case 
of a turbine with several disks. Quite a number of technical papers deal with 
methods of calculating these critical velocities (see, for instance, ref. 4). 

However, up to now the various problems related to the transition through 
the critical veloeity (such as the degree of accuracy required in the balancing 
of the rotor to prevent deflections above the safety margin, etc.) have received 
but little attention. 

When working on the development of a high-speed expansion turbine, I 
was confronted with this and other problems relating to the stability of the 
rotor; the study of these problems led me to establish conditions which would 
secure a smooth transition through the critical velocity, as well as a stable 
motion of the rotor irrespective of the speed of rotation. 

There exist several methods for securing transition through the critical vel- 
ocity without dangerous bending of the shaft. 

The first method consists in reducing the time of transition to such a small 
interval that the energy involved in the forced vibrations will be limited, and 
the bending of the shaft cannot rise to dangerous values. The theoretical side 
of the question has been well studied; however, as will be shown later on, the 
above solution is of no practical value, except, perhaps, in the rare cases of 
very small mechanisms with precisely balanced rotors where the operating 
velocity is rapidly attained. The solution does not apply to turbines, blowers 
or other high-speed mechanisms where the operating velocity is reached rather 
slowly. 

Another well-known method consists in supplying the shaft with a tempo- 
rary additional bearing in order to increase the rigidity of the system and thus 
to raise the value of the critical velocity. In this case the transition through 
the critical velocity proceeds in the following way; the rotor with the tem- 
porary bearing is brought to a velocity higher than the normal critical value, 
and the temporary bearing is quickly removed. The method is quite convenient 
in that it does not require a precise balancing of the rotor, but presents no 
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considerable practical value, being complicated and suitable only for small 
mechanisms, so that we shall not dwell on it any longer. 

The method adopted in the de Laval turbines with a flexible shaft presents 
a certain practical interest. In these, the possible deflection of the shaft at 
the moment when the rotor passes through the critical velocity is restricted 
by special ring surfaces, along which rolling may take place. The theory and 
computation of these restricting ring surfaces is given in Section 4 of the 
present paper, but the method applies solely to a limited class of rotating ma- 
chines where the rotor, of simple structure, possesses only one critical velocity. 

A most important and universal process allowing the transition through 
the critical velocity, irrespective of the time required by the machine to reach 
the operating velocity, is connected with the existence of damping forces 
which, at the moment of transition, keep down the amplitude of the forced 
vibrations to finite values. 

Stodola® was apparently the first to suggest a correct interpretation of the 
role of the damping forces in the transition through the critical velocity; but 
he wrongly concluded the damping to be due to the friction between the rotor 
surfaces and the air (or vapour). Not only is this friction insufficient, but, 
as will be shown in Section 5, it is able to cause the instability of the rotor. 
Other attempts to determine the relation between the frictional forces and 
the transition through the critical velocity have led to very complicated mathe- 
matical formulas where the physical disappeared completely, which are of 
no use for computation and do not even allow us to determine the degree of 
accuracy required in balancing the rotor®. 

As already mentioned, all these stability problems had to be considered for 
the development of an expansion turbine operating at low temperatures. 
Owing to the high density of the surrounding medium at these low tempera- 
tures, the problems relating to the internal friction became very important. 
The rotor lost its stability and sinee, in the design of the turbine, a very small 
clearance between rotor and casing had to be maintained no stable motion of 
the rotor could be obtained. The trial of different rotors under varying experi- 
mental conditions led to the elucidation of the sources of instability and to the 
theoretical foundations of a method for securing the stability of motion of 
rotors. 

In the present paper, describing the main results arrived at, only the simplest 
case of a rotor with symmetrical bearings will be considered. No gyroscopic 
forces arise in this case, and the system possesses only one mode of natural 
frequency. In this way it will be possible to bring to the fore the pliysical 


meaning of the processes involved, which remain essentially the same in more 
complicated cases. 


2. TRANSITION THROUGH THE CRITICAL VELOCITY 
IN THE PRESENCE OF Dampine ForcEs 


For clarity, the central part of the rotor shown in Fig. 1 is reproduced on an 
enlarged scale in Fig. 2. 
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As before, the axis of rotation coincides with the z-axis of coordinates, the 
deflection r of the axis is equal to 00’, and the centre of gravity is displaced 
by O'M =e. 

The motion of the rotor can be resolved into two components. The first com- 
ponent is the translatory motion due to the deflection of the shaft which deter- 
mines the vector r, The angle » between the vector 7 and the x-axis of coordi- 
nates, as well as the magnitude of the deflection r are the two unknown time- 
functions to be determined. The second component is the rotation of the rotor 


round the centre O'. This rotation is forced by a couple imparting a torsional 
moment to the shaft. The position of the rotor will be determined by the 
direction of the vector e which determines the eccentricity of the centre of 
gravity with respect to the axis of rotation. Let us denote by f the angle 
between ¢ and the v-axis of coordinates. The angular velocity of the forced 
rotation of the rotor will be dp 


oO= 7° 
Let o denote the angle between r and ¢ which may be called the phase angle. 
The latter will be equal too = 8 — 9. 


If by x and y be denoted the projections of the vector » on the corresponding 
axes of coordinates, the position of the centre of gravity will be given by 


(4) 


(3) 


Lyf =x + ecosf, 

Yu =y +esing. 
During the rotary motion the following forces will action the centre of gravity 
along the z-axis: the reaction K x due to the bending of the shaft, and a damp- 
ing force equal to, say, H #; evidently the couple which is transmitted through 
the shaft in order to spin the rotor has no components in the x and y directions. 
In the fundamental equilibrium equation, the forces K x and H «% must be 
balanced by the force of inertia M #,,. Equating, we obtain with the aid of (3) 
the following two expressions for the equilibrium along the x-axis and along 
the y-axis respectively: 


dw . 
Mt + Ha + Ka = Me(o* cosp + sosinB), | 


(5) 
My + Hy + Ky 


ll 


' d 
Me(o* sin — a7 cos . | 
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To complete the problem, a third equation had to be written connecting the 
couple of forces imparted through the shaft with the moment of momentum 
along the z-axis expressed as a derivative with respect to time. This is usually 
done, and the torsional couple is considered as a given time-function. How- 
ever, as has been mentioned in the introductory part, this method of approach 
leads to considerable mathematical difficulties, so that a different method will 
be adopted here. Let us assume that the angular velocity w of the rotor is a 
given time-function; if the moment of inertia of the rotor is considerable and 
the acceleration of the rotation is produced in a smooth way, the above assump- 
tion is quite feasible. In this case expressions (5) will be linear equations, aud 
the forced vibrations may be considered as produced by two forces, for in- 


stance, along the x-axis: by the force Jf ¢ w? cos B and by another Jf € < sin p. 


The solution of a system of linear equations of motion being additive, each 
of the two forces can be examined independently. We are mainly interested in 
the transition region, where the velocity passcs through the critical value, and 
in actual practice the following inequality will be found to hold: 

dw 
t 2 —. 6 A 
oo)? > qd (6a) 
Therefore the vibrations due to the term containing dw/d¢ can be neglected. 
The variation of the angular velocity during one complete revolution is 
dw 
Aw =—T, 
Od 
and the relative variation, after substituting the angular velocity for 7, 
will be 
Mo 22dw 
oo dt 6) 
If the inequality (6a) holds, the variation of the angular velocity during one 
revolution of the rotor will be small. When integrating (5), we may therefore 
assume 


B=ot. (7) 


In order to determine how far the inequality (6a) will hold in actual con- 
ditions, let us consider a turbine with a normal operating velocity of 3000 r.p.m. 
(w = 300), the critical velocity corresponding to 2000 r.p.m. It is known that 
the time during which the full speed is reached depends on the size of the 
turbine. In large units it may be an hour, and even in small units it is rarely 
less than several minutes. Let it be 5 min. If p = 200, we have at the 
critical velocity 
da 


@ 00, qd 1, 


le. even in this case the inequality (6a) holds well. Expression (6b) yields 


Aw = 0:00015 w, 
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so that the approximate assumption made in expression (7) is also fulfilled in 
actual conditions. 
With this approximation, with the abbreviation (1), introducing the nota- 
tion 
h=— 

M’ (8) 
we obtain the following equations for the vibrations of the shaft along the two 
axes of coordinates: 

%#+haet+ pea =ew'* cost, 


9 
Ythyt+py =Eeo' sinwt. (9) 


These are linear equations of the second order, the solution of which has been 
thoroughly studied. Here we have forced vibrations produced by a periodical 
force proportional to ¢ w?, i.e. to the eccentricity of the centre of gravity multi- 
plied by the square of the angular velocity of the shaft. In view of the gradual 
increase of the velocity of rotation, we shall consider only that part of the 
solution which deals with the forced vibrations; the natural vibrations, owing 
to the presence of damping forces, will die out. The components of the vibration 
in the x and y directions will then be found equal to’: 


€w? 
x — Tig — oF)? + ay OO! +- a), 
Ew? . 
y - Fig — oF 2 ak sin(w t+ 0), 0 
ae (10) 
de 
ad 


It is seen that the magnitude of the deflection-vector r is equal to the factor 
preceding the sin and cos, and that the vector rotates at the samc angular 
velocity as the rotor. For brevity, let us denote 


aut and q=—; (11) 
p Pp 
then 
on | 
1 — q?)? 2 727’ 
le] +V[Q —9?)? + aq?) (12) 
1 — ¢ | 
cose = ———— > 
+ VL — ¢*)? +o? 9?) 


As may be seen from the above expression, when there are no damping forces 
(a = 0), the ratio |r|/le| will not differ from expression (2) deduced in an elemen- 
tary way, provided we substitute the notation (11). Expression (12) further 
shows that, in the presence of damping forces, the phase angle o will become 
equal to zero only for very small angular velocities, when q is smal!. With the 
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increase of the angular velocity w, the phase angle g also increases, and at the 
exact moment when the velocity reaches the critical value (¢ = 1) we obtain 
cosa = 0 and o = 90°, ie. the vectors r and « are seen to be at right angles. 

With a further increase of w, the phase angle o > 90°, ie. the centre of 
gravity Af will be nearer to the axis of rotation than the point O' of the bent 
shaft. At very high velocities (g = oo), the centre of gravity M returns to the 
vector r but now it is external with respect to O’. We therefore find that, while 
the velocity passes through the critical value, the vector e describes around 0’, 
in the direction of the rotary motion, an angle of 180° relative to the direction 
of the deflection vector r. 

As may bc seen from (12), other conditions being equal, the deflection r of the 
shaft is proportional to e, i.e. to the eccentricity of the rotor, and even under 
the most favourable damping conditions it cannot be made less than e. 

In the presence of damping forces and when g = 1, the deflection r of the 
shaft at the critical point does not tend towards infinity ; according to (12), it is 
jr = lel . (13) 

x 
The maximum deflection of the shaft, when damping forces are present, is 
obtained at velocities just above the critical value. This is easily verified by 
determining the maximum of |r| from equation (12). This maximum is ob- 


tained when 
2 
y= (14) 


~ 2 — @2? 


It} (15) 
Jel max V4 — 0%) ” 

It follows from (14) that, for « = 2, the maximum deflection is reached when 
¢g = ©, 1.¢. at infinitely high velocities. Therefore, if we put 


2, (16) 


2 


a 


INV 


the deflection over the whole range of angular velocities, from 0 up to oo, will 
never exceed the eccentricity ¢; at the moment when the velocity passes 
through the critical value, the deflection will show no sudden increase, and 
the notion of a critical point will disappear. 

Introducing into (16) the initial valuc for «?, we obtain the magnitude of 
the damping force required for a smooth transition through the critical point: 


H? > 2M? p?, (17) 


where r & ¢ irrespective of the value of the angular velocity of the rotor. 

It may be of interest to note that when determining the natural vibrations 
with the aid of (5), the following condition is obtained for making the natural 
vibrations apcriodic: 

iH? > 4M? p*. (18) 


It is easily seen that condition (17) required one half of the damping force 
which makcs the vibrations aperiodic. 
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Fic. 3. The curves correspond to: 
lLa=0; 2.0 = 0:25; 3.4 = 0-5; 4.0 = 1-0; 5.0 = y2; 
6a0=2: 7.054 


Figure 3 shows a plot of the values of |r|/le] as obtained from (12) for 
different values of «. 


3. TRANSITION THROUGH THE CRITICAL VELOCITY WHEN THE SHAFT 
OF THE RotTOoR MOVES IN OIL-LUBRICATED BEARINGS 


As has been shown in the preceding section, in the presence of damping 
forces, the rotor may pass through the critical point quite smoothly. In actual 
conditions, for turbines, blowers, etc., the inequality (6a) always holds at the 
critical point, and we are led to the conclusion that the transition through the 
critical point can be effected only in the presence of damping forces similar 
to those examined in the preceding section. What is the origin of these forces? 

Computation shows that the resistance of the medium, vapour or air, due 
to the lateral vibration of a disk or rotor, is not sufficient to produce the neces- 
sary damping forces. The source of the damping forces must be looked for 
elsewhere, and, first of all, I believe, in the bearings, in which the journals 
of the shaft are rotating. 

Indeed, under normal conditions, the journals are surrounded with oil which, 
during the lateral vibrations, may partly be pressed out at various points, and 
the work required for the pressing out of the oil might constitute a sufficiently 
great damping factor. 

The calculations given below are in favour of the above assumption which is 
also confirmed by the fact that any rotating mechanism with ball bearings 
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must be balanced with special care, if troubles at the critical velocity are to be 
avoided; this might be due to the fact that, owing to the absence in ball bearings 
of a thick lubricating film, the damping forces arising during lateral vibrations 
are considerably less. 

Let us examine the above assumptions from a theoretical point of view; 
let r, be the displacement vector of the journal in the bearing, its components 
along the axes of coordinates being x, and y,. Let us assume that, under the 
influence of the force F,, the journal will move with a velocity %,; denoting 
the coefficient of friction by LZ, we have F, = — L2%,. On the other hand, the 
force acting on the journal must be equal to the deflection of the shaft multi- 
plied by K, the coefficient of the restoring force. We thus have: 


Fo,= —-Lt,= —Kzx. (19) 
In expression (4) we must now add the displacement x, of the journal in the 


bearing to the displacement of the centre of gravity along the x-axis; instead 
of (4), we then obtain for the displacement 


tu = % +x+ ecosf. (20) 
Considering that, as before, the acceleration of the centre of gravity will be 
balanced by the deflection of the shaft, we obtain, accounting for conditions 
(6a) and (7): 
M(%, + @ —ew* coswt) = — Kx. (21) 
Substituting into the above equation the value of #, obtained by differentiating 
(19), using the notation 


K 
L => hy (22) 
and the abbreviation (1), we find 
€+hec+px=ew'cosut. (23) 


A similar equation is obtained for the displacement along the y-axis. 

Equation (23) is identical with (9), except that the damping factor h assumes 
the value derived from (22), so that for x and y we obtain expressions identical 
with (10), 2, being substituted for 1. The expressions for a and y give only part 
of the rotor displacement. The total displacement will be obtained after adding 
#q and yg which can be determined by integrating (19); after substituting the 
values of x and y from (10), we find: 


Ew 


£5 = h, ——-—_——__ 
° 7 + VE(p? — 2)? +h? w?] 


sin(wt+o), (24) 


EO 
V(p? — w*)® + hd w?] 
As may be seen from the comparison of (24) and (25) with (10), the vector rj, 


the resultant of the components x, and yo, is perpendicular to the vector r 
and its magnitude is 


~ 


Yo = hy, — cos(wt + a). (25) 


to 


A 
[ro] =") rf. (26) 
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Using, as before, the same notations 
hy o 
— =a, and — =4q, 27 
D 1 p q (27) 
we find the total displacement. of the rotor equal to 
R= ir? + 72) (28) 
and, substituting the valucs from (26) and (11), we obtain 
Ro Vir + 7 
= Waa ate’ (29) 
le] VI = 48)? + oF 9g") 


At the critical velocity, when g = 1, we obtain 


r=lel/(1 +5), (30) 


[tol = lel, (31) 


whence it may be seen that, at the critical point, the amplitude 7, of the journal 
oscillating in the bearing will never exceed the eccentricity of the centre of 
gravity of the rotor. Introducing into (30) the value of «,, we obtain: 


a= iy Gi] cn 


from which a number of practical rules for the smooth transition through the 
critical velocity can be derived. 

Equation (31) shows that the “play” of the journal in the bearing must be 
greater than the eccentricity of the centre of gravity. Thus, in a ball bearing 
where the “play” is small a very careful balancing of the rotor is required 
(example—gyroscope). 

Equation (32) shows that, when the value of Z is small, i.e. when the jour- 
nal oscillates in the bearing with small friction, it will behave like a freely 
suspended body and will rotate about its centre of gravity at any given speed 
of the rotor, describing in the bearing a circumfcrence of the radius e. In actual 
conditions this will never be the case; indeed, in order that the axis may be in 
a state of rest and respond to any accidental shock, the coefficient of fric- 
tion Z must have a finite value. 

The determination of Z characterising the damping property of the bearing 
presents a difficult problem. An approximate estimate of the frictional forces 
can be made in the following way (Fig. 4). 

The journal (O’ being the centre of rotation) is placed in a bearing with an 
opening of radius a. Assuming the width A, of the oil-filled gap to be small in 
comparison with the radius a, if the centre of the journal has moved along the 
x-axis by a distance x, the gap in the direction making an angle 0 with the 
x-axis of coordinates will be 

2 = hy — XQ cosO, (33) 
where x, and its derivative with ‘respect to the time are assumed to be given 
time-functions. 
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The oil in the gap will flow from the narrow to the widened space. A pressure 
gradient p with respect to the angle @ will arise, and with it a damping force 
F, in a direction opposite to that of the motion along x. This damping force 
is equal to 


= ala | p cosé dé, (34) 
0 


1 being the length of the bearing. 
y 
_ . 


Fic. 4 


Ii, at a point of the gap where the radius makes an angle 6 with the 2-axis, 
the volume velocity of the oil flow per unit length of the gap is v, then, accord- 
ing to the equation of laminar flow, the velocity of the fluid between two planes 
will be 

43 dp ~ 
a 12ya dé * (39) 
u being the coefficient of viscosity for the oil. 

Let us now consider an element d0 of the gap; the volume of the oil entering 
this element in unit time is uJ, while that leaving it is [v + (d v/dd) a6] 0; 
the volume of the oil will increase by the amount of oil pressed out from the 
gap, owing to the variation of the width with time. We thus obtain 

dv da 
a0! = ——al. (36) 


The rate da/dt, at which the width of the gap changes, can be determined by 
differentiating (33); it is equal to #, cos0; we thus obtain the equation 


dv 
dg 


= ax, cos. (37) 


If we integrate (37), assuming that for 0 = 0 the velocity v = 0, we obtain 


v=ad, sind. (38) 
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Introducing into (35) yields 
12ua* 
73 


ty sind dé. (39) 


Considering that x, is considerably less than 2,, we may substitute 4, for 2; 
integrating and introducing into (34), we obtain 


tula® 
ro=- Mie iy | cos? dé. (40) 


The definite integral in the above expression is equal to z/2 so that 


122 ula’ | 
PF, = == dig. (41) 
A comparison with (19) yields 
12a ula’ 
p = Paula (42) 
45 


The above expression for Z, deduced on the assumption that, when there is no 
lateral motion of the journal, the oil remains in a state of rest, must of course 
be regarded as an approximation only. In actual conditions, owing to the rota- 
tion of the journal, we are dealing with specific conditions of motion necessary 
to create the lubricating film. The assumption that small displacements of the 
journal can be considered as additive requires additional confirmation, so that 
the exact determination of Z requires a more detailed mathematical analysis ; 
still using the above approximate value of L, we may expect to obtain a value 
of the damping force of the right order of magnitude. 

As an example let us consider that of a real turbine. 

The rotor weighs 16 ton (M = 1-6 x 107g) and rotates in two bearings: 
1 = 40cm, a = 10cm and A, = 0:04 cm. The critical point appears at 2000 
r.p.m. (p = 200). The viscosity of the oil ~« = 0-3 (at 40°C). Expression (42) 
yields for the bearings: L = 1:5 x 101°. Introducing thesc valucs into (32), we 
find at the critical velocity the deflection of the shaft 


R~ Ge. 


If the turbine has been balanced within 0-01 mm, the amplitudes of the vibra- 
tion at the critical velocity will amount to 0-06 mm which is quite a reasonable 
value. 

This computation shows that, during the lateral vibrations of the journal, 
the friction forces due to the oil in the bearing appear to be sufficient to pro- 
duce damping conditions which will secure a more or less smooth transition 
through the critical point, as the vibrational amplitude of the rotor rises only 
to permissible values. A more precise computation would require a more ac- 
curate expression for L. The computed value of L being to some extent 
uncertain, an experimental determination of ZL might prove more useful. All 
the conditions required for the calculation of the admissible magnitude of the 
eccentricity would thus be at hand, and it would be easy to determine the 
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preeision with whieh the balaneing of the rotor has to be done. As will be shown 
in Section 5 of the present paper, the damping properties of oil-lubricated 
bearings are of great importance not only for the transition through the eritieal 
point, but also in other kinds of unstable motion. 


4. TRANSITION THROUGH THE CRITICAL VELOCITY IN THE CASE 
OF FLEXIBLE SHAFTS WITH RESTRICTING RINGS 


In ordinary turbines the operating velocity is usually made to lie between 
the first and the second eritieal velocities, its value being about 1-5 times 
higher than that of the first. 

Things are different when the turbine is provided with a flexible de Laval 
shaft. In this, the operating veloeity exeeeds the eritical velocity from five to 
seven times. Such flexible shafts are mainly used in machines earrying a single 
disk, where no higher harmonies of the natural vibrations of the rotor are set 
up and where the number of critieal velocities is therefore limited. De Laval 
shafts present several advantages. Their size being small, the journals in the 
bearings are also small and allow of a very high speed with inconsiderable losses. 
Another advantage of this flexible shaft is that the balancing of the rotor can 
be done less aceurately than in the ease of a ordinary shaft. 


Fic. 5 


This is due to the faet that, when the eritical velocity is well passed, the 
turbine shaft remains bent and. as may be scen from (2), the deflection r is 
practically equal to the ececntricity e. The force iniparted to the bearing will 


be F = — Ke, and substituting the value for K derived from (1), we obtain 
1 = p 
=~ 57° (43) 


In the case of a de Laval shaft, the critical velocity p is low and, for one and 
the same eceentricity ¢, the additional pressure on the bearing is small. Evi- 
dently, from expression (43) the maximum admissible eccentrieity, at whieh 
the pressure on the bearing does not become dangerous, ean be dedueed. 
Owing to the low eritical velocity p and to the eonsiderable eceentrieity €, 
the defleetion of the shaft during the transition through the eritieal veloeity 
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can attain high values, as may be seen from (32). To prevent excessive bending 
of the shaft in the de Laval turbine, special rings are provided which restrict 
the deflection to a definite value and form the necessary device for passing 
through the critical point. This case will be considered here only in broad 
outline, since it does not present any wide interest. 

The left-hand side of Fig. 5 shows the disposition of the rings as usually 
adopted. 

The rotor J which moves on the flexible shaft 2 has two cylindrical projec- 
tions 3, surrounded by the rings 4 which form one with the casing. When the 
deflection becomes considerable, the cylinder 3 comes into contact with the 
rings 4 and thus prevents further deflection. 

The right-hand side of Fig. 5 shows schematically the rings 4 and the cylin- 
der 3; the gap between them is drawn on an exaggerated scale, so that the 
forces arising at the contact of ring and cylinder could be shown clearly. 

The transition through the critical velocity proceeds as follows: as the number 
of revolutions about the geometrical axis passing through O’ increases, the 
deflection r of the shaft increases, until it becomes equal to the clearance a 
between ring and cylinder. At this moment the cylinder touches the ring. The 
corresponding angular velocity m, can be found from (2) 


° a 
i=? ; (#4) 


a--€é 


o 


where, as before, p is the critical velocity, e—the eccentricity of the centre of 
gravity. 

Upon further increase of the angular velocity, the centrifugal force will press 
the cylinder of the rotor against the restricting ring; two kinds of motion are 
then possible. The cylinder may slide along the surface of the ring, and in this 
case the centre of gravity will continue to move round the centre O in the same 
direction as before (clockwise, in Fig. 5). Or, when the friction between cylinder 
and ring becomes considerable, the sliding will be replaced by rolling, which 
will move the centre of gravity JZ round O in the opposite direction (counter- 
clockwise in Fig. 5). 

It will be shown that, immediately after the cylinder has touched the restrict- 
ing-ring, the motion is always of the first kind, namely, sliding; at a definite 
angular velocity m., if certain quite definite conditions are fulfilled, the motion 
changes to the second kind, namely, rolling. During the transition from one 
kind of motion to the other, the angular velocity with which the centre of gra- 
vity rotates about O must change sign and therefore, for a moment, drop to 
zero. Correspondingly, the centrifugal force bending the shaft will decrease, 
and the elastic force due to the bending of the shaft will bring the rotor back 
to its central position. This is the way in which the rotor passes through the 
critical velocity. 

We shall now calculate the value of ,, at which the rotary motion of the 
first kind changes to rotation of the second kind, and determine the condition 
at which this change is possible. The diagram of motions of Fig. 5 refers to 
rotation of the first kind, when the cylinder is sliding along the ring. In this 
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case the centre of gravity M is slightly displaced in the direction of the motion. 
Let y be the angle between the deflection vector a and the eccentricity vectors ¢. 
The point O", where the cylinder and ring touch, lies on the continuation of 
the vector a. The following forces act in this direction: the centrifugal force 
M w*(a + « cosy) which is balanced by the force K a producing the deflection 
of the shaft, plus the reaction Q of the ring. Substituting for K its value 
from (1), we obtain: 

M w*(a + ecosy) = Mp? + Q. (45) 
When the cylinder slides along the ring a tangential friction force equal to 7 Q 
arises at point O"’, 7 being the coefficient of friction. The latter force will be 
balanced by the component of the centrifugal force Mw? «siny due to the 
displacement of the centre of gravity from the direction of the deflection 
vector a. Rotation of the first kind requires that the tangential component of 
the centrifugal force should exceed the frictional force, i.e. that 


Mo*esiny > 7 Q. (46) 
Substituting Q from (45), we obtain after a few modifications: 


w? — p 
w2 


+ giny — cosy ><. (47) 
At the moment when the cylinder first touches the ring, at the angular velocity 
@ = @,, the right-hand side of the inequality (47) becomes equal to minus one 
[this appears by substituting the value of w, from (44)]. When the critical 
velocity is reached, namely w = p, the right-hand side of (47) becomes equal 
to zero, and for very high velocities; when w tends towards infinity, it becomes 
equal to a/e. The angle y in the left-hand side of inequality (47) can increase 
from its initial value (namely, zero) to z. The whole expression on the left-hand 
side of (47) will thus vary from —1 to a definite maximum positive value 
which, as it is easy to show, will be attained at an angle y, equal to 


Yo = arctan (- =) (48) 


. 1 
The maximum value of the left-hand side of expression (47) will then bel/( 1+ =] 


which lies between + 1 and infinity for all possible values of the coefficient 7. 
Thus, for any value of the eccentricity ¢, of the gap a and of the coefficient of 
friction 4, there always can be found such an angle y that, over a range of 
velocities from the moment of the contact between cylinder and ring and up 
to a velocity just beyond the critical value, the inequality (47) will be fulfilled. 
We therefore conclude that immediately after the cylinder has touched the 
ring, the motion will always be of the first kind, namely, a sliding motion. 
The transition from sliding to rolling motion, when the rotation becomes 
once more normal, corresponds to the angular velocity w,, the angle y assum- 
ing the value y), as at this instance, if the velocity is further increased, the 
component of the centrifugal force, which is tangential with respect to the 
surface of the ring, will be no longer balanced by the frictional forces. 
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Introducing (48) into (47): 
w—-p  ¢é 1 
at aed it +5). (49) 
ws a x? 


Using the notations g, = w,/p and q, = @,/p, we find the interval of velocity 
of the transition through the critical value, namely from 


to 


7 a ~ e/a +=] | (61) 


Expression (51) shows that the transition through the critical velocity occurs 
only when g, > 1, and only on condition that 


=H) om 


Let us take an example: when the friction between two steel surfaces takes 
place in the absence of any lubricant, 7 = 0-1; then, according to (52), the 
admissible eccentricity for balancing the rotor e < a/10. It further follows 
from (52) that the smaller the coefficient of friction 7, the more care must be 
taken in balancing the rotor. If two lubricated surfaces slide one along the other 
y = 0-01, and e < a/100. The influence of the magnitude of the coefficient of 
friction on the transition through the critical velocity has been verified by ex- 
periments with an air turbine. When the rings were dry, the transition through 
the critical velocity proceeded quite smoothly; with oil-lubricating, the normal 
running conditions were reached at considerably higher speeds. 

Condition (52) and expression (51) supply all the necessary data for the 
design of the limiting rings and for the balancing of rotors mounted on flexible 
shafts. 

The computation is carried out as follows: the transition through the critical 
velocity may be chosen arbitrarily, for instance, g. = 1:2; according to (51), 


1 
<= 33 ]/(1 +5). 
€ n 


and for 7 = 0-1 we have ¢ = 0:03 a. 

If the operating conditions allow of a clearance of 3 mm, then the admissible 
eccentricity of the rotor is 0-1 mm. It is obvious that the greater the coefficient 
of friction, the less accuracy is required in balancing the rotor. 


5. INFLUENCE OF THE FRICTION OF THE SURROUNDING MEDIUM ON 
THE STABILITY OF THE ROTOR 
The friction between the rotor and the surrounding hydrodynamic medium 


is of primary importance for the stability of its motion. As will be shown later, 
any rotor revolving in a casing acquires an unstable lateral motion. 
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Figure 6 shows a rotor 7 moving with an angular velocity @ in a circular 
casing 2. The gcomcetrical axis of rotation passes through the centre O’ of the 
rotor. The space between rotor and casing is filled with a fiuid medium, for 
instance, some gas. When the rotor spins exactly in the middle of the casing 
the air friction “will produce only a couple of forces which will not affect its 
position of equilibrium. Should, however, the shaft of the rotor be displaced, 
say, along the a-axis by x = O O'a force S, at right angles to the displacement 


Fra. 6 


will arise and will produce around the centre O of the casing a moment in 
the direction of rotation. The existence of such a force has been proved experi- 
mentally and can be explained in the following way. The gas in the casing is 
dragged along by the rotary motion of the rotor and flows in the direction 
shown by the arrows v, and v,. While the amount of gas participating in 
the rotary motion remains constant, the clearance between rotor and casing 
is different, as it diminishes in the direction of the displacement, hence v, > »,, 
and the friction between the rotor surface and the gas will not be the same on 
both sides, being greater where the difference between the peripheral 
veloeity of the rotor and that of the gas is greater. Therefore, the friction 
between the left side of the rotor and the gas will be greater than that on the 
right side. This will manifest itself as the above force S,*. 

The exact calculation of the force S, presents a complicated problem of 
hydrodynamics, even in the case of the simplest shape of rotor and casing. 
We shall therefore content ourselves with an approximate calculation of its 
value. 

Let us consider one of the most important cases, when the gas is moving at 
a high velocity and the motion can be regarded as entircly turbulent. In this 


* In addition to the force S, which is perpendicular to the displacement, there will 
also arise forces parallcl to it due to the same fact that the velocilies v, and v. differ; 
this will be caused by the so-called BERNOULLI effect. Analysis and computation show 
that these forces do not in practice impair the stability of the rotor and only slightly 
alter the value of the critical velocity. 
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case, to a first approximation, the surface friction of the rotor will not depend 
on the viscosity of the air. 

Let 6b denote the clearance between the rotor and the wall of the casing 
when their centres coincide; then, upon a displacement « = O O’, the clearance 
b,, at a point of the casing which lies on the radius making an angle 6 with 
the x-axis of coordinates, assuming x to be small in comparison with R, will be 


b, = b — x cos. (53) 


When the rotor is not displaced, the velocity of the gas can be taken to be 
equal to half the peripheral velocity w & of the rotor. The rotor being displaced, 
the velocity of the gas in the clearance will alter, but the amount of gas passing 
through a given cross-section will remain the same as that prior to the displace- 
ment, namely 

v@ — weos6)1 =~" b1, (54) 
where / is the length of the rotor. 

When the peripheral velocity is high, the friction between a surface element 
of the rotor and the gas will be approximately proportional to the square of 
the relative velocity, to the density o of the surrounding medium and to x—a 
constant which characterises the friction. The projection of this force on the 
y-axis will be: 


2n 
S, = «01 (Rew — v)® cos6 ab. (55) 
0 
Substituting v from (54), we obtain 
22 
_ el PES) 56 
Sy = — b — xcosO cos 6d 6. (58) 


0 


Assuming that x is small compared with 6, omitting terms of the third order 
with respect to «/b, we find after integration 
mxo 1 Ra? 


_ . 57 
By 2 b 7) 


A similar expression is obtained for the component S;: 


nxo Ra 


2S O°) 


S.=+ 


For brevity let us denote 


_ axe LR a? 


N=-5 ; (59) 


Let us write down an equation for the motion of the rotor when there are no 
damping forces; as before, M denotes the mass of the rotor and K—the 


cepK 3 
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coefficient of the restoring foree due to the bending of the shaft. We have 


Waele | (60) 
My=-Ky—WN«z. 
As before, the following abbreviations will be used 
K N 
2 61 
a aan fe oo) 
whence 
i 2 _ 
E+ pPr=ny, (62) 
G+py=—ne. 


It can be shown from the gencral theory of linear equations that, however 
small n and irrespeetive of its sign, after solution of the above system of equa- 
tions (62), the values obtained for x and y will eontinuously inerease with the 
time, whieh shows that the motion is unstable®. 

The equations (62) may be solved in the usual way; but for our purpose they 
ean be analysed with sufficient aceuraey by means of an approximate method, 
since, in actual praetiee, n is considerably less than p?. In order to prove the 
latter, we must find the numerical value of n, be it only its order of magnitude. 

For high-speed rotors the value of the losses due to the frietion between the 
rotor and the surrounding medium can be estimated. We shall now determine 
the J W,, the main part of the losses due to peripheral frietion, and show that 
a simple relationship exists between n and 4 W,. The frietion between the 
rotor and the gas is due to a tangential foree which, in our case, is proportional 
to the lateral area of the rotor 2a Rl, to the density o of the gas and to the 
square of the relative velocity of the gas near the surface of the rotor, i.e. to 
(w R/2)?. This force multiplied by the peripheral veloeity w R of the rotor 
gives the power wasted in frietional losses: 


AW, == x09 Blo (63) 
A eomparison with (59) yields 
AW 
N= < 
wh b (64) 
and from (61) we obtain 
n= AW 65 
— ao kb M’ (05) 


The value of 4 W, represents the losses due to peripheral frietion whieh are 
part of the total losses due to the friction between rotor and gas. This part is 
less than the remainder of the losses 4d W,, which have been ealeulated in a 
foregoing paper®. 

If A W; is known, then the upper limit of » ean be determined from (55) and 
compared with p?, the square of the eritical veloeity. In the most unfavourable 
case of the rotor of an expansion turbine, where the density of the surrounding air 
is high and where the losses are similarly high, n eonstitutes only 1-2 per eent 
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of p?. We may therefore assume 

n< p*. (66) 
In this case, the following approximate method can be applied to solve the 
system of equations (62); the solution is first sought, assuming 2 = 0. The 
equations become linear equations of the second order, the first. equation re- 
presenting a harmonic vibration along the x-axis, the second—a harmonic 
vibration along the y-axis, the frequency in both cases being p. For the general 
case, the trajectory described by the end O’ of the shaft around O will be an 
ellipse. Let us choose the axes of coordinates so as to coincide with the principal 
axes of the ellipse. In this case the solution of equations (60) will be 
yo Bement, | (67) 

y = Beospt, 

A and B being arbitrary constants to be determined by the initial conditions 
of the motion. 

In the following approximation it will be assumed that A and B vary with 
the time; however, for the time-interval corresponding to one period 7’ = 2z/p, 
it will suffice to consider only the first derivatives d A/dé and d B/dé and to 
retain only the terms of the first order with respect to these small quantities. 

Let us write down the equations (62) in the following form: 


2 + p 2 


d 5 =nydz, (68) 
42 2 4,2 
go try — —nady. (69) 


We shall now proceed to take the integral of these expressions from 0 to 7’. 

It is easy to see that the left-hand side of these expressions represents the 
increase of the total vibrational energy per unit mass of the rotor along the 
x-axis and the y-axis respectively. Integrating the expressions on the left-hand 
side, we obtain: 


x2 + pra? |? dA 
2A |) — 70 
2 |, PA a (70) 
and 12 2 42) 7 dB 
Prpyple_ dB n 
5 a 2x pB dp’ (71) 
Integration of the right-hand expressions yields: 
T T 
n [yaa =nBA p | costp tat 
0 0 
T 
dA . 
+nBo7 | cosptsinptdl =anBA (72) 
dA 
0 
and, similarly, T 
—nfedy xn B. (73 
0 


3* 
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The right-hand side in both the above expressions represents the area of an 
ellipse with the semi-axes B and A; we thus conclude that the increase in vibra- 
tional energy along the x-axis is equal to that along the y-axis, both being 
proportional to the area of the orbit described by the point O’ around the centre 
of rotation O. 

With the increase of the amplitude, the increase in energy along both axes 
being one and the same, the elliptical motion will gradually change to a circular 
one. Equating the results of integration, we get: 


dB ns | 
= 554: 
a P (74) 
n 
dt 2p | 
using the notation 
aa—, (75) 


we integrate the above equations, assuming that the initial values of -1 and B 
in (67) are equal to a and b respectively. We then obtain: 
1 ut it 
A= Z(a + de +> (a — bjem , 
; 1 (76) 
= aM _ = (gq — b\o-#! 
B= Z(a + bye a (a bye | 


Expressions (76) show the increase of the vibration amplitudes with the time 
along the axes x and y; introducing this into (67), we find the solution of the 
original system of equations (62). 

It is easily seen from (76) that the amplitudes A and B always increase, 
whether A (and therefore n) is positive or negative, i.e. the motion is always 
unstable. The terms containing negative exponents decrease and the value of A 
approaches that of B, in other words, the motion will proceed along an ordinary 
logarithmic spiral. 

If, therefore, the rotor has undergone an accidental shock, the ensuing 
motion, after a certain time-interval, will proceed along a circular logarithmic 
spiral in the direction of the angular velocity w of the rotor and with a frequency 
equal to the critical frequency p. This is the trajectory characteristic of un- 
stable motion of this kind. Its equation is obtained from (76) by putting a = b 
and introducing it into (67): 

x =—ac*sinpt, 


A (77) 


y= ac ‘cos pt, 


or, in polar coordinates, 
at 


r=ac’, p=pet. (78) 
Figure 7 shows the apparatus used for the experimental study of the above in- 
stability in motion. The rotor is represented by a hollow aluminium disk 1 
of 12 cm in diameter and 2 cm in height, the clearance between the disk and 
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the surrounding ring 2 being 0-9 mm. The disk is driven by a small motor 3 
at 7000 r.p.m. By means of the rod 4, disk and motor are suspended to the 
flexible diaphragm 5. The system oscillates like a pendulum about the point 
of suspension 5, the angular frequency of the oscillations being p = 8. This 
low frequency is chosen not only in order to facilitate the observations; at the 
same time the quantity 2 is made to increase, as seen from (75). 
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Records of the above trajectory have been made photographically by means 
of a beam of light reflected from the mirror 6, the latter being fixed to the upper 
end of the rod, to which the motor is attached. With the above arrangement, 
the appearance of a spiral motion can easily be observed, as shown by the 
photo of Plate 37. 

From the centre, the amplitude of the spiral motion is seen to gradually 
increase along the spiral; in accord with the theory, the motion proceeds in 
the same direction in which the disk rotates; finally, the amplitude attains 
such high values that the disk begins to knock against the ring 2. The small 
ripples on the trajectory of the record are produced by the vibrations due to 
the instability of the motor 32 itself. 

Considering that in all the existing high-speed machines the rotor is sur- 
rounded by a medium which gives rise to friction, the above instability should 
be a most common effect. However, as far as I am aware, it has not yet been 
described, and I first came across it when working on the development of our 
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expansion turbine. In order to obtain high efficiency, a small clearance had to 
be secured between rotor and casing at 40,000-50,000 r.p.m. As may be seen 
from (59), in the case of a small clearance, the coefficients N and 4 acquire high 
values. In our case, the rotor was surrounded by air at a temperature so low 
that its density exceeded three to five times that at room temperature. The 
magnitude of A in (75) increased still more, since the rotor was mounted on a 
flexible shaft with a low critical velocity. Under such conditions we found it 
quite impossible to secure stable motion, and already at velocities exceeding 
the critical value by two or three times the rotor began to knock periodically 
against the wall of the casing. 

A careful study of this instability, both with actual turbines and with the 
above model, enabled us to develop the theory given in the preceding sections, 
which seems to account fully for the observed facts. 

If the above instability has not been observed in ordinary turbines, this must 
be due to the damping forces arising in the oil-lubricated bearings, as these 
forces might suffice to absorb the above instability. 

It is easy to prove that stability is restored, if damping is present; let us 
determine the minimum amount of damping required for this. Using the 
notations of Scction 2, let us introduce the damping factor 


_i 79 
~ (79) 
Equations (62) can then be re-written in the following form: 
E+puvu=ny—he, 
Gtpty=—nu—hy. (80) 


As in the case of equations (62), we have recourse to a similar approximate 
method; let us first determine the change in energy during one period. The first 
three terms yield the same results as (70), (71), (72) and (73). The new term 
along the x-axis will read: 

T T 


. dA ° 
— hf idx =— nf{(a cos pt + Spsinp t) di = —hnap A®. (81) 
0 


This is that part of the energy which is dissipated along the x-axis by the 
damper during one period. The remaining part can be determined by a similar 
integration with respect to y: 
vi 
— hf pdy = — hap BY, (82) 
0 


whence the following equations are obtained 


aA h n 


a2 - HB =. | 


(83) 
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The condition for stability of motion can be obtained in this case, without 
solving the above equations in full; the energy imparted during one period to 
the rotor vibration by the peripheral friction along both axes is the sum of (72) 
and (73), i.e. amounts to 227A B. In order to secure steady motion, this 
energy must be less than the dissipated energy which is obtained by adding (81) 
and (82). The following condition for steady motion is thus found: 


2AB n 
>i, 
he B+ A? > (84) 
The maximum of the right-hand expression corresponds to A = B, therefore 
hes. 
P 
Substituting for h and n their respective values from (79) and (61), we have 
N 
H z=. (85) 
Pp 


The above expression gives the value of the damping factor H required for 
securing stable motion; it shows that the lower the critical velocity of the rotor, 
the greater must be damping to secure stability. Therefore, other conditions 
being equal, in turbines with a flexible de Laval shaft, where p is low, instability 
of this kind appears more readily. 

The possibility of absorbing unstable vibrations can be shown on the arrange- 
ment of Fig. 7, of which the description has already been given. The ring 7, 
which is partly immersed in the oil of the annular vessel 8, is attached to the 
same rod 4 as motor 3. When oscillatory motion of the disk J arises, the friction 
between the ring 7 in the oil in vessel § produces the necessary damping forces. 
At the beginning of the experiment, the vessel 8 is lowered, the damper is set 
free, and the disk J acquires a spiral motion; when the damper is actuated by 
raising the vessel again, the vibrations are seen to be damped, and the spiral 
motion of the rotor soon dies out. This process is shown clearly by the photo 
of Plate 38. 

A similar method has been used for the stabilisation of the rotor of the expan- 
sion turbine, of which the unstable motion has been mentioned above. The 
principle of securing “ordered” damping is shown schematically in Fig. 8. 

The rotor 2 of the expansion turbines is mounted on the free end of the 
flexible shaft 7 which rotates in the ball bearings 3 and 4. An additional 
bearing 5 serves to transfer the damping force to the shaft. The damper consists 
of the ring 6 attached to the bearing 5 and thus does not take part in the 
rotary motion of the shaft. It is immersed in an annular slit filled with oil of 
suitable viscosity. During lateral vibrations of the shaft, the ring moves in the 
oil and the necessary damping forces arise. The damping factor of the above 
device can be computed in a way similar to that used in Section 3 for the 
damping in a bearing, except that in this case the oil is assumed to move in 
an axial direction. We thus obtain: 
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us being the viscosity of the oil, b—the width of the clearance and c—the radius 
of the ring. It must also be taken into account that, owing to the lever action 
of the shaft, the displacement of the ring 6 of the damper is less than that of 
the centre of gravity of the rotor; and, accordingly, the computed value of 
the damping must be increased to obtain stability of rotation in agreement 
with (88). 
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Using the above device, we suceeded in obtaining complete stability of 
rotation, even when the peripheral velocity of the rotor attained more than 
200 m/sec, and the clearance between rotor and casing was reduced to 0-15 
-0:-2 mm. Moreover, with the above damping device, in accordance with the 
theoretical considerations developed in Section 2 the transition through the 
critical velocity became so smooth that it was hardly noticeable. 

In the usual high-speed rotating machinery the necessary conditions for 
stability, as stated in (85), are apparently securcd by the damping properties 
of the oil-bearings; if, in general practice, in blowers for instance, the clearance 
between rotor and casing is made rather large, this might be because with 
a small clearance, the factor (59), responsible for unstable motion, becomes 
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so high that the damping produced in the bearing no longer suffices. The lack of 
use in turbines of the considerably more economical ball and roller bearings 
might also be put down to their inefficiency in sccuring the damping con- 
ditions required for stable motion. It might be expected that devices with 
“ordered”? damping, calculated on the basis of the above theoretical con- 
siderations and similar in construction to the arrangement described above, 
will make it possible to use ball bearings and that, owing to the increascd 
stability of the rotor, it will also be possible to reduce the clearance between 
rotor and casing. In a number of cases the efficiency of the machine could 
thus be considerably raised. 


6. STABILITY OF THE RoTary MoTION WITH RESPECT TO EXTERNAL 
MECHANICAL DISTURBANCES 


The spin of the rotor can also be disturbed by external forces, such as the 
one-sided action of a gas flow, the shaking of the bed-plate of the machine, ctc. 

Let us first examine the action of an external force P, its components along 
the axes of coordinates being P, and P,,. For the centre of gravity the equations 
of motion will be (compare Section 2): 


1 
x y 2 =—_ . 
E+hE+ pax ir? | 
1 (87) 
. 2) 
GYthy+py Pe | 


These are linear equations of the second order and their solution is well known. 
If, for instance, P is the weight of the rotor, this will be independent of time, 


so that P, = 0, Py = — Mg, q being the gravity. The deflection of the shaft 
will be 
n=O y= —%. (88) 


The most interesting case is that of a periodic force, for instance, when P is 
the pressure exerted on the rotor by the gas flow leaving the nozzle, pulsations 
having been set up by the passage through the blading. If the frequency happens 
to coincide with that of the natural vibrations of the rotor, resonance will occur 
and, if the damping is small, the amplitude of the vibrations may become very 
considerable. Thus, if the component of the pulsating force in the direction 
of the y-axis is P, = Py cospt, then, solving (87), we obtain the following 
expression for the amplitude of the forced vibrations: 


P 


50 89 
l¥l= a5 (89) 


which, if H—the damping—be small, may attain very high values. 

The vibrations of the bed-plate can be accounted for in the following way. 
Suppose that, owing to shaking or shocks, the bearings are displaced by 
and Y which are given time-functions. This displacement produces a deflection 
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of the shaft which is imparted to the centre of gravity in the form of the forces 

KXand K Y. Since K = p?/M, the equations of motion wil be 

ol , 2 — 92 NV 

vey | (90) 
Gthy+Py=P FY. 

As before, the most interesting case is when the displacements X and Y 

contain harmonic oscillations with a frequency coinciding with the period 

of the natural vibrations of the rotor, so that resonance may occur. Suppose 

Y = Y,cospt, then the amplitude along the y-axis will be 
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For small / the amplitudes may attain very high values which may far exceed 
the amplitude Y, of the vibrating bed-plate. Resonance phenomena are liable 
to accompany the starting period, even if they do not appear at the normal 
operating velocitics. The resulting instability of the rotor can of course be 
absorbed by damping forces, which is an additional proof of the importance 
of the use of damping for steady motion of rotating mechanisms. 


7. CONCLUSIONS 


In the preceding sections, the main kinds of unstable motion of the rotor 
have been considered in relation to damping forces. 

It is worth noticing that in all these cases the lateral motion of the rotor 
could be represented in the form of linear differential equations with constant 
coefficients. An important feature of these equations is their additivity, which 
means that each disturbing force can be considered separately and independently 
of the others. Any motion resulting from the simultaneous action of several 
forces will simply be the sum of the motions produced by each separate force. 
Thus, if at a definite angular velocity w of the rotor, a, and y, represent the 
motions due to the eccentricity of the centre of gravity, according to (10), 
x, and y,—the motions due to the peripheral friction, according to (80), further, 
xz and y,—those due to an external force P, according to (87), 2, and y,— mo- 
tions due to vibrations in the foundation plate, ete., then the resulting motion 
will be the sum of all the above motions, i.e. 


y= D! Yn: 


Accordingly, the damping conditions for each kind of instability can be con- 
sidered independently. 

In addition, the influence of the gyroscopic forces should also be taken into 
account; this was omitted in our case, as we arbitrarily assumed the bearings 
to be symmetrical with respect to the rotor, so that the plane of the latter did 
not inchne upon lateral vibrations of the shaft. 

In actual practice we have mostly to deal with an asymmetrical disposition 
of the bearings, so that gyroscopic forces comic into play. If gyroscopic forces 
are to be accounted for, the study of the rotor vibrations presents a far more 
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complicated problem. Indeed, computation shows that the gyroscopic forces 
alter the frequency p of the natural vibrations of the rotor, and therefore the 
value of the critical velocities. However, it appears that in actual practice, 
for instance in turbines or blowers, the effect of the gyroscopic force is too small 
to produce an essential change in the character of the unstable motion, or to 
alter considerably the damping conditions for different kinds of instability, 
as they are given by the inequalities (17) and (85); these inequalities can be 
considered at the most valuable practical result which the analysis of the 
problem has afforded. 

The development of methods for improving the stability of rotating machines 
by using the damping forces, I believe, has a great future before it. In the early 
stages of technique, the various oscillational and vibrational problems received 
but little attention; within the last 10-20 years, they have become the central 
problems not only in machinery design, but in various domains of engineering. 
However, the influence of the damping forces has been almost entirely over- 
looked even in machinery design; while, doubtless, it creates many possibilities 
for considerably improving the operation of a number of machines. 

This may be seen from the striking fact already discussed in Section 5. When 
the clearance between rotor and casing is small, the motion of the rotor always 
becomes unstable, irrespective of the speed; if it were not for the accidental 
damping forces in the bearings due to the oil being pressed out, the bending 
of the shaft would gradually increase as compared with the logarithmic spiral 
(78), until the rotor would knock against the casing. If there were no damping 
forces, the transition through the critical velocity would, in principle, be im- 
possible. The operation of turbines, blowers and other high-speed rotating 
machines is fully dependent on the existence of damping forces which, luckily, 
happen to arise in the ordinary lubricated bearings without ever having been 
accounted for in the design. When the lubricated bearings are replaced by ball 
bearings, the damping forces become less, which might be one of the reasons 
for not using ball bearings in turbine design notwithstanding their being more 
economical. 

In our expansion turbine described in Section 5, the instability, owing to 
the greater density of the medium surrounding the rotor and to the increased 
surface friction, became so considerable that it could no longer be absorbed by 
the damping of the oil-lubricated bearings. With the arrangement shown in 
Fig. 8, not only was the instability entirely absorbed, but it became possible 
to use ball bearings and considcrably to reduce the clearance between rotor and 
casing. The above example shows the advantage of damping which we may 
call ‘‘ordered’’, the value of which is calculated in advance and which is intro- 
duced by some special device. 

It may further be noted that not only will “ordered damping”’ facilitate 
the transition through the critical velocity, as may be seen from Section 2, 
but it will make the machine less susceptible to external disturbing forces, 
such as for instance, vibrations of the bed-plate (compare Section 6). In view 
of the above, in the case of our expansion turbine, by introducing “ordered 
damping”’, we were able to entirely dispense with any foundation or bed-plate. 
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Among others, it has been the aim of the present paper to stress the import- 
ance of “‘ordered damping” by describing in an elementary form the physical 
processes accompanying instability, as well as the absorption of the latter. 
If the author’s view on the importance of ‘‘ordered damping”’ will prove 
correct, additional mathematical analysis will be required to give a complete 
solution of the problem. In the meantime, expressions (17) and (85) for the 
damping coefficient will suffice in most practical cases for the computation of 
suitable damping devices. 
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38. THE STUDY OF HEAT TRANSFER 
IN HELIUM II* 


Keesom and Keesom showed that liquid helium II in capillary tubes 
possesses an unusually large heat conductivity which, by analogy to super- 
conductivity in metals, they named “superheat-conductivity”’. 

In opposition to this view the author put forward a hypothesis which 
held that this abnormal heat conductivity was not due to some exceptional 
thermal property of helium JI but to heat transferred by convection currents 
whose presence can be anticipated owing to the exceptionally high fluidity 
of liquid helium IJ, and the author suggests that it should be named “super- 
fluidity”. 

That the heat conductivity is due to these convection currents is estab- 
lished by the experiments described. In the first instance, when the heat 
conductivity was studied in capillaries it is shown that the heat conductivity 
of helium II in a capillary may be found to be so great, and the amount of 
heat transferred so large, that the values obtained cannot be explained by 
any of the usual mechanisms of heat conductivity without contradicting the 
fundamental views held on heat phenomena. 

Then it is shown that the heat conductivity of helium IT in capillaries was 
a hundred times less if the liquid was set in motion. Further experiments 
showed the character of the flow of the helium II and made it possible to 
measure its velocity. There appeared to be two currents; one flowing along 
the walls of the capillary and the other flowing in the opposite direction 
down the centre. 

A hypothesis was put forward which held that the heat transfer of 
helium II is produced by these convection currents and is due to a difference 
of the heat content of the two currents of helium flowing in opposite direc- 
tions. The author assumes that the helium IT flowing in very thin films on 
the walls has a different heat function owing to the molecular force of the 
surface. The author showed that this suggestion is sufficient to explain the 
abnormal heat conductivity of helium II. In this way the author came to the 
conclusion that the heat conductivity of helium IT is due only to the high vel- 
ocity of the flow of the helium in the film which is possible owing to its ‘‘super- 
fluidity”. 

Further, the author’s views were confirmed by experiments in which the 
heat transfer of a body freely hung in helium was studied and in this case 
no abnormal heat conductivity was observed. 


1. INTRODUCTION 


Liquid helium below the A-point acquires a number of most peculiar physical 
properties which do not occur in other liquids. One of the most interesting is 
an exceptionally high heat transfer in capillaries. This discovery was made 


Il. JI. Kannna, Weceneyopanne mexanusma teronepeqaun & reanu II, Aypuas xc- 
nepumenmadonot u Teopemurecxot Dusuxu, 11, 1 (1941). 
P. L. Kapirza, The study of heat transfer in helium JI, J. Phys. USSR, 4, 181 (1941). 
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by Keesom and Miss Keesom! who even described this exceptionally high 
heat transfer by an analogy to superconductivity in metals as a ‘“‘superheat- 
conducting’”’ phenomena. 

A number of researches have confirmed this interesting result but the nature 
of the heat transfer in helium II was left an open question. The authors of the 
discovery, including their recent work?, have taken the view that this pheno- 
menon is an anomalous heat conductivity but of the ordinary type. Contrary 
to this view, three years ago, we put forward the suggestion that it may be 
possible to explain this anomalously big heat transfer in helium II as the 
result of a very efficient convection mechanism. The existence of intense con- 
vection currents was considered possible owing to the immeasurably small 
viscosity of helium II which we had established by studying its flow through 
a narrow slit®. Therefore, we put forward the view that helium IT must 
be regarded as a “superfluid” rather than as a “superheat-conducting”’ 
liquid. 

After the publication of our work the question concerning the absence of 
viscous motion in helium was repeatedly discussed and a number of experiments 
were entered upon. Divergent views exist upon the subject. Some of the research 
workers, Burton? and Giauque® for example, believe that in our work we did 
not pay attention to the “creeping”’ of the helium up the sides of the vessel 
which would account for the smallness of the observed value of the viscosity. 
This assertion is uot justified as from the experiments of Daunt and Mendels- 
sohn® it appears that the amount of helium creeping up the walls is so smail 
that it cannot affect the results of our experiments matcrially. To prove this 
we also made control experiments in which the slit in our viscosity meter was 
sealed with oil and in this way the creeping out effect could be checked and it 
was found that the influence of ‘“‘creeping”’ is less than the limits of experi- 
mental error. 

On the contrary, it scems to us that the creeping phenomenon in helium IT 
is itself one of the best phenomena for demonstrating the absence of viscosity. 
A simple calculation from the data of the experiments of Daunt and Mendels- 
sohn and also Kikoin and Lasarev’? shows that the rapid flow observed in a 
helium film 10-5 to 10-8 cm thick is only possible if the viscosity is even smaller 
than the already small limit (10-°) established by our experiments. 

In the following work we studied the mechanism of heat transfer. It seems 
to us that the results of this work establish a dynamic picture of the heat 
transfer in helium II and confirm our original view. The picture at which we 
atrive, though not so simple as we at first thought, leads us to the conclusion 
that the mechanism of heat transfer can be cxplained by the property of 
“superfluidity” of helium II. 

It may be mentioned that this conclusion agrees with the general views on 
heat conductivity and viscosity as accepted in physics. In fact, the existence at 
one and the same time of a high heat transfer and lack of viscosity would be 
a very unexpected property of matter. If we take, for instance, gases as an 
example, both the heat transfer and the viscosity are determined by the 
efficiency of the ncchanism of transfer of momentum from one atom to another. 
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It is natural to expect that the bigger the heat conductivity the greater is the 
viscosity. 

On the other hand, in any experiments made to measure heat transfer and 
viscosity all the main disturbing effects such as turbulent motion, convection 
currents, etc., will only increase the values obtained. The values obtained from 
experiments on heat transfer will always be overestimated and the fluidity 
will always be underestimated. 

Below we give the experimental results of the last two years’ work in the 
order in which it was done with the conclusions to which they lead us. 


2. Heat TRANSFER IN CAPILLARIES 
The problem 


At the beginning of our research work we set ourselves the problem of 
determining the velocity of circulation in helium necessary to account for 
its abnormal heat transfer by convection currents. Let us take first of all 
the case of classical heat conductivity in a cylindrical body of section 8 and 
length 7. Let a current of heat equivalent to w Watts flow along the axis 
giving at the ends of the cylinder a temperature difference of A 7, then 


w=k 5 AT; (1) 
hence & is the heat conductivity*, 
T 
k= “(> W/degree cm. (2) 


In cases when we have a heat transfer produced by a convection mechanism 
the amount of heat carried will be determined by the product of the velocity 
of the convection current v, the specific capacity c and mean density 9. 

Hence we have 

w=418covS' AT, (3) 
where the numerical coefficient is the heat equivalent of the electrical power. 
The part of the cross-section of a tube through which the convection currents 
flow must obviously be smaller than its full cross-section S, namely: 


S’<S. (4) 
Therefore, if this is the only way in which the heat transfer takes place we 
get for the velocity of the convection v and the lower limit of v’: 


wl 
“F188 codT 
To determine the value of the convection velocity of the liquid necessary 
to account for the observed large values of heat transfer in helium II, it is 
seen from formula (5) that there is no need to perform experiments with long 
capillaries as the length does not enter into the definition of v’. As is known 


vy! 


(5) 


* In this paper, when calculating the heat conductivity we shall use Watts instead of 
calories per sec. This quantity is evidently 4-18 times greater than the usual value. 
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from the experiments of Keesom and his collaborators one gets the largest 
value for the heat transfer only with small loads and correspondingly smaller 
temperature drops. Therefore, for finding the largest possible values of the 
velocity of convection v’ it is most important to have a sensitive method of 
determining the difference of temperature at the ends of the capillary. 


The apparatus 


Figure 1 shows one of the suitable apparatuses for our experiments. The 
capillary J in which the heat transfer of the helium II was measured, was 4 cm 
long with an inside diameter of 0-61 mm and an outside diameter of 1-21 mom. 
A glass rod of diameter 0-47 mm could be inserted into the capillary and in 
this way the section of the capillary was reduced without changing any of 
the other conditions of the experiment. As is seen from the drawing (Fig. 1), 


Fie. 1. The apparatus for measuring the heat conductivity in capillaries 
with an arrangement for reducing the cross-section. 


the thermometer and the heater were placed in the bulb 3 which was designed 
in such a way that the free space filled with helium IT was made as small as 
possible. This space was usually about 1-2 cm?. The heater was a thin con- 
stantan wire with a resistance of about 30 ohms. The temperature was measured 
with a bronze thermometer made of wire 300 cm long and 0-1 mm in diameter. 
To the thermometer and heater were attached potential and power leads. The 
capillary and the bulb were surrounded by a vacuum insulation, and to prevent 
heating from radiation a copper screen 4 was provided. The whole apparatus 
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was attached to a glass tube with a vacuum insulation and fixed into a Dewar 
vessel. The rod 2 could be lowered or raised during the experiment through 
the rubber stopper 4 sealed with glycerine. The capillary 1 and the bulb 3 
were filled with helium through the opening 6 and to this, as will be described 
in the next paragraph, a copper ball 7 pressed out of thin copper sheet could 
be soldered. In the experiments described in this section this ball was absent. 

The differences of the potential on the bronze thermometer at a current of 
1 mA was measured by a potentiometer. The mcasurements of the small 
temperature differcnce along the capillary produced, when the heater was set 
in operation, were made simply by the deflections of the galvanometer which 
were recorded on a moving tape of photographic paper. Examples of the records 
so obtained are shown in Fig. 5. The method of photographic recording permits 
one to eliminate the effects of the ‘‘creeping”’ of the zero and all other acci- 
dental fluctuations of temperature; this was essential to increase the sensitivity 
of the method. 


AT°®x 10° 


T (°K) 


Fic. 2. The temperature drop along a capillary 4 cm long, with a diameter 
of 0-61 mm, at a load of 0-45 W/cm?. 


The temperature on the outside of the ends of the capillary was not measured 
as, owing to the fact that the amount of helium in the Dewar vessel was usually 
about one litre, its heat capacity was many times greater than the heat capacity 
of the helium in the bulb and, therefore, its temperature remained constant 
during the heating interval of 5-17sec necessary for an experiment. By 
using a sensitive galvanometer supplied by Kipps we could by measuring the 
deflections on the record of 0-1 mm detect temperature differences equal to 
6 x 10-®°K. In our experiments we did not try to obtain precise measurements 
of the absolute values of heat conductivity but aimed to find out the highest 
values for the velocity of convection necessary to account for the high heat 
conductivity of helium II. 
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After we had concluded this work, we received the very carefully performed 
work of Keesom and Saris? on the measurements of heat conductivity in 
helium II in capillaries. They made a series of measurements in capillaries of 
various lengths. In the corresponding regions of measurements our data for 
heat conductivity agree very well with their experimental results and so we 
will not give our results in full and limit ourselves to mainly discussing those 
observations which are not touched upon in the work of Keesom and Saris. 

In agreement with these authors we also found that there is a maximum 
heat conductivity which occurs at temperatures about 1-9°K as can be seen 
on the curve in Fig. 2. The ordinates represent the temperature of differences 
at the end of the capillary and the abscissae the temperatures at which the 
measurements were made. The curve drawn is for a load of 0-45 watts per 
1 cm? of the cross-section of the capillary. As can be seen the minimum tem- 
perature difference which corresponds to the maximum heat conductivity 
appears close to 1-9°K. 

Owing to the sensitivity of our thermometer we could perform measurements 
when very small loads were applied. The values thus found by us for the heat 
conductivity appear to be at least ten times greater than the highest value 
given by Keesom. For example, at a load of 0-197 W/cm? for a capillary with 
the glass rod inserted the heat conductivity & reached a value well over 
10° W/degree cm. We were particularly interested in these small loads when the 
value of the heat conductivity was the largest and we calculated the velocity 
of convection from formula (5). The data calculated from the experimental 
results for velocity in capillaries with a whole section and also for a reduced 


Watt 
cmé 


Fic. 3. The required velocity of the convection currents for various loads. 

Curves A and A' at a temperature of 1-:65°K, curves Band B’ ata tempcrature 

of 1-79°K, A and B for the capillary with a diameter of 0-61 mm, A’ and B’ 
with the glass rod 0-47 mm in diameter inserted into the capillary. 
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section by the insertion of a rod are represented on the curves of Fig. 3. The 
curves A and A’ correspond to the temperature 1-65°K and the curves B 
and B’ to a temperature of 1-79°K. In calculating v' from the formula (5) we 
took the heat capacity of liquid helium according to the data of Keesom and 
Miss Keesom® as equal to 0-47 and 0:6 cal/degree and the density in both cases 
equal to 0-145 g/cm*. On the axis of the ordinates are plotted values of v’ in 
m/sec and on the axis of the abscissae the load in W/cm?. As can be seen 
from the curve the velocity of convection reached the value of 780 m/sec 
and one must mention that at two points corresponding to speeds of 560 and 
780 m/sec the deflection of the galvanometer was less than 0-1 mm and so the 
values at these points rather underestimate the actual value of the velocity. 

The curves A and B refer to the case when the heat conduction took place 
through the whole cross-section of the capillary. The curves A’ and B’ were 
taken under the same conditions but the cross-section was reduced to about 
half its original value by the insertion of the glass rod 2. From the curves 
one sees that the velocity v’ and the corresponding heat conduction for capil- 
laries with the inserted rod, especially at small loads, is decidedly larger. It 
must also be noticed that this difference gradually disappears as the load per 
cm? of the cross-section gets bigger. This result contradicts the recent work of 
Keesom and Saris? in which the authors come to the conclusion that the heat 
conduction measured in capillaries with a small and large cross-section is 
equal (although a more detailed examination of their results, for example 
Fig. 2, p. 247, seems to indicate that there is a tendency for the heat conduc- 
tion to increase when the cross-section of the capillary gets smaller). 

In our case the difference is well marked and reaches a value of from one 
to two and cannot be accounted for by experimental errors as can be shown by 
analysing the errors of experimental data. Of course, the conditions of our ex- 
periments do not correspond exactly to those of Keesom and Saris as the ratio 
of the surface to the periphery of the cross-section of the capillary, when the rod. 
is inserted, is different from the same ratio in a capillary. This may, as we shall 
see, account for the differences described. 


Conclusion 


These experiments, it seems to us, show that the simple convection mecha- 
nism which takes place in liquids when the heat is transferred by the heat cap- 
acity of the circulating liquid cannot account for the high heat conductivity 
of helium II in capillaries. Evidently, it is impossible to admit a speed of the 
convection currents in a capillary tube of the order of 1000 m/sec which, as 
we have seen, is necessary from our experimental results. It is obviously absurd 
to suggest the possibility of the existence of such a colossal amount of kinetic 
energy accumulated in the movable liquid helium flowing in the capillary tube. 

But it seems to us that by these experiments the accepted mechanisms of 
heat conduction are also probably unsatisfactory as an explanation of the anom- 
alous heat conduction in helium If. 

For instance, we could suppose that the unusual heat conductivity of liquid 
helium is due to its acquiring the structure of an ideal crystal which, according 
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to the theory put forward by Debye, possesses an unlimited heat conductivity. 
Or, as has been suggested lately by some authors, we have in helium II a 
peculiar condition which allows us to describe the heat conductivity in terms 
of the kinetic theory of gases. But according to any of the known theories on 
heat conductivity the amount of heat carried through an element of a body 
cannot exceed the value given by the product of its heat capacity multiplied 
by the rise of temperature and the velocity of propagation of the elastic waves 
in a solid body or, in the case of a gas, multiplied by the velocity of the mole- 
cular motion. Consequently, whichever of the existing theories we adopt in 
every case, according to expression (5), the velocity v can never eaceed the velocity 
of sound in the heat transferring medium. 

The velocity of sound in liquid helium II was measured by Findlay and 
others! and was found to be only 220-230 m/sec, i.e. at least four times less 
than that of v measured in our experiments. This shows that the usual concep- 
tion of heat conductivity also cannot be taken as a base for explaining the 
heat transfer in helium IT. 

The object of our further experimental researches was to find a possible me- 
chanism of heat transfer, and they brought us to the conclusion that the cha- 
racter of heat transfer in helium IT is due to convection but of a peculiar type, 
and the picture proposed does not seem to contradict the general view adopted 
in physics. 

Meanwhile, it is important to notice that our experiments show that in 
cases when the ratio between the periphery of the capillary and the surface 
of its cross-section gets larger the heat transfer also increases. This evidently 
suggests that the surface layer of helium on the wall of the capillary plays 
an important part in heat conduction as, in cases where there is a larger 
quantity of helium in the surface layer. the heat transfer takes place more easily. 
This shows that the anomalous heat conductivity is not closely connected with 
some surface phenomena. We shall see that this fact is well supported by our 
following experiments. 


3. PHysicaL Factors INFLUENCING THE HEAT TRANSYFER 


Preliminary Experiments 


In this section we shall describe the experiments which were undertaken 
with a view to endeavouring to find the physical factors which might influence 
the heat transfer in helium IT. 

As the usual mechanism of heat transfer by convection is produced by the 
force of gravity we began first of all to look for the possible influence of the 
gravitational field on the heat transfer in helium II. For this purpose an 
apparatus was made similar to the one described in the former paragraph but 
built very compactly. The capillary was placed close beside the bulb with the 
heater and thermometer. Such an arrangement reduced the length of the appa- 
ratus, and it was made so small that by means of a gear consisting of a cater- 
pillar and a screw the apparatus could be turned in the liquid helium round its 
horizontal axis. In this way the heat transfer in the capillary could be studied 
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either along or opposite to the direction of the gravitational force. These expcri- 
ments have shown that there was no marked influence of the gravitational force 
on the heat transfer in helium II. 

We also then studied the influence of pressure on the heat conduction. For 
this purpose the apparatus, as shown in Fig. 1, was altered by the addition of 
the thin copper ball 7. By this arrangement the liquid helium in the capillary 
could be subjected to a pressure up to that of one atmosphcre while the tem- 
perature of the helium in the capillary could be kept equal to that of the sur- 
rounding helium by means of the good heat contact through the thin walls of 
the ball 7. 

In the regions examined by us the influence of pressure in the heat transfer 
appeared to be relatively small. We will not give the details of our results as 
the problem has alrcady been studied for a much wider field of pressures by 
Allen and Ganz". But during these experiments one very curious phenomenon 
was noticed. In our experiments the outside tube through which the pressure 
was transferred to the helium in the capillary could be either connected to the 
main helium piping of the laboratory or by means of a tap to a vacuum pump. 
To study the heat conductivity of the helium in the capillary at atmospheric 
pressure we opened the tap to the laboratory piping and then noticed that the 


Fic. 4. An apparatus for studying the heat conductivity of helium while 
it is flowing through the capillary. 


heat conductivity of the helium II was considerably smaller than in the case 
when the tap was closed. The most interesting fact was that although the pres- 
sure on the helium in the capillary remained unchanged the heat conductivity 
changed several times. The phenomenon was most marked when observations 
were made with small temperature differences at the ends of the capillary. 
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There seemed to us to be only one natural way to explain the influence 
of the open and shut tap on the heat conductivity of helium II without any 
change in the pressure and that was by supposing that while the tap was open 
pulsations in the pressure were produced which were due to the working of the 
laboratory pumps in the network of helium piping and were transmitted to the 
liquid helium in the capillary and the bulb. 

It is known that helium II is a comparatively easily compressed liquid, so 
that this pulsation in the pressure by compressing the liquid helium in the bulb 
could produce an oscillating flow of helium in the capillary and this in some way 
or other influences the heat conductivity. To prove the correctness of this 
suggestion we made a number of experiments from which it was found that 
any forced motion of the helium in a capillary leads to a large decrease of its 
heat conductivity. 


The Study of Heat Conductivity in Moving Helium II in the Capillary 


The apparatus for studying this phenomenon is shown in Fig. 4. In the bulb 7 
are placed in the samc way as has already been described in the apparatus 
shown in Fig. 1 the bronze thermometer and the heater. To the bulb are joined 
two symmetrically placed, similar capillary tubes 2 and 3. These capillaries both 
have a length of 5 cm and an inside diameter of 0:36 mm. The capillary 3 is 
joined by means of a wider tube 4 to an open container 6 which is placed 
above. The other capillary 2 has a free outlet in the bottom of the apparatus. 
Both the capillaries and the bulb are surrounded by a vacuum insulation and 
also by the copper shield 5 which has only a narrow slit to observe the level 
of the helium in the container 6. The apparatus was suspended by a wire 7 and 
could be raised or lowered into the liquid helium. The experiment was performed 
in the following way. 

By lowering the apparatus the helium was let into the container 6. Then, 
after the apparatus had been raised to a certain level, the helium from the con- 
tainer started to flow through both capillaries, and while it was flowing the 
heat conductivity in the capillary was measured. Observations were also made 
when the container was empty and the apparatus was lowered and the flow 
of helium took place in the opposite direction. The velocity of the flow of 
helium was measured by the interval of time during which the meniscus of the 
liquid in the container 6 passed two marks one centimetre apart made on the 
glass. 

The measurements of the temperature drop were photographically recorded 
in the same way as described in the previous experiments. 

The very first experiments showed that the heat conductivity was many 
times less in flowing helium than that measured in stationary helium. 

This phenomenon can be seen from the specimens of a photographic record 
reproduced in Fig. 5. The records on the left side correspond to measurements 
taken when the helium did not flow through the capillary and on the right refer 
to the flowing helium. The moments when the current is switched on to the 
heater are marked + and when it is switched off marked —. It is well secn 


THe Srupy oF Heat TRANSFER IN Hetium II 591 


from the records that the galvanometer deflections are much larger for flowing 
helium than for stationary helium. 


The data calculated from these experiments are shown by the curves in 
Figs. 6 and 7. 

In Fig. 6 the heat conduction & calculated from formula (2) is shown as a 
function of the velocity of the flow in the capillary. The curves are taken at 
the same temperature of 1-58°K. 

Each curve refers to a constant load applied to the heater. For small loads 
when there is no flow of helium through the capillary the heat conductivity 
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Fia. 5. Photographic recordings of the galvanometer deflections measuring 

the difference of potential on the bronze thermometer of the apparatus 

shown in Fig. 4. The left hand side of the photograph refers to the case in 

which the helium is stationary and the right hand side to flowing helium. The 

records were taken at a temperature of 1-8°K; curve A at aload of 0-39 W/cm? 
and curve B at 0-70 W/cm?. 


Fic. 6. The dependence of the heat conductivity in helium on the velocity 
of its flow through the capillary at a temperature of 1-58°K. The curves 
refer to the following loads: 1—0-175; 2—0-39; 3—0-70; 4—1-09 W/cm*. 
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appears to be so large that the galvanometer recorded no noticeable deflec- 
tions. With the same load applied to the heater, if the hclium is flowing through 
the capillary at 25-40 cm/sec, the heat conductivity gets at least a hundred 
times smaller and is easily measured. As can be seen from the curves in Fig. 6 
at large loads the helium flowing in the capillary has a considerably smaller 
influence on the value of the heat conductivity. 

The dependence of the heat conductivity on the load when the velocity of 
the helium flow through the capillary is kept constant at 35-40 cm/sec is shown 
by the curves in Fig. 7. Curve 1 corresponds to a temperature of 1-85°K and 
curve 2 to a temperature of 1-58°K. The curves 3 and 4 drawn by a dash-line 
correspond to the case when there was no flow in the helium and are taken 
correspondingly at the same two temperatures. As can be seen from these 
curves, in flowing helium the dependence of the heat conductivity on the load 
is approximately linear. The curves for stationary helium approach them with 
the increasing load in an asymptotic way. 

Obviously, when the helium flows through the bulb the heat is also trans- 
ferred by means of the heat capacity of the helium itself and owing to this the 
true values of the heat conductivity are somewhat smaller than that observed. 
This extra transfer can be easily calculated from the expression (3) where v 
must be taken as equal to the velocity of the helium flow through the capillary. 
The calculation shows that in the conditions in our experiments the heat carried 
from the bulb by the flowing helium is relatively small. For example, even when 
the heat conductivity is at its smallest only 10-15 per cent of its value can be 
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Fig. 7. The influence of the flow of the helium in the capillary on the heat 
conductivity. Curve 1—at 1-35°K, curve 2—at 1-58°K for flowing helium, 
curves 3 and 4—at the same temperatures but for stationary helium. 
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accounted for by the transfer of heat with the stream of helium. Therefore in 
Figs. 6 and 7 we have not made corrections for the heat carried away by the 
stream. But in Fig. 6 for large loads a slight rise in the heat conductivity 
shown in curve 4 may be accounted for by the heat which is transferred by 
the stream of helium along the capillary. 

The experiments showed that the phenomena described and the values ob- 
tained did not depend on the direction of the current flowing through the capil- 
lary. The filling or emptying of the container did not affect the deflections of the 
galvanometer. The data given were obtained from experiments in which the 
stream was flowing out of the container, which was somewhat more con- 
venient for observations. 

It seems that these experiments completely explain why those small pul- 
sations in liquid helium, described in the previous section, could be created in 
the capillary by the pressure-pulsations which were enough to cause a marked 
decrease in the heat conductivity. Both phenomena appear to be of the same 
order of magnitude and their influence on the heat conductivity increases as 
the load in the capillary decreases. 

Besides these experiments we made some other interesting observations. 

It was observed that the velocity of the flow of helium through the capillary 
somewhat changed when the heater was loaded, while the helium level and the 
temperature were kept constant. We did not study this phenomenon in detail 
although it was noticed that the bigger the load on the heater the faster the 
liquid flowed through the capillary. This change was comparatively small (the 
increase of velocity did not exceed 10-15 per cent) but it was always observed. 
This seems to indicate that the mechanism of the heat conductivity is a hydro- 
dynamic phenomenon which can also influence the flow of the helium through 
the capillary. 

One must also mention the following curious phenomenon. When the load. 
on the heater is gradually increased while the helium is flowing through the 
capillary the deflections of the galvanometer measuring the resistance of the 
bronze thermometer show a steady rise of the temperature in the bulb but 
finally, when it reaches a certain value, it suddenly drops back to a very small 
value. This shows that the difference of the temperature at the ends of the capil- 
lary suddenly gets small, and it appears that at the same moment the flow of 
helium through the capillary stops, as the movement of the helium meniscus 
in the container 6 ceases (Fig. 4). This shows that the liquid helium in the 
capillary has been converted into the gaseous phase and a gas bubble is formed 
there, which hinders the helium flow. The increase in the heat conductivity in 
this case can be explained by the following picture. The helium is creeping in 
the form of a film up the surface of the capillary into the bulb and a stream of 
the capillary into the bulb and a stream of gas leaves the bulb through the 
middle of the capillary. This produces a very effective way of transferring heat 
as the heat is carried away at the expense of the latent heat of vaporisation 
of the liquid helium in the bulb, and this accounts for the drop in the tempera- 
ture difference at the ends of the capillary. It must be mentioned that the fact 
that there is a considerable fall in the temperature when the gas bubble is 
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formed shows that the helium enclosed in the bulb must get overheated before- 
hand. As far as I am aware, no observations on the overheating of the liquid 
helium have been mentioned before. In our experiments the conditions for 
overheating could probably be regarded as favourable as the helium in the 
bulb had no free surface. 
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Fic. 8. The influence of a rotary movement of the helium in the capillary 


on the heat conductivity. The curves refer to a load of 0-35 W/em?. Curve 1— 
at 1-66°K, curve 2—at 1-86°K, curve 3—at 2-02°K. 


The Influence of a Rotary Motion of the Liquid Helium IT in the Capillary 
on Heat Conductivity 


From the foregoing experiments we saw that a steady or pulsating flow of 
the helium along a capillary causes a considerable decrease in the heat con- 
ductivity of helium, which gcts greater when smal} loads are applied to the 
heater. In these cases a flow of the liquid helium takes place which carries the 
liquid from the bulb through the capillary into the surrounding medium or 
back again. 

As one of the possibilitics we can imagine that the influence of the flow of the 
helium on the heat conductivity is a disturbance of some sort of very powerful 
convection currents, which gradually accumulate in the capillary and can 
reach an enormous specd owing to the lack of viscosity in liquid helium II. 
Therefore, it seemed to us of some interest to study the heat conductivity of 
liquid helium by producing some kind of motion in the capillary, during which 
the helium will not be allowed to leave the capillary. This, of course, we could 
accomplish by setting up a rotary motion in the helium. The experiment was 
easily performed with an apparatus similar to the one shown in Fig. 1. The heat 
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conductivity was measured in the capillary while the rod 1 was rotated and 
thus set up a rotary movement in the surrounding helium. The sizes of the 
apparatus for this expcriment were as follows. The capillary had a length of 
4 cm and an internal diameter of 0-62 mm; the rotating rod 1 had a diameter 
of 0-50 mm. The number of revolutions could be brought up to 1900 r.p.m. 
The rubber stopper shown in Fig. 1 proved to be a wholly satisfactory means 
of transmitting the rotation to the rod. 

The experiments show that in this case the motion of the helium produced 
by the rotation of the rod also greatly decreased the heat conductivity of the 
helium in the capillary. The curves in Fig. 8 give the temperature difference 
at the ends of the capillary at a load of 0:35 W/cm? as a function of the number 
of revolutions of the rod. The curves 1, 2 and 3 were taken correspondingly at 
temperatures of 1-66, 1-86, and 2-02°K. As one can see the temperature at the 
ends of the capillary increases steadily with a rise in the number of revolutions 
of the rod and this corresponds to a fall in the heat conductivity. 

The possible error due to a heat effect from the friction of the rod on the 
inner walls of the capillary appears to have no influence. This was proved by 
rotating the rod without heating. This had no effect on the temperature of the 
helium inside the bulb. 

The character of the curves in Fig. 8 suggests that there is no tendency for 
the temperature difference to slow down with the increase in the number of 
revolutions of the rod. Therefore, it seems that the heat conductivity with a 
still further increasing number of revolutions can be made still less than at the 
number reached in our experiments, namely 1900 r.p.m. 

A table of values for the heat conductivity & at different temperatures and 
various loads is given in Table 1. 


TABLE 1 
w/S 2-02 TK 
(Watt/cm?) 0 1900 rp.m. 
0-198 
0-34 k x 108 Watt/degree om 
0-79 


The table gives the values for the heat conductivity & when the rod is either 
at rest or doing 1900 r.p.m. which corresponds to 5 cm/sec of the peripheral 
velocity of the rotating rod in the capillary. The values are given at different 
temperatures and loads. It appears that the numerical values of the heat con- 
ductivity depend less on the temperature and load in the presence of rotation 


than without it. 


Conclusion 


Of all the physical influences which we tried on the heat conductivity of 
liquid helium IT in the capillary, only one appeared to be particularly effective 
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and that is the motion of the liquid helium in the capillary. To explain this it 
seems to us there are two possible working hypotheses. 

The first one is that the heat transfer in the helium in the capillaries is due 
to some sort of hydrodynamic mechanism, which is related to a circulation 
of the helium along the capillary so that with an increase of the load the circu- 
lation increases and eventually becomes so intense that it becomes turbulent. 
When this stage is reached the circulation is hindered and the heat conductivity 
of the helium falls. The turbulent state of motion may be set up in helium also 
in a forced way, either by producing a flow of the helium along the capillary, 
or by setting up rotation. The turbulent condition would considerably hinder 
the circulation which is responsible for the heat transfer, and this will account 
for the fall of its value, even when the heat load was still smal]. Therefore, no 
exceptionally great heat conductivity is observed when a forced motion is 
produced in the liquid helium in the capillary. 

The second suggestion is that the helium IT in the capillary is in some pecu- 
liar state which we may imagine to be similar to that of an ideal crystal, 
which, for instance, according to Debye’s theory, possesses superheat-conduc- 
tivity. All motion in the helium disturbs the lattice and this accounts for the 
loss of its unusually great heat conductivity. It is, indeed, difficult to expect 
the existence of such a special ideal] crystal state but the question must, of 
coursc, be settled experimentally. In the next chapter we describe the experi- 
ments made to achieve this end which, as will be seen, support the first hypo- 
thesis as it is possible to prove that there exists an axial current of helium in the 
capillary which starts when heat is flowing. 


4. THE Morion OF HELIUM IN a CAPILLARY PRODUCED 
BY A HEaT TRANSFER 


If in the presence of heat transfer in a capillary filled with helium IT there 
exists a flow of liquid one can expect that it may manifest itself at the ends of 
the capillary, and there it would be possible to observe some hydrodynamic 
phenomena. To study this we made an apparatus the essential parts of which 
are shown in Fig. 9. 

The usual bulb 7 with the heater and the bronze thermometer is filled with 
a capillary 2 which is bent at right angles near its end. It is hung by the appen- 
dix and attached to a rod 3 which is brought out through the cap of the Dewar 
container and by means of which it can be lifted, lowered or turned in the Dewar 
container filled with helium. The capillary had a length of 4 cm and a diameter 
of 0-6 mm, but when it was fused to the outside of the vacuum envelope 
surrounding it, the diameter of the opening at its end was reduced to 0-4 mm. 
Opposite the open end of the capillary little vanes 4 were suspended. The 
arrangement of the suspension is drawn in Fig. 9 in perspective. The vanes were 
attached to a light cross bar 5 which was fixed to a thin glass rod 6 whose 
length extended along the whole of the Dewar container. This glass rod was 
hung by means of a quartz fibre 7. To measure the deflections on the vanes 
by the usual method of an optical lever a mirror 8 was fixed at the top end of 
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the glass rod. The whole system was fixed to a ground joint arranged in the 
cover of the Dewar vessel. Opposite the mirror was placed a flat glass win- 
dow 9. The vanes consisted of three light disks of 4, 2, and 1 mm in diameter 
and hung in a line one above the other. They were made of thin silver foil 
0-02 mm thick. On the other end of the bar was attached a counterweight made 


Fic. 9. The apparatus for studying the stream from the end of the capillary 
which appears with heat transfer. 


in the form of a disk which also helped to damp the oscillations of the system. 
By means of the glass rod 3 the bulb with the capillary could be adjusted in 
such a way that one of the disks was placcd opposite the openings of the capil- 
lary at a distance varying from 0-5 to 0-6mm which could be adjusted by 
tilting the whole apparatus. To protect the little bulb 7 from radiation, it was 
surrounded by a copper shield 10. 

The object of the experiment was to examine thc deflections of the vanes 
when the helium II in the bulb was heated. The expcriment showed that even 
a slight heating produced a marked deflection which was easily seen by the 
movement of the spot of light from the mirror on a scale. This shows that a 
stream of helium is forced out of the opening of the capillary which produces 
a pressure on the vane. The force of this pressure could be measured by the 
deflections of the spot of light which easily rcached a value of 10 cm in the region 
of large loads applied to the heater. To get absolute measurement the torsion 
constant of the quartz fibre was determincd in the classical way by mcasuring 
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the period of oscillation of the suspension when a rod with a known momentum 
of inertia was attached to it. The constant was found to be 8-96 x 10-% dyne/ 
radian and from it one could calculate the force on the vane in dynes. 

The general character of the flow of the helium from the opening of the capil- 
lary was determined in the first instance in the following way. We alternately 
placed the disks of 4, 2 or 1 mm in diameter at a distance of 0-5 mm from the 
end of the capillary and then at a distance of 6 mm from it, and we found the 
deflection in all cases to be about the same. But in the case when the experiment 
was performed with the smallest vane of ] mm in diameter placed at a distance 
of 6 mm it was necessary to place it very carefully opposite the end of the capil- 
lary, as a small displacement was enough to bring the deflection to zero. 

This shows that the flow of the helium from the capillary has the form of a 
well directed jet, as at a distance of 6 mm from the opening of the capillary 
which was only 0-4 mm in diameter it did not apparently sprcad more than 
1mm. 

The experimentally obtained values of the force as a function of the tempera- 
ture and the load on the heater are shown by the curve in Fig. 10. These curves 
were taken with the capillary shown in Fig. 9 and the disk of 2 mm in diameter 


W ,Watt 
g bema) 


Fic. 10. The pressure in the vanes by the jet of helium from the capillary 
shown in Fig. 9. 


placed at a distance of about 1 mm from the opening of the capillary. On the 
axis of the ordinates the pressure p is plotted, which is calculated as the ratio 
of the force { on the vane divided by the surface S of the outlet opening of the 
capillary. The curves J, 2, 3, 4 and 5 refer correspondingly to the following 
temperatures of the liquid helium: 1-68, 1-80, 1-92, 2-01 and 2:12°K. As is 
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seen from the curve, with the same power applied to the heater the pressure 
on the vanes grows as the temperature gets lower. It can also be noticed that 
in the region of small loads the pressure increases almost lincarly. During 
these experiments we observed that deflections were steady, and the spot of 
light on the scale was stationary only when small loads were applicd to the 
heater. But for increased values of the load (for each temperature difference) the 
steadiness of the spot of light disappeared and the spot of light started to wander 
on the scale, first reaching somewhat larger values, and then changing to 
smaller ones. The loads at which this occurred are marked by encircled points. 
At still bigger loads, shown on the curve by points surrounded by two circles, 
the spot of light became completely unsteady so that the deflection fluctuated 
by 20 per cent of its amplitude and this made accurate readings impossible. 
If the loading of the heater is still continued then at a definite moment there 
is a large throw of the spot of light so that it clears the scale. This corresponds 
to the moment when the helium in the bulb turns into the gaseous state. 
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Fic. 11. The temperature drop at the ends of the capillary corresponding to 
the curve shown in Fig. 10. 


Fre. 12. The design of the capillary with the bulb and vanes for studying 
the “topography” of the helium jet. 


The corresponding curve for the temperature inside the bulb measured by the 
bronze thermometer as a function of the load, is shown by a number of curves 
in Fig. 11. As can be seen from a comparison of the corresponding temperature 
curves in Figs. 10 and 11, in the region of small loads the deflection of the vane 
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is easily measured but the temperature difference gets so small that it lies well 
outside the limit of the sensitivity of our thermometer. 

A more detailed study of the geometrical shape of the helium jet was per- 
formed with another capillary and bulb shown in Fig. 12, in which the parts 
corresponding to the apparatus shown in Fig. 9 are marked with the same num- 
bers. This apparatus was designed with a view to getting rid of the construction 
at the end of the capillary 2; the vacuum envelope did not extend to its end. 
The dimensions of the capillary were 6 mm in length, 0-55 mm inside diameter 
and 1:5 mm outside diameter. The form of the vane 4 was also changed. It 
was made in the form of a vertical strip 6-5 mm long and 1 mm wide. In some 
of the experiments with this capillary we used a disk shaped vane 6-8 mm in 
diameter. For these experiments the Dewar container in which the whole 
apparatus was placed was mounted on a levelling screw with calibrated thread. 
These screws were so placed that by screwing up one of them the vane could 
be moved to a definite distance in a plane perpendicular to the jet streaming 
from the capillary. By means of another levelling screw the vane could be 
placed at definite distances from the opening of the capillary. In these experi- 
ments the tube 11 was of a bigger diameter so that the vane could be moved 
from the capillary at distances of 16 mm. In such a way it was possible to 
study the “topography” of the cross-section of the jet at different distances 
from the end of the capillary. 
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Fic. 13. “Topography” of the jet from the capillary shown in Fig. 12 at a 
temperature of 1-6°K and a load of 0-35 W/cm?. 1—with the vane at a 
distance of 1 mm, 2—with the vane at a distance of 8-2 mm, 3—with the 
vane at a distance of 15-4 mm. 


Tue Stupy or Heat Transrer in Hetium IT 601 


The results of the experiments are given in Figs. 13 and 14. On the axis of 
the ordinates the deflection of the spot of light in millimetres is plotted and 
on the axis of the abscissae the displacement of the vane in relation to the 
centre of the opening of the capillary. The curves in Fig. 13 refer to a tempera- 
ture of 1-6°K and at a load of 0-35 W/cm. The curves 1, 2 and 3 correspond- 
ingly represent the study of the cross-section of the jet at a distance 1, 8-2 
and 15.4 mm from the capillary. From the curve 1 one sees that the line inter- 
sects the axis of the abscissae at two points, the distance between which is 
nearly equal to the length of the diameter of the opening of the capillary 
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Fia. 14. The same as Fig. 13 but at a temperature of 2:02°K and a load of 
0:62 W/em?. 


0:55 mm plus the width of the strip 1 mm. This proves that the cross-section 
of the jet has very nearly the same diameter as the outlet opening of the 
capillary. From a further examination of the curves it is noted that even at a 
distance of 8-2 mm corresponding to 15 times that of the diameter of the 
capillary itself the “topography” of the jet differs very little from the “‘topo- 
graphy” obtained at a distance of 1 mm. Only at a distance of 15-4 mm is the 
spreading of the jet well marked. It is possible that this spreading can be 
mainly accounted for by the influence of the inside wall of the Dewar vessel 
which had a diameter of 6 cm, so that at a distance of 15-4 mm the vanes 
were at a distance half-way between the wall of the Dewar container and the 
opening of the capillary, and it is conceivable that the reflected currents from 
this wall might distort the jet. 

At higher temperatures the jet spread with the distance more casily. Curves 1, 
2 and 3, Fig. 14 refer to a temperature of 2-02°K at a load of 0-62 W/cm? and 
are taken at the same distance as those shown in Fig. 13. As is seen from the 
“topography” of the jet the spreading that takes place is considerably bigger 
than in the previous case. 

In these experiments we observed an interesting phenomenon; namely, when 
the vane was placed near the capillary end the deflection of the spot of light 
took place practically simultaneously with the switching on of the current 
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to the heater, but at large distances, especially at a distance of 15-4 mm the 
deflection was noticed to be delayed and the full amplitude of the deflection 
was reached only after several seconds. 

All curves described in Figs. 13 and 14 were taken at loads applied to the 
heater at which the deflection of the spot of light was stable. But it seems that 
the region of instability arose at different distances from the end of the capil- 
ary. To examine this we placed a disk of 8-6 mm in diameter instead of the 
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Fic. 15. The pressure of the jet from the capillary shown in Fig. 12 on the 

disk 6-8 mm in diameter at a temperature of 1-7°K. Curve 1—the disk from 

the end of the capillary was at a distance of 0-5 mm, curve 2—the samc at a 

distance of 1-4 mm, curve 3—the same at a distance of 7-0 mm, curve 4— 

the same at a distance of 14-4 mm, curve 5—for a temperatnre of 1-915°K 
at a distance of 0-5 mm. 


vanes at different distances opposite the capillary. In this experiment we used 
the capillary shown in Fig. 12. The curves obtained are shown in Fig. 15. They 
refer to a temperature of 1-715°K and the curves 1, 2, 3 and 4 correspond to the 
disks placed at distances of 0-5, 1-4, 7 and 14-4mm from the end of the 
capillary. As can be seen, at small loads applied to the heater the deflections 
are the same for all distances but at bigger loads they get less when the disk is 
placed at greater distances than when it is close and the region of instability 
appears earlicr. The expcriment also seems to show that at higher temperatures 
the influence of the distance on the instability increases. 

Curve 5 in the same Fig. 15 refers to a temperature of 1-915°K for disks 
placed at a distance of 0-5 mm from the capillary. If they are compared with 
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that in Fig. 10 we see that only initial part of the curves up to 0-2 W/cm? 
coincide. For higher loads applied to the heater we observe a noticeable diver- 
gence. From this we see that the size and shape of the capillary also influence 
the formation of the jet. The corresponding temperature drops along the capil- 
lary are given in Fig. 12 by the curves in Fig. 16. 


1715°K 2-02°K 


AT°x 10° 


(Watt ) 
S\ cm2 


Fia. 16. The temperature difference at the ends of the capillary 
shown in Fig. 15. 


A more systematic and complete study of the influence of the shape of the 
capillary, its cross-section, length, etc. on the character of the jet has not yet 
been undertaken. 


Conclusion 


From these experiments we see that the liquid helium flows out of the 
bulb through the end of the capillary in a well directed jet. This jet already 
appears at very small temperature drops. Even at temperature differences too 
small to be measured by the bronze thermometer the deflection of the vane 
may be used as a very sensitive apparatus for measuring very small tempera- 
ture differences in liquid helium II, but as a quantitative description for this 
jet phenomenon has not yet been completed, such a thermometer has at present 
no calibration. 

The most interesting question which this jet phenomenon raises is: from 
where does the bulb get the liquid helium to maintain the stream from the end 
of the capillary? Evidently this helium must somehow get into the bulb to 
restore the expenditure of the outflow. We saw that the large disk placed at a 
small distance of 0:5 mm from the capillary end made the same deflection as at 
a larger distance. This observation naturally leads us to the suggestion that 


4* 
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the inflowing helium misses the disk and flows into the capillary by creeping 
along the surface of the capillary opening and then on the inside walls of the 
capillary. 

In this way we get a thin layer of helium on the surface of the capillary 
continuously flowing in the opposite direction to the stream of liquid flowing 
out. The suggested picture of the motion is shown schematically in Fig. 20. 


Fic. 17. The small suspended bulb with the heater for studving the reactive 
force of the jet. 


Evidently such an arrangenient of streams in the capillary will provide for 
the force on the vane being the samc, even when it is placed very close to the 
opening of the capillary. If the liquid helium really does creep up the walls 
in the capillary its movement will produce no reaction in the bulb in the direc- 
tion of the flow of the jet. The confirmation that the helium really enters the 
bulb in such a way can be obtained by showing that the reaction of the jet 
on the bulb is equal and opposite to the pressure on the disk. ‘To examine this 
we sct up the following experiment. 


Reaction of the Jet on the Bulb 


The reaction of the jet on the bulb was studicd with the apparatus shown 
in perspective in I"ig. 17. The glass bulb was made as small and light as possible; 
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its weight complete with the heater and vacuum envelope J was only 225 mg. 
It had a capillary 1 cm long with an opening 0-66 mm in diameter. The bulb 
was attached to onc end of a cross-bar 2, on the other end of which was a coun- 
terweight in the form of a disk 3, which also served the purpose of damping. 
The whole system was hung on the same quartz fibre as used for the vanes in the 
previous experiment. The heater was placed in the bulb and the current was led 
by means of two thin silver strips 4 and 5. From the ratio between the periods 
of oscillation of the bulb without the silver strips and with them the torque 
constancy of the whole system could be determined as the torque constant of 
the quartz fibre was already known. 
In such a way the reaction force of the jet could be determined in dynes. 


Ww, watt/em* 
S 


Fig. 18. The reactive force of the jet of helium on the bulb. Curve 4 refers 
to a capillary with a disk placed opposite its end. 


In the first set of experiments which we made, the disk 7 placed opposite the 
end of the capillary was absent. The results of the experiments are shown by 
the curves in Fig. 18. On the ordinates are plotted the reaction forces of the jet 
on the bulb related to a unit of the capillary cross-section, on the abscissae the 
load in watts applied through a unit of the cross-section of the capillary. The 
curves agree well with those given in Fig. 10 obtained for the direct pressure 
on the disk. 

To find the reaction, possibly causcd by the motion of the inflowing helium, 
a small disk 7 with a diameter of 4 mm was placed by means of a wire fixed 
to the bulb opposite the free end of the capillary. With such an arrangement 
the jet of outflowing helium besides reacting on the bulb would also exercise 
a force on the disk. This force will be equal and opposite, therefore, the 
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possible remaining deflection must be accounted for by the helium entering 
the capillary. 

The cxperiment showed that the reaction of the jet was almost completely 
balanced by the force on the disk as only a very small remaining negative 
deflection of the bulb took place. This is shown in Fig. 18 by the curve A which 
lies below the abscissae taken at a temperature of 1:70°K. As can be seen 
the remaining reaction did not reach more than 5-7 per cent of the principal 
one and could possibly be accounted for by a not very exact perpendicular 
setting of the disk 7 relative to the direction of the jet. Thus, we come to the 


Fic. 19. The rotating “spider” working on the principle of Segner’s turbine, 
used to demonstrate the reaction of the jet from the end of the capillary. 


conclusion that the inflowing helium practically has no reactive force on the 
bulb which supports our assumption that helium creeps into the bulb along 
the walls surrounding the opening of the capillary. 

The described phenomena could be well illustrated by a simple experiment 
which we even demonstrated to the audience at a scientific meeting. The 
apparatus used was somewhat similar to Segner’s turbine. The design of this 
apparatus is shown in perspective in Fig. 19 and on the photograph in Plate 39. 
A small, two-walled vessel made like a Dewar container 2 is pivoted in an 
inverted position on the sharp point of a needle 7. On the lower part of the 
outside wall of the vessel are fixed six bent capillaries like the legs of a spider. 
The whole apparatus is placed in a Dewar vessel filled with liquid helium 1I. 
Obviously if the liquid helium flows from these legs in the form of jets the 
reactive force produced, if strong enough, will cause the spider to rotate. The 


Piave 39. A photograph of the “spider”. 
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heating of the helium in the vessel 2 was produced by a converging beam of 
light obtained by a lense 3 placed outside the Dewar vessel. The light was ab- 
sorbed by the blackened inside wall of the vessel 2. The experiment shows that 
when the light was on, the spider spins very well and reached the number of 
120 r.p.m. With the same amount of light applied the lower the temperature 
of the helium the faster became the rotation. To show that the rotation is only 
due to the reaction to the jet forced from the ends of the legs the following 
arrangement was made (shown at the top of the drawing in Fig. 19). It con- 
sists of two rings to which by means of thin wires a series of disks made of 
silver foil were attached. The whole arrangement was hooked on to a loop 5 
fixed to a rod entering through the cap of the main Dewar container by means 
of which it could be either lifted up or let down. By letting it down and releasing 
the two hooks from the loop 4, one could fix the two rings with the disks over 
the spider in such a way, that each of the disks was placed opposite the end 
of the corresponding capillary at a distance of about 1 or 2mm. When this 
device was over the ‘‘spider” and the beam of light fell on it no rotation took 
place. In this way we obtained a qualitative confirmation of the fact that the 
rotation is due only to the ejection of the helium. A photograph of this appara- 
tus is shown in Plate 39. The legs of the “‘spider’”’ came out dark as they were 
coloured so that their rotation could be more easily noticed by the audience. 


Conclusion 


From the experiments described in the foregoing section a number of con- 
clusions can be deduced concerning the character of the motion of helium 
in capillaries while heat is being transferred. A diagrammatic picture of the 
motion of the liquid is shown in Fig. 20 by arrows. The boundary layer of 
helium surrounding the bulb is shown by a broken line. 

The layer on the inside surface of the capillary flows from the cold to the 
warmer end of the capillary, and the returning current takes place in the 
middle of the capillary and emerges as a jet. 

From the data of our experiment we can determine first of all the mean 
velocity u of the helium in the jet. From the equation of the momentum the 
reaction of the jet on the bulb will be related to the velocity wu in the following 


way 
f=wes, (6) 


where g is the density of the liquid helium and 8’ the cross-section of the jet. 

In the experiments in which we studied the “topography” of the jet we 
saw that its cross-section is, within a few hundredths of a millimetre, practi- 
cally equal to that of the opening of the capillary S. Therefore, in the following 
calculations we shall make the approximation by taking them to be equal and 
then we find that the velocity of the helium in the jet equals 


u= Vl (cri/sec). (7) 
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If we make use of the experimental data obtained from the curve of Fig. 15 
taking for instance the load of w/S = 1-9 W/cm? we find the pressure on the 
vanes //S at a temperature of 1-68°K equal to 4 dyne/em*. If we then take the 
density of the helium to be 0-145 g/cm? we get for the velocity u the value of 
5-2 cm/sec. 


Fic. 20. A diagram of the helium motion in a capillary during heat transfer. 


The amount of helium flowing per unit time we denote by q, and it will 
equal 


9 


d 
g=uS=ue 


(cm/sec), (8) 


where d is the diameter of the jet which we take, in accordance with the 
approximation agreed upon, as equal to the diameter of the capillary. 

This same amount of helium is flowing in the opposite direction along the 
walls of the capillary. Calculated to a unit length of the periphery of the cross- 
section of the capillary it will be equal to 


~#_1 2/3 
maa qe d (cm?/scc). (9) 


For the velocity u = 5-2 cm/sec calculated in our example for the cross- 
section of the capillary with a diameter of d = 0-55 mm it will be equal to 
n = 0:07 cm*/sec. 


If the thickness of the moving layer of helium is denoted by x its mean 
velocity will be 


U = . (cm/sec). (10) 


Our experiments give no data to determine the thickness a of the layer. 
It is natural to assume that this film is originated by the same kind of force as 
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the film which causes the helium to “creep” along the walls. But indeed in the 
case of observations with the creeping films it is bounded on one side by the 
solid surface of the wall and on the other with the gas, and it is not evident 
that it will be entirely similar to the film in our case, when it was bounded 
by liquid instead of gaseous helium. The thickness of the free films has already 
been measured by Kikoin and Lasarev’? and Daunt and Mendelssohn® and was 
found to be about 5 to 3-5 x 10-* cm. If we take this value for x in the expres- 
sion (10) we get a very high value for the velocity U, namely of the order 
of 100-200 m/sec. 

From the described experiments on the “topography” of the jet it is, of 
course, not possible to determine with precision the difference in size of the 
outlet opening of the capillary and that of the jet, but in any case the experi- 
ments show that the cross-section of the outlet opening is not more than a few 
per cent bigger than that of the jet. If, for a capillary with d = 0-55 mm, 
we take 0-01 mm as the higher limit for the thickness of the layer, the velocity 
of its flow will still reach the quite significant value of 1 m/sec. Therefore, we 
must take it that, from purely experimental data the velocity U lies between 
1-200 m/sec. 

Inside the capillary, in the outflowing and inflowing helium between the 
film and the free helium we have the presence of a boundary layer which is 
considered in hydrodynamics as a classical case of unstable motion. Therefore, 
in the capillary we have the conditions necessary for a case of turbulent flow 
motion. As the velocity of the helium flow increases it is conceivable that the 
turbulent flow grows in magnitude and this accounts for the phenomenon 
of unstability as observed. 

The peculiar property of liquid helium II of forming a boundary layer which 
at very small differences of temperature begins to creep to the warmer parts 
is already a known phenomenon. One of the most interesting manifestations of 
this phenomenon is the fountain effect in helium II discovered by Allen and 
Jones? or the “creeping” effect of helium II along surfaces which was dis- 
covered a long time ago by Kamerlingh Onnes and recently studied by Daunt 
and Mendelssohn® and Strelkov!8. The phenomenon of the helium flow in a 
capillary when heat is transferred is most probably due to the same creeping 
property. The described method of studying this phenomenon by means of 
the force on a vane seems to make it possible to study the phenomenon more 
completely quantitatively. 

The kinetic energy of the jet of helium forced out can be used to render work, 
for instance to rotate a “spider”. Thus we have an unusual method of convert- 
ing heat into mechanical work. From the second law of thermodynamics it 
follows that, from Q calories of heat only a fraction 4 7/T of it may be trans- 
ferred into mechanical energy. So for the power yielded by the jet there exists 
an upper limit which is given by the following expression: 


= <r w 10". (11) 


CPK 4a 
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The effectiveness with which the heat is reversibly transferred into work 
can be described as usual by a coefficient of efficiency 4. It equals 


4 == —: 107. (12) 


A numerical examination of our experimental data shows that the expres- 
sion (11) is found to hold and it appears that the coefficient of efficiency 7 
decreases as the load applied to the heater increases. The largest value for 7 
found from our experimental data is about 0-004. The dependence of 7 on the 
load applied to the heater is shown by a curve in Fig. 21. It is deduced from 
the data taken from the curve in Figs. 10 and 11 for the temperature of 1-68°K. 


log 7) 


“(wat ) 
cm? 


Fic. 21. The dependence of the coefficient of efficiency on the load at the 
temperature of 1-68°K. 


On the ordinates we have plotted log 7 and on the abscissae w/S the load 
on the capillary. As is seen from the curve the coefficient decreases very fast 
as the load rises. At loads less than 0-5 W/cm? the value for 7 could not be 
eliminated as at smaller loads the differences of temperature at the ends of the 
capillary get so small that their accurate measurement was beyond the sensi- 
tiveness of the thermometer used. This can be checked from the curve in 
Fig. 11 where we see that at w/S < 0:5 we get AT smaller than 10-4. It is 
interesting to notice that at these small loads the deflections of the spot of 
light caused by the vane is still morc than a centimetre on the scale and one 
could easily make it scveral times larger by a more sensitive suspension. 

By a tentative extrapolation of the curve of Fig. 21 which appears to be 
close to a parabola we sec that the extrapolated part drawn by a dash-linc 
may go through the ordinates so it is conceivable that at very small loads 
log n © 0 and ¥ is near to 1. This shows that the transfer of the heat into the 
movements of the jet might at a very small velocity of flow become a thermo- 
dynamically reversible phenomenon. 
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An approximate calculation shows that it is difficult to expect that the losses 
which produces the irreversibility, especially at small loads, are due to the 
friction losses of the flowing helium in the capillary itself if it is laminar. It is 
more probable that this loss takes place in the film which might possess a very 
small] finite viscosity or it is conceivable that the viscosity starts to appear 
only at definite velocity gradients of the helium moving in the film or in the 
boundary layer. 


KS 6 17 BQ BO A A 2 
T (°K) 
Fic. 22, The relation between the pressure on the vanes and the temperature 


at a definite load of 0-7 W/cm”. The data from Fig. 10 shown by dots. The 
data from Fig. 19 shown by dots surrounded by circles. 


If the pressure on the vanes is plotted as a function of the temperature at 
a definite load applied to the heater onc obtains almost a straight line. This is 
shown in the diagram in Fig. 22 for a load of 0-7 W/cm?. The points are taken 
from the curve in Fig. 10. The encircled points are taken from the experiment 
with the reaction force of the jet given in Fig. 17. As we see, this straight line 
intersects the abscissae at a temperature of 2-3°K which is somewhat higher 
than the A-point (2-19°K). 

One can give a rather approximate idea as to how the pressure, the load 
applied to the heater and the temperature are related by an empirical expression 
which gives the best approximation for small loads up to 0-2 W/cm?. This 
relation can be written down in the following way: 


Ww 


p =! = 13 (23 — 1) 
where w is expressed in watts. 

One must also notice that the general character of the phenomenon described 
is like the radiometric phenomenon in helium II which was observed by Strel- 
kov?3, A comparison of the data shows that the dependence of the radiometric 
phenomenon on the temperature and the applied intensity of the radiation, in 
general, corresponds to that which we observed for the flow in the capillary. 
This suggests that the radiometric phenomenon is also caused by the creep of 
a helium film on the surface, though a more exact picture of the character of 
these streams and the temperature gradient involved have not yet been experi- 
mentally ascertained in this case. 


4a* 
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5. Toe MECHANISM OF HEat TRANSFER IN HE LivUM II 


We sce from the experiments described that the heat transfer in helium IT in 
capillaries is closely related to the creation of hydrodynamic currents. But 
obviously, the velocities of the flow of helium which we found do not reach 
those large values of many hundreds of metres per second which are necessary 
if we are to explain the heat transfer by ordinary convection, according to the 
expression (3). But at the same time, it seems natural to suppose that the motion 
of the helium in the capillary is essential to produce a heat transfer. This, for 
example, is especially well seen from the experiments in which the heat con- 
ductivity is considerably diminished when we hamper the natural flow of 
helium by the creation in the capillary of parasitical motions in the liquid or by 
producing a forced flow of the helium. 

Therefore, it seems to us natural to suggest the following mechanism of heat 
transfer which is based on the assumption that heat function of the helium on 
the walls in a thin layer is different from the heat function of the free helium 
inside the capillary: hence the heat carried away by the flow of helium is equal 
to the difference between the heat content of the helium entering the bulb 
along the surface and that going out through the middle of the capillary. 

The heat function of the helium inside the capillary at a given temperature 
we denote by 77 and it is equal to 

r 


ir =fear + const. (14) 
0 


The heat function of the helium in the surface layer at the same temperature 
we denote by I7 and owing to the force of attraction between the walls of the 
liquid we take it to be smaller than for the free liquid helium. Therefore, the 
helium flowing along the surface will bring less heat than the helium flowing 
out through the middle of the capillary. 

The scheme of the motion of the helium was shown in Tig. 20. Through the 
cross-section of the outside opening of the capillary the amount of inflowing 
helium in the film will be @ g, and accordingly its heat content will be 9 qI7, 
while the heat content of the outflowing helium will be 9 gi. So that, according 
to our hypothesis, the difference will be equal to the heat produced in the bulb. 
In making the balance the kinetic energy carried by the jet can be neglected 
{see expression (11)]. Then we get. 


w=418ge(tr —Ir) (watts). (15) 


From this expression we may eliminate the difference between the heat 
function of free helium and that of the layer on the surface of the capillary. 
We shall express this difference in calories per mole. 


. 4 
Alp =4(ip —Iy) = Tisqa (cal/mole). (16) 


All the values in this expression can be obtained from the data of our experi- 
ments. We made the calculation for two temperatures, 1-68 and 1-96°K, using 
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the data given by the curve in Fig. 11. The results are given by the curve in 
Fig. 23. On the ordinates we have plotted A Ip as a function of n, the velocity 
of the flow of the film of helium taken for a unit length of the surface of the 
capillary as calculated from expression (9). As can be seen from the curve the 
value of A Ir increases with the velocity n of the flow of the film from 2 to 
5 cal/mole. 


ie) 0-01 0-02 0:03 0:04 0-05 0-06 
cm2 
(SE) 


Fig. 23. The dependence of the difference of the heat function on the velo- 
city of the flow of the film. 


The increase of the value of 4 I with the velocity seems to us natural as at 
higher speeds the moving layer probably gets thinner and the nearer the helium 
layer gets to the surface of the wall the smaller is its heat function and, conse- 
quently, the difference of A Ir increases. 

It is interesting to notice that the values of A I; as obtained for the two tem- 
peratures chosen had a difference of about 1 cal/mole. The difference calculated 
for the heat function of free helium at the same temperatures according to 
expression (14) was found to be 0-7 cal/mole. This suggested that when the 
temperature gets lower the heat function of the film probably changes very 
little and the whole change must be accounted for by the changes in the heat 
function of the free helium itself. 

The value of the heat function of helium in the surface layer as obtained from 
our experiment was not much different from the value obtained by Ittcrbeek, 
Van Dingenen and Borghs" in their study of the adsorption of helium on car- 
bon. But here a very serious difficulty must again be mentioned. The forces 
from the solid surface which act on the liquid are usually taken as falling 
exceedingly fast with the thickness of the layer and so the heat of adsorption 
is usually attributed to very thin molecular layers. In our case we saw that we 
must either assume the velocities of these layers to be of the order of hundreds 
of metres per second, or it is necessary to admit that the film is thousands of 
atoms thick. Therefore, in this latter case, if our explanation of heat conduc- 
tivity is right, we must attribute a peculiar property to liquid helium in 


614 COLLECTED Papers or P. L. Kapitza 


accordance with which the force from the wall manifests an influence on much 
greater thicknesses than in ordinary liquids. 

In this way we see that the abnormally high heat conductivity of helium IT 
in a capillary must be mainly accounted for by the peculiar properties of the 
surface layer of helium IT on the walls of the capillary. These properties can 
be summarised in the following way. 

Helium on a solid surface has a boundary laycr of considerable thickness 
and a heat function less than that of free helium. The inside pressure of this 
layer is a function of the temperature, and this pressure diminishes as the 
tempcrature rises. So that if a difference of temperature exists in this boundary 
layer a flow of liquid helium in the film takes place from the cold to the warmcr 
parts. It seems that the dependence of the inside pressure of the surface layer 
on the temperature must not be regarded as an exceptional property of the 
surface layers of helium II. The peculiar property of this layer which accounts 
for the easy flow of the film is the infinitely small viscosity which helium II 
probably possesses in such films, on account of which the motion of the film 
reaches those high velocities at which considerable amounts of liquid are 
carried along as has been already stated. The transfer of helium in films is 
already known in scientific literature as the “creeping” effect, and probably 
the same phenomenon explains the fountain effect. From our point of view the 
anomalous heat conductivity is also due to the ‘“‘creeping” of helium films. 
The study of heat conductivity and the motion of the stream in the capillary 
makes possible a more detailed examination of these phenomena in the film. 

We find that at small heat loads one can expect the ‘“‘creeping”’ of the film to 
be an almost reversible phenomenon and then we can show quantitatively that 
we have here an extraordinarily effective mechanism for the hcat transfer. 
The upper limit of the heat conductivity can be easily obtained from the 
expressions (1), (8), (11) and (16). Then a simple calculation will give: 


3 2 
k < 2-28 x 19 tire"! 


(W/degree cm). (17) 
iT 
S 

Using the values we obtained for the difference in the heat functions we get 
from this expression, in the region of very small loads where the experimental 
measurements become difficult, for & values higher than 10’, i.e. which are 
even much higher than those which we were able to observe with our sensitive 
thermometer. As was stated, for large loads the motion of helium is no longer 
reversible and this lowers the value k of the heat transfer. 

It was described in the second chapter that observations show a maximum 
heat conductivity at a temperature of about 1-9°K. This maximum may be 
explained from our point of view in the following way. We saw that at a de- 
finite load as the tempcrature decreases the velocity q of the flow of helium 
increases linearly from zero which lics at a temperature which is near the 
4-point. From the curve in Fig. 23 we also see that the difference of the heat 
functions decreases as the tempcrature is lowered. As the heat transfer is pro- 
portional to the product of the velocity of the flow q and the difference of the 
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heat functions A J7 this product must equal 0 at the A-point and also gets 
small again near the absolute zero. Therefore, between these two points there 
must be a maximum value which, as the experiment shows, happens to lie 
about 1-9°K. 

Further examination of our view put forward to explain the heat conductivity 
in helium IT in capillaries must be directed towards the study in greater detail 
of the properties of the boundary layer, its heat function, thickness, the de- 
pendence of the inside pressure on the temperature, its hydrodynamical pro- 
perties. An examination of these properties must give a more exact qualitative 
picture of the phenomenon of heat transfer and other phenomena connected 
with the ‘“‘creeping”’ of helium along surfaces. 


6. Heat Conductivity IN FREE Hetrum II 


From the foregoing we saw that if our hypothesis is correct the anomalously 
high heat conductivity of helium IT in a capillary resulted from the flow of the 
helium in the surface layer, and so one, evidently, desires to make an experiment 
in which it would be possible to exclude the surface layer from taking part in 
the heat transfer. Such an experiment is easily performed. If some sort of 
heated body is hung in liquid helium on a wire so thin that the layer of helium 
creeping along its surface may carry away a very small amount of heat, the 
body will cool only because of the heat conducted through the surrounding 
liquid. In this case, if our picture is right, we must expect to have no abnormal 
heat conductivity for helium IT. 


Fic. 24. The simple apparatus to demonstrate that free helium has no 
abnormal heat conductivity. 


The first experiment performed was arranged in the following way. On the 
glass frame 7 shown in Fig. 24 were stretched side by side two closely wound 
wire spirals 2 which served at the same time both as heated body and thermo- 
meter. The diameters of the spirals were 1-5 mm and they were made of bronze 
wire 0-1 mm in diameter. Obviously the surface of the spirals was large com- 
pared to the surface of the wires by which they were fastened to the glass 
frame. The spirals were heated simply by directing on them a beam of light. 
The experiment showed that the wires were easily warmed and by estimating 
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the amount of heat supplied by the beam of light it was found that the heat 
conductivity from the spiral to the surrounding helium did not have an excep- 
tionally large valuc. 

It was also observed that with the same illumination but changing tempera- 
tures of the surrounding helium no maximum heat conductivity took place 
at 1-9°K as happens in the case of heat transfer in the capillary. 

For a more exact qualitative experiment an apparatus was made in which 
the head supplicd could be measured and the geometrical shape of the heated 
body was more definite. This apparatus is shown in Fig. 25. 
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Fic. 25. The apparatus for studying the heat conductivity in free helium. 


In this case the heater is a glass tube J, 6-5 cm long and 1-85 mm in diameter. 
It was covered by a thin layer of platinum 3 which could be heated by a current. 
The power and potential leads were soldered to the end of the tube. The tube 
was hung on the frame 2 by wires which lead to the thermometer and the heater. 
The bronze wire thermometer 6 was placed inside the tube as can be seen from 
the drawing of the section of the tube on the left side of Fig. 25. Such a design 
prevented the magnetic field created by the current of the heater from distorting 
the reading of the bronze thermometer. But for more complete safety the bronze 
thermometer was also shiclded by a lead tube 5 which, owing to its super- 
conductivity, prevented the magnetic ficld from penctrating into the region 
of the bronze thermometcr. Control experiments showed that the protection 
was very effective as even when a magnet was brought near the Dewar vessel 
it had no effect on the readings of the thermometer. The glass tube was hermctic- 
ally sealed after having been filled with helium gas at atmospheric pressure, 
so that no vacuum would be formed inside when the temperature was lowered 
to that of liquid helium. This provided for the heat conduction to the bronze 
wire so as to obtain correct readings of the thermometer. 
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The results of the experiment are shown by curves in Fig. 26. On the axis 
of the ordinates we have plotted the increase of temperature A J’ which was 
measured by the same method of photographic recording of the deflection of 
the galvanometer, as used in the experiment described in the first chapter. 
On the axis of the abscissae we plotted the heat supplied in W/cm? of the 
heater’s surface. 


AT*x 103 


W x 1o>(Wet ) 


em? 


Fig. 26. The temperature difference between a freely hung heater and the 
surrounding helium at various loads and temperatures. 


Each curve refers to a definite temperature which is marked on it. From an 
examination of these curves we see that the heat transfer in free helium is of 
the usual character and does not resemble that observed in the capillaries. 
In the first place the temperature gradient depends in a simple linear way on 
the load applied to the heater, and the complicated picture of the heat conduc- 
tion observed in the capillary as shown, for instance, on the curves of Fig. 11 
does not occur. Further, from a comparison of the slopes of the straight lines 
in Tig. 26 it is at once seen that at temperatures below the A-point the heat 
conductivity is steadily decreasing and shows no maximum at 1-9°K. 

It can also be shown that the heat conductivity is in this case many times 
smaller than that measured in the capillary. The maximum possible value 
of the heat conductivity of helium round our glass tube might be estimated in 
the following way. We suppose that the heat conductivity takes place between 
the surfaces of two coaxial cylinders one of which is the surface of the glass 
tube with a radius of r, = 9-25 x 10-2 cm and the other, the inside surface of 
the Dewar vessel r, = 3cm. For the heat conductivity between two coaxial 
surfaces we have the well known expression: 


w r 
k= tar 2a 7, \n 7, (W/degree cm) (18) 
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Substituting the values obtained from Fig. 26 we find, for example, that at 
a temperature of 1-695°K, & is equal to 0-61 W/degree em. Comparing this 
value with that obtained in capillaries given in the second chapter we sce that 
in some cases it is at least a million times smaller. 

Comparing the heat conductivity thus obtained for free helium IT with that 
of helium I measured by Keesom and Keesom who found that at a 
temperature of 3-30°K the value of & cqualled 2-5 x 10-4 W/degree em which 
we see is still about a thousand times smaller than ours. 

The value of the heat conductivity estimated from our experiments must: be 
regarded as a higher limit as in the apparatus no means were provided to avoid 
the heat transfer by usual convection currents which must be very strong 
owing to the extraordinary small viscosity of helium II. This is confirmed by 
measurements taken of the heat conductivity in helium I by our apparatus 
which also come out much larger (about fifty times) than those observed by 
Keesom and Keesom. 

As liquid helium I possesses a higher viscosity than helium II the convection 
currents arising in it are less intense but apparently still sufficient to increase 
the heat conductivity fifty times. 

To show experimentally that in our work the heat transfer is mainly due 
to convection currents we examined the distribution of the temperature gradient 
near the surface of the heater. It is known that in the presence of a convec- 
tional heat transfer the temperature gradient is distributed unevenly and in 
thin layers of the heated surface, where the velocity of the convection currents 
is small, a temperature jump occurs. As we shall see, further experiments have 
confirmed that the resistance to the heat transfer really takes place close to the 
surface of the body heated in free liquid helium IT. The thickness of the surface 
layer in which the main temperature jumps take place we shall denote h calling 


T (°K) 


Fic. 27. The value of the heat conductivity of the helium layer on the heated 
body surrounded by helium IT at various temperatures. 


Tue Stupy or Hear Transrer in Heviom IL 619 


it the thickness of the layer. Since this value cannot be exactly measured we 
shall use a value m which is a characteristic of the heat conductivity of this 
layer. We determine the value m in the following way: 
kw 
kh SAT 


where S is the surface of the heater. 

The values of m as obtained from the curves in Fig. 26 are shown in the 
curves in Fig. 27. We get a smooth curve which shows a decrease of the heat 
conductivity as the temperature gets lower. This curve can be fairly well 
expressed by the relation m » 73. 


( 


(W/degree em), 
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Fic. 28. The apparatus for studying the temperature drop in helium and 
its dependence on the condition of the surface. 


To study the phenomenon which takes place near the surface we designed 
a small apparatus shown in Fig. 28. Its main part consists of a parallelepiped J 
made of well annealed and specially pure copper. At the opposite ends of the 
parallelepiped are drilled two cylindrical enclosures 2 and 3. In 2 is placed a 
bifilar wound heater and in the other, marked 2—a bronze thermometer. The 
potential and lower leads to the thermometer and the heater were melted 
into the glass caps £ and 5 which were fused to thin copper rings which in 
their turn were soldered to the body of the parallelepiped. Through the appen- 
dixes of the glass caps the space for the thermometer and the heater was 


620 CoLLECTED Papers oF P. L. KApirtza 


evacuated and, after being filled with helium gas at the normal pressure, sealed. 
This is done for the same reason as in the previous experiment, in order to 
obtain a satisfactory heat contact between the heater and the thermometer 
and the main body of the parallelepiped. It is important for the success of the 
experiment that the cylindrical space for the thermometer and the heater is 
absolutely tight as otherwise the liquid helium IT creeps in and even the smallest 
amount of liquid streaming through a minute crack while the body is heated 
might completely distort the results of the experiment. 

Two such parallelepipeds were used in the experiment. They were freely 
hung in the helium by the same wires which lead to the thermometer and the 
heater. The experiment showed that the heat conductivity from the parallele- 
piped from the surrounding liquid helium agrees in character; even the value 
obtained for m must be regarded as satisfactorily near the value obtained for 
experiments with the suspended tube covered with platinum (Fig. 25), if we 
take into consideration that the surface could not be determined accurately 
in either case. 

By using two parallelepipeds experiments we can show that the temper- 
ature jump takes place very close to the heat-giving surface. For this purpose 
the two parallelepipeds were hung in such a way that their two sides were 
brought as close together as possible. One of them was heated while in the 
other the rise of temperature was examined. The experiment showed that 
even in the closest position of the parallelepipeds the temperature rise of the 
unheated parallelcpipcd was only 5-10 per cent of the heated one. Taking 
into account the fact that the surface of the sides of the parallelepipeds was 
not made exceptionally flat we estimate that the temperature jumps take 
place at a distance not greater than a few hundredths of a millimetre. 

Further, we examined the following question. It may be that the temperature 
jump does not take place in the helium itself, but in a layer of dirt or oxide, 
the presence of which may always be expected on the heat-giving surface 
although all the described experiments were performed with great care to make 
the heat-giving surface as clean as possible. Thus, in the experiment with the 
tube (Fig. 25), the tube was never touched by hand and all the manipulation 
was carried out by means of tweezers. In the experiment with the parallele- 
pipeds they were carefully washed in caustic soda and carbon tetrachloride. 
But to ascertain more completely the influence of the state of the surface a 
series of experiments were made in which the condition of the surface was 
treated in different ways. 

First, to examine the possibility of the influence of an oxide layer on the 
copper, the surface was gold plated. The experiment showed that this did not 
influence either the character or the valuc of the heat transfer. 

In the second place, the surface was covered with “dirt” on purpose. The 
initial experiments showed that if the surface of the parallelepiped was covered 
with a film of oil the heat transfer got worse and the value of m was almost 
halved. But it was soon found that this had a different origin. It happened 
that in these experiments the surface of the copper was not polished and had 
a mat appearance and covering it with oil made it smooth, hence the area of 
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the heat-transferring surface when covered with an oil film was reduced con- 
siderably. After the surfaces of the parallelepiped had been polished, the pre- 
sence of the oil film on the surface had only a very small effect on the heat 
transfer. It is interesting to note that this experiment also supports in an in- 
direct way the suggestion that the thickness of the layer in which the tempera- 
ture jump takes place is very small as the roughness of the surface may con- 
siderably influence the heat transfer only if the unevenness of the surface is 
of the same order as the thickness R of the helium layer. 

The results of the experiments with the polished copper surface of the 
parallelepiped are given in the curves of Fig. 29 where the value of m is plotted 
as a function of the temperature. The curve 1 refers to a clean surface. Curve 2 
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Fia. 29. Curves obtained with the apparatus shown in Fig. 28 for the heat 

conductivity of the layer of helium on a polished surface. 1—the copper 

surface polished and well cleaned; 2—the same surface with a layer of 

varnish 3-4 x 10°? mm thick; 3—a clean copper surface covered by emery 
powder. 


refers to the case of a surface covered with a layer of varnish (matolin). The 
thickness of this layer determined by weight was found to be 3-4 x 10-?mm 
and this is many times larger than the most pessimistic estimation of the thickness 
of any kind of dirt possible on the surface. A comparison of the values of m 
on the curves 1 and 2 shows us that the difference between them is not big. 
It is quite possible that this small difference can be accounted for by the in- 
crease in the smoothness by varnishing the surface and is not due to the 
thermal insulation properties of the film of varnish itself. In this way the ex- 
periment seems to confirm the suggestion that the temperature jump observed 
takes place in the liquid helium itself. 
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Some interesting observations on the heat conductivity in helium II were 
obtained when the heat conductivity was measured with the parallelepiped 
completely covered with fine emery powder. Evidently in such conditions the 
free cross-section of the liquid helium through which the heat transfer takes 
place would be considerably diminished, and if the temperature drop takes 
place in the whole of the liquid helium instead of only on the surface, one should 
expect in these experiments to observe a considerable decrease in the heat 
transfer. The results of the esperiment are shown by the curve 3 in Fig. 29. 
As is seen the value of m did not fall but on the contrary at higher temperatures 
shows an increase in its value. This also seems to confirm that the temperature 
jump takes place very close to the heated surface. The observed increase in 
the heat conductivity could possibly be explained by the creation of powerful 
convection currents in the liquid produced by the “‘creeping”’ of the helium 
on the surface of the emery powder. 


Conclusion 


From these experiments we see that the heat conductivity in free helium I 
shows no abnormalitics and its values are of an entirely different order of 
magnitude to those obtained for helium II in a capillary. This observation 
strongly supports our view that the colossal heat conductivity of helium in a 
capillary is only due to the flow of the surface layer. 

To determine experimentally the true value of the heat conductivity of free 
helium IT it appears to be a very difficult problem. For this purpose we have 
to get rid of the convection currents which are, of course, exceptionally large 
in helium II owing to its extreme fluidity. It would be impossible to hinder 
these convection currents by introducing partitions into the liquid as along 
these surfaces the flow of the boundary layer would create even more intense 
convection currents. An illustration of such a case was seen in the experiments 
described by us in which the heater was covered with emery powder. Thus, 
the only conceivable possibility of measuring the real heat conductivity of 
helium IT is probably by performing a very rapid measurement during such a 
short interval of time that the convection currents do not have time to develop. 
But even then it is most probable that helium II always possesses enough natu- 
ral current which will be sufficient to distort the results of measurements. 

We assume that all the heat conductivity takes place ouly in the thin sur- 
face layer the thickness of which, as was cstimated from the experiments with 
two parallelcpipeds brought close together, is of the order of magnitude of 
0-01 mm and we take it to be the value for in the expression (19). And if 
we take for m the values from the curves of Figs. 27 and 29 we find that the 
heat conductivity of helium 11 of the surface layer lies between 4 x 10-4 and 
6 x 10-4 W/degree cm, i.e. we have a value very close to that measured by 
Kcesom for helium I (2-5 x 10-4 W/degrec cm). But, of course, that the real heat 
conductivity of helium IT is actually many times smaller, is not excluded by 
this rough estimation. 

These results seem to dismiss the question as to the existence of an abnormal 
superheat-conductivity in helium II. But then many interesting questions 
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are raised for study which are concerned with a more detailed study of the 
properties of helium in the boundary laycr on the surface of a solid body and 
the practical absence of viscosity shown by the motion of helium II. This 
study must be set with a careful considcration of the possibilities of a motion 
of the film on surfaces which is duc to even minute differences in temperature. 

Our experiments now in progress show that special precautions are necessary 
for most experiments in which the hydrodynamic properties of helium are 
studied as the creeping of the boundary layer may lead toa wrong interpretation 
of a number of observations. 

In conclusion I wish to thank my laboratory assistant 8. I. Philimonov for 
his help, not only in setting up the apparatus but also in the course of the 
experiments. 

My thanks are also due to the head glass blower A. V. Petoushkov for the 
great skill with which he prepared the delicate glass apparatus necessary for 
this research work. 


7. SUMMARY 


(1) By using a sensitive thermometer it was shown that heat conductivity 
of helium IT in a capillary reaches such large values which correspond to such 
large heat currents that they cannot be explained by the usual mechanics of 
heat convection, and even contradict the accepted foundation of the theore- 
tical conception of heat conductivity. 


(2) From the study of the influence of physical factors which influence the 
heat conductivity in helium IT in capillaries it is shown that it increases with 
the ratio of the periphery of the capillary to its cross-section. This phenomenon 
was most marked in the presence of small heat currents. 


(3) It is also shown that the heat conductivity of helium in a capillary is 
greatly decreased when the liquid helium is made to flow or given a rotary 
motion in the capillary. The magnitude of this phenomenon is more pronounced 
with small heat currents. 


(4) It is shown that the heat current in helium along the capillary causes a 
very strong axial flow of helium in the centre of the capillary from the warm 
to the cold end. At the same time a return flow takes place in a thin layer on 
the walls of the capillary. The central current of helium is forced out from the 
open end of the capillary in the form of a well directed jet. This jet was studied 
by means of the force which it produced on a vane. In this way the velocity 
and the amount of helium involved in the motion were obtained. 


(5) A hypothesis is put forward that the abnormally large heat conduction 
of helium IT takes place owing to an effective hydrodynamic mechanism of heat. 
transfer. The large amount of heat carried along the capillary is due to the 
difference of the heat functions of the helium flowing in the thin layer along 
the surface of the walls and that of the free helium flowing through the centre 
part. It appears that this motion is possible owing to the absence of viscosity 
in helium II. 
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(6) From the hypothesis put forward the value of the heat conductivity in 
capillaries is calculated, and it is shown that one can get for it values even 
larger than those observed. 

(7) A further confirmation of the proposed hypothesis is obtained from the 
study of heat conductivity in free helium II when no heat transfer by surface 
phenomenon is possible. These experiments give no abnormally high values 
for the heat conductivity of helium IT and it is shown that most probably its 
value does not exceed that of helium I. 
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39. HEAT TRANSFER AND SUPERFLUIDITY OF 
HELIUM II 


(1) Experimental arrangement. (2) Experimental results: (a) the measure- 
ment of the heat content of helium flowing through a narrow slit; (b) the study 
of the reversibility of hydro-thermic processes in helium II flowing through a 
slit. (3) Superfluidity of helium II and the critical velocity. (4) A method for 
producing very low temperatures. 


In OUR recent researches when studying the heat transfer of helium II in 
capillaries we established the existence of a counter current in the liquid?. 

This led us to the suggestion that this counter current consists of helium 
flowing against the temperature gradient on the surface of the capillary and 
the return current takes place in the centre part of the capillary. By assuming 
that there exists a difference in the heat content of helium flowing in these 
two currents we showed that it was possible to account for the large heat 
conductivity of helium II in capillaries which was originally discovered by 
Keesom and Keesom?. 

Further, from these experiments it was found that a most significant part 
of the heat is transferred into the kinetic energy of the current. 

An analysis of the quantitative data of the results of our experiments indi- 
cated that the transfer of heat into the kinetic energy of the current might 
take place in a thermodynamical reversible way (cf. ref. 1, Fig. 21). It would 
be quite natural to expect such a reversibility of this process in helium II as 
the sources of dissipation such as viscosity or heat conductivity are practically 
absent in helium II. The present research was undertaken for the further 
examination of these points. 

It will be seen from our present experimental results that the reversibility 
of the thermo-convection phenomena in helium II is well confirmed and this 
in principle opens up a new possibility of working out a method for obtaining 
temperatures very close to absolute zero. 

That the helium II in a thin layer flows actually in a different energy state 
is also confirmed by the experiments. It will be also shown that the entropy 
of the flowing helium II equals zero. But to all appearances we must reconsider 
the suggested elementary picture of currents flowing along the surface and 
through the centre in opposite directions. Although the phenomenon of counter 
currents itself gives rise to no doubt it cannot probably be described by such 
a simple picture as that derived from our usual conception of liquids. According 
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to the theory put forward by Landau’, this counter current has an entirely 
unusual character, only made possible by the quantum character of the phe- 
nomena which take place in helium IT. 


1. EXPERIMENTAL ARRANGEMENT 


The following phenomenon was used for an experimental study of the possible 
difference of the heat content between the helium flowing in a thin layer and 
the free moving helium. 

In the course of our experiments with heat transfer in capillaries! we observed 
that when the bulb fitted with the heater and the capillary was immersed in 
helium II, it is filled with liquid through the capillary much quicker if heat 
is supplied. The natural explanation of this phenomenon is the following: the 
helium flowing into the bulb through the capillary has less heat content when 
it fills the bulb and cools the helium in it. This gives rise to a temperature dif- 
ference between the external helium and the helium in the bulb producing a 
thermo-hydrodynamic force which hinders the inflow of helium through the 
capillary. If the helium in the bulb is heated, the temperature gradient acts 
in the contrary direction and evidently assists the inflow. It follows that by 
introducing just sufficient heat into the bulb so that no temperature gradient 
can arise between the helium inside the bulb and outside it one can measure 
the difference between the heat content of the inflowing and free helium II. 
To measure qualitatively the heat content of the helium flowing in very thin 
films the apparatus shown in Fig. 1 was used. 

In this apparatus the helium IT flows not through a capillary but through 
a very narrow slit the width of which can be adjusted almost to 10-5 cm, Le., 
considerably smaller than the supposed thickness of the surface layer of helium IT 
(6 to 5 x 10-5 cm). 

The slit used is obtained by means of two optically polished quartz disks in 
the same way as in the viscosimeter by the aid of which we originally found 
the superfluidity of helium II*. 

In Fig. 1 these quartz disks, a and b both have a diameter of 3 cm; the disk b 
has a circular opening of 1 cm and is stuck by means of a thin layer of oil to 
a ground, ring-shaped plane surrounding the opening on the side of the bulb 7. 
The bulb is surrounded by a vacuum envelope. In the lower part of the bulb 
are placed a heater 2 and a bronze thermometer 3. The quartz disks are placed 
on the side of the bulb so that even during the course of the experiment by 
observing the interference fringes the size of the slit could be determined. 
The width of the slit was adjusted by means of a device which will be described 
further on. 

The whole apparatus is mounted in a brass tube 4 with a longitudinal 
window 6 in order to observe the helium level in the bulb J. The brass tube 
served not only as a radiation shield but also as a base to which the mechanism 
for opening the slit was attached. The external quartz disk was fixed in a brass 
ring 6, and by means of three springs 7 the quartz disks were pushed apart. 
By means of two wires 8 drawn over two pulleys 9 the quartz disk @ can be 
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Fic. 1. An apparatus with an adjustable slit for studying the thermo- 
hydrodynamical properties of helium IT. 


pressed against or separated from the disk 6 as required. The pull on the 
wires 8 is adjusted from the outside by means of a rod 10 which passes through 
a gland 11. The rod was connected to the wires by means of a spring 12 the 
tension of which determines the width of the slit between the quartz disks. 

The whole apparatus was hung in a tube 13 by means of which it could be 
let down or lifted out of the liquid helium in the Dewar vessel. The tube 13 
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passed through a gland 14 in the cap of the Dewar vessel. It can be seen from 
the drawing that as the rod 10 was inside the tube 13 the whole apparatus 
could be moved in the Dewar vessel without changing the tension of the 
spring 12. Similarly, by means of the tube 13 the apparatus can be turned 
so that either the outside surface of the disk a or the slit of the window 5 
through which the level of the helium in the bulb 7 is observed can be placed 
before the unsilvered strip of the outside Dewar vessel. The meniscus of the 
helium inside the bulb was illuminated by a beam of light which first passes 
through a heat absorbing filter. All the remaining details of the apparatus are 
evident from the drawing. 

The observations showed that the slit between the quartz disks a and 6 was 
not even. In the closest position of the disks the picture of the interference 
fringes as observed in the monochromatic light of a mercury arc showed that 
a dark patch was usually almost at the very edge of the opening of the disk b; 
it was surrounded by concentric circles of the following fringes. This showed 
that when cooled the quartz disks got a little warped. In the experiments 
with the narrowest slit used only one interference line crossed the opening in 
the disk b. This showed that the slit had a wedge shape which had a range of 
from 0 to 2-6 x 10-5 cm (half the length of the green mercury line). For the 
calculations the average size of the slit was used, e.g. in the case indicated it 
equalled 1-3 x 10~> cm. 

By decreasing the tension of the spring the width of the slit could be in- 
creased to several microns. 

It must be noted that the apparatus had to be put together with great care. 
Some of the experiments were unsuccessful as foreign particles got between 
the quartz disks thus preventing the necessary narrowing of the slit. 

On the brass tube 4 another phosphor bronze thermometer 15 was fitted. 
It was made as like as possible to thermometer 3 inside the bulb 7. A metal 
screen protects thermometer 15 from external radiation. It can be seen from 
the drawing that both thermometers were placed on the same horizontal 
level. 

The differences of the potentials on these two thermometers were balanced 
by means of a potentiometer scheme. This made possible a more precise measure- 
ment of the temperature difference between the helium inside and outside 
the bulb as the influence of a small accidental temperature creep of the helium 
in the Dewar vessel was eliminated. 


2, EXPERIMENTAL RESULTS 
(a) The measurement of the heat content of helium flowing through a narrow slit 


The experiments to measure the heat content of helium flowing through a 
narrow slit between quartz disks were made in the following way. 

First of all the bulb was emptied by separating the disks a and b. Then the 
disks were again pressed together and the apparatus immersed in liquid helium 
so that the level of the helium in the Dewar vessel was slightly over the upper 
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edge of the slit. Then the ratio at which the helium meniscus rose in the bulb J 
was measured. This was done by means of a cathetometer and a stop-watch. 

The readings were taken at different values of the power supplied to the 
heater 2. The measurement was usually begun when the helium level inside the 
bulb was only 2-3 mm above the helium in the main Dewar vessel so that 
the height of both the menisci could be easily distinguished. The time was 
then recorded at which the meniscus in the bulb rose another millimetre or 
two. If the cross-section of the bulb is known the average volumetric velocity 
of the rate of helium flow v cm/sec was determined. If the resistance of the 
heater is R and the heating current I amperes, the heat q calories/sec supplied 


will equal g = 0-239 2 R. 


In our experiment the current J taken was usually a few milliamperes and 
the resistance R of the constantan heater 2 was about 70 ohm. 
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Fre. 2. The dependence of v (continuous curve) and 47 (broken curve) 
on the heat g supplied by the heater for helium flowing through a alit 
d = 0-14 pw at a temperature of 1-557 and 1-935°K. 


Simultaneously with these measurements by means of the bronze thermo- 
meters 3 and 15 the temperature difference A T' between the external and inter- 
nal helium was observed. 

Experimental results obtained at different temperatures are shown by the 
curves in Figs. 2, 3 and 4. The heat supplied qg cal/sec is plotted on the abscissac ; 
the curves drawn with a continuous line refer to the volumetric velocity v 
cm/sec of the inflowing helium, and broken curves give the temperature dif- 
ference A T between the helium in the bulb and that outside it. The corre- 
sponding scales of the ordinate are drawn on the left and right-hand sides. 

It can be seen from the diagram that in the absence of a current the level 
of the helium in the bulb rises slowly. This rise is mainly caused by the heat 
which creeps into the bulb owing to its incomplete heat isolation. 
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Further, the volumetric velocity v of the inflowing helium increases linearly 
with the heat supplied, but eventually this increase is delayed. For powers 
corresponding to the linear part of the curve no measureable temperature 
difference A 7 between the external and internal helium could be detected. 
This means that it is considerably less than 10-4 ° which corresponds to a gal- 
vanomceter deflection of 1 mm. But when A 7' almost suddenly begins to grow 
at a considerable rate, almost simultaneously the linear dependence between 
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Fic. 3. The dependence of v (continuous curve) and AT (broken curve) 
on the heat q supplied by the heater for helium flowing through a slit 
d = 0-25 w at a temperature of 1-33°K. 


the amount of inflowing helium and the heat supplied ceases. This evidently 
indicates the existence of a critical velocity after which dissipation losses make 
their appearance, i.e. the inflow of the helium is accompanied by irreversible 
phenomena. As we shall see further on this critical velocity reaches a value 
of about 1 m/sec. 

The difference betwecn the specific heat content of helium flowing through 
a capillary and the free helium we shall denote by Q cal/g. It is determined by 
the slope of the curve when A 7' = 0. It is obvious that when the temperature 
difference A 7’ makes its appearance the heat is spent not only in compensating 
the differcnce in the heat content of the transferred helium but also on its 
further heating. Thereforc, we get: 


1 dq 
Q=5 TD (1) 
o is the density of the liquid helium. 
We calculate the value of Q only from the lincar part of the curve when there 


is no temperature difference between the liclium in the bulb and that outside 
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it. The values of Q calculated from the experimental data taken at a number 
of temperatures (from 1-33 to 1-935°) are plotted by circles in the diagram in 


Fig. 5. As it is seen, a smooth curve is obtained which rises quickly as the 
temperature increases. 
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Fic. 4. The dependence of v (continuous curve) and AT (broken curve) on 

the heat g supplied by the heater when the helium flows at a temperature 

of 1-64°K; the curve 1 is for a slit with a width d = 0-3 yw and curve 2 for 
a slit with a width d = 3-0 uu. 
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T (°K) 
Fie. 5. The curve showing the dependence of the heat content Q of helium 
flowing through a slit on the absolute temperature 7T°K. The points obtained 
from experiments with the flow are plotted by crosses (+). The points 
obtained from experiments with measurements of the temperature differ- 
ence which is produced by pressures are plotted by circles (©) and the data 
obtained from L. Landau’s theory are plotted by dots (@). 
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The experiments show that within considerable limits the heat content Q 
of the inflowing helium does not depend on the widths of the slit. This is seen, 
for example, in Fig. 4 which refers to experiments made at a temperature of 
1-64°, but for two different widths of the slit, namely 3 x 10-§and 30 x 10-5cm 
(curves 1 and 2). From the diagram one can see that when the width of the slit 
is increased the initial linear part of the slope of the two curves coincides well. 
But with the increase in the width of the slit the temperature difference and 
the corresponding bend of the curve take place when there is a large amount 
of helium flowing through the slit. 


(b) The study of the reversibility of hydro-thermic processes of helium II flowing 
through a slit 


In the case of thermodynamic reversibility, if liquid helium IT is forced, under 
the influence of a pressure, to flow through a slit and if it flows in a different 
energy state to that of the free helium, a temperature difference must occur. 


AT°xlo-> 


h (cm) 


Fra. 6. The dependence of the temperature difference AT’ on the pressure 
of the helium column A. 


By means of our apparatus this temperature differcnce is easily observed and 
measured. By plunging the whole apparatus into the liquid helium so that the 
level of the helium in the bulb is considerably lower than the level of the free 
surface of the hclium in the Dewar vessel a temperature difference A 7 is 
produced which is easily measurcd with the thermometers 3and 15. Weobscrved 
that in the case when the heater is not switched on, the slit is made sufficiently 
narrow and care is taken to prevent any accidental heating of the helium in 
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the bulb, the liquid creeps very slowly into the bulb and under these conditions 
the temperature difference produced remains constant and is easily measured. 

The most reliable measurements of the temperature difference were made 
in the following way. When the vessel had been lowered to a definite depth 
the temperature difference arising was measured by the difference of the 
potentials between the thermometers 3 and 15 (Fig. 1). Further, to check the 
possible creep of the zero a control experiment was made by opening the slit 
and the bulb 1 was filled with helium. The difference of the potentials was 
again measured and a correction was introduced owing to the possible zero 
creep which might have been caused by the accidental disturbance of the 
original compensation of the two thermometers. 

The curves in Fig. 6 show the temperature difference A T plotted as a func- 
tion of the pressure expressed by the height / of the helium column which is 
equal to the difference of the levels between the meniscus in the bulb and the 
meniscus of the helium in the Dewar vessel. The curves shown are obtained 
for a number of temperatures marked on the diagram. It can be seen that 
between A T and the pressure p there appears a linear relation and that the 
lower the temperature of the helium the greater is the temperature difference 
produced. 

The experiment also shows that if the helium level in the bulb is set higher 
than in the main Dewar vessel the phenomenon changes sign, i.e. the tempera- 
ture in the bulb rises. 

It can be shown that in the case when the thermo-hydrodynamic phenomena 
which occur in the flow of the helium II through the slit take place thermo- 
dynamically reversibly, there exists a simple relation between A T and h. 

Let us take a small volume of helium dw and let it flow through the slit 
under a pressure p, then the work expended will be p du and the corresponding 
amount of heat transferred through the slit at temperatures from T to T — AT 
will be 0 Q dw. If the process is reversible the work expended for small values 
of A T must be, according to the second law of thermodynamics 


4 Q5>du, 


where A is the mechanical equivalent of the heat. If we equate this to the 
work p du we get: 


p= AQQ5-. @) 


We may determine Q from this expression by making use of our experimental 
data taken from the curves in Fig.6. In cases when the flow processes of 
helium IL are thermodynamically reversible we should obtain the values 
of Q equal to those obtained from the previous experiment and which we deter- 
mined from the expression (1). Thus we have another independent method for 
determining the values of Q. 

From the curve in Fig. 6 the value of Q was calculated for a number of tempe- 
ratures. To determine » we must take into account the differences of vapour 
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pressures on the meniscus; then the pressure p equals a sum: 


AT. 


dP 
dT lr 

The first part of the pressure is due to the hydrodynamic pressure and g is 
the gravitational constant. The second part is due to the difference in the 
vapour pressures over the helium in the bulb and in the free helium. The coeffi- 
cient dP/d7 is determined from the vapour pressure curve measured in bars. 
This term amounts to only 10 per cent of the first and, therefore, appears 
as a correction. 

The values for Q calculated in such a way are plotted by crosses on the curve 
in Fig. 5. It ean be scen that the points coincide very well with the curve 
obtained from the previous experiments when we measured the heat transfer 
by the flow of the helium through the slit and which were plotted by circles. 

We find the determination of the values of Q by the method of temperature 
difference more exact as the quantities entering the expression (2) are more 
easily measured. The numerical results obtained are given in a table in which 
we also give the average width of the slit d (expressed in microns) with which 
the corresponding experiments were performed. 


p=goht+ 


T (°K) 2105 2:04 1-965 1-880 1-746 1-580 1-470 1-345 1:33 


= 0-67 0-535 0-43 0:33 0-205 0-107 0-064 0-035 0-032 


1 014 O14 3-2 3:2 3°2 0-14 3-2 3:2 0:25 


From this table we see that, as in the former case, the values of Q do not 
depend on the width d of the slit within wide limits. But it was observed that 
for greater widths of the slit a marked flow of the helium takes place when the 
pressure is applied. 

Thus, by these results the thermodynamic reversibility of the thermo-hydro- 
dynamic phenomena in helium II is well confirmed. 


3. SUPERFLUIDITY oF Hextium II ann tue CRITICAL VELOCITY 


As we have already pointed out, when the helium II flows through a narrow 
slit the existence of the reversible thermodynamic process in helium II is due 
to the lack of the sources of energy dissipation. Therefore, this observed re- 
versibility can be regarded as one of the proofs of the existence of a superfluid 
state in helium II. 

But the described experiments also give us a more correct experimental 
method of showing more conclusively that when helium II is flowing through 
« narrow channel the limit of a possible value for the viscosity is much lower 
than that which I was able to establish in my original experiments? and which 
also is deduced from subsequent researches? ®, 

From our present research we may see that all the previous experiments 
made to study the flow of helium are subject to an important criticism. 
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Owing to the peculiar thermodynamic properties of helium II its flow through 
a narrow channel is accompanied by phenomena which do not occur in any 
ordinary liquids. When helium IT flows through a slit or capillary its flow is 
duc not only to a force produced by the usual hydrodynamic pressure g 0 h 
but, according to expression (2), to another one due to a temperature gradient. 

Consequently the pressure JZ under which helium IT flows must always be 
regarded as a sum equal to 


AT 
IIT=ghe+AoQ—. (3) 


Up to now the experiments made to study the viscosity of helium flowing 
through narrow channels have only taken into account the hydrodynamic 
pressure and the second part has been disregarded, no special care being taken 
to see that the temperature of the inflowing helium did not differ from the 
temperature of the liquid into which it flowed. Such a temperature difference 
might not only be produced by different accidental causes but must occur, as 
with the usual setting of the experiment heat is necessarily formed in the region 
where the helium flows into the channel and this essentially gives rise to forces 
which hinder the flow of helium. The possibility of the appearance of such heat 
effects during the flow of helium was already experimentally established by 
Daunt and Mendelssohn’. From expression (3) it can be shown that even a 
minute difference of the temperature A 7 must necessarily be taken into 
account or the hydrodynamic interpretation of the experiments will be invalid. 
Therefore, the only correct method of determining the pressure // will be that 
in which we take into account both these terms in expression (3). By making 
use of our experimental results already described we may get a more correct 
determination for the viscosity in helium IT when flowing through a narrow 
channel. 

If the helium flowing through the slit is regarded as a liquid with a viscosity 7 
we get from the classical relation for laminar flow through a concentrated slit 
such as existed in our.apparatus the following expression for the viscosity: 


q3 
n= Gin poise, (4) 


where 7, is the outside radius of the disk b, r;—the radius of the opening and d— 
the width of the slit. 
If the pressure is only due to the temperature difference A T we get, according 
to expression (3): 
a, ri de AT. 
=—In—-—AoQ— poise. 5 
1-3, 0 2 yr pols (5) 
By inserting into these expressions the numerical results obtained, for 
example, from our experiments at a temperature 7 = 1-33° (Fig. 3) when the 
slit was d = 2-5 x 10-5 cm at a velocity of flow v = 5-6 x 10~* cm/sec, the 
corresponding temperature difference A T docs not exceed 0:5 x 10-5 and we 
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obtain from the expression (5) 7 < 10-1! poiso. This is about 100 times less 
than the limit which was found originally from our experiments* when we 
used a similar viscosimeter by taking into account only the hydrodynamic 
pressure. 

We have already pointed out that after a definite volumetric velocity v has 
been reached the temperature difference begins to grow rapidly with the amount 
of heat supplied. This means that the phenomena lose their reversibility and 
dissipation losses take place. Itis difficultto determine precisely the velocity ofthe 
flow through the slit at which this phenomenon starts. In the first place, as has 
already been mentioned, the width of the slit itself is not even and, in the second 
place, the phenomenon has not a very sharply defined character, as can be seen 
from the diagrams in Figs. 2, 3 and 4. Therefore, the quantitative description 
of this phenomenon can only be approximate. It can be seen from the curves 
in Figs. 2, 3 and 4 that the temperature increases linearly after a certain amount 
of heat per second is supplied. By extrapolating this linear part of the tempera- 
ture rise until it intersects the abscissae we get a value for the volumetric 
velocity which we will take as the critical one. 

To calculate the corresponding linear velocity we take the average value 
for the width of the slit. The calculation made in such a way indicates that the 
narrower the slit the higher is the critical velocity at which the reversibility of 
the flow is disturbed. For example, from the curve in Fig. 4 taken at the tem- 
perature 1-54° and in the case when the width of the slit was 3 u the correspond- 
ing velocity is equal to 14 cm/sec and if the slit was reduced to 0:3 uw the velocity 
rose to 40 cm/sec. When the slit was kept at a constant width the dependence 
of the critical velocity on the temperature was less marked. For instance, 
from the curves in Fig. 2 we find that when keeping the slit at 0-14 u at the 
temperature of 1-935°K the critical velocity equals 80 cm/sec and at the tem- 
perature of 1-557°K it increases only to 110 cm/sec. This indicates that at 
lower temperatures the critical velocity is inclined to increase. The appearance 
of a temperature difference and, consequently, the energy dissipation during 
the motion of the helium after it has reached a definite velocity does not yet 
definitely prove the appearance of viscosity in the flow of the helium IT in the 
slit itself. It seems more likely that this phenomenon is connected with some 
effects at the edges of the slit. It must be noted that the kinetic energy of the 
helium flowing through a slit when the critical velocity is reached is already 
considerable, and if, for example, when the helium flows out of the slit, it 
gets dissipated it will inevitably lead to irreversible losses. This is also suggested 
by the interesting results of Allen and Mecissner® who found that the resistance 
of the helium flowing through a capillary depended very little upon its length; 
this indicates that the resistance is determined by the irreversible effects which 
occur at the ends. 

A more careful study of this phenomenon is connected with considerable 
technical difficulties owing to the necessity of having a very narrow slit with a 
more cxact geometrical shape; but the data already obtained again demon- 
strate the very exceptional fluidity of helium, which is able to flow without 
loss at velocities exceeding 1 m/sec through a slit wider than 1-4 x 10-5 om. 
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4.A METHOD ror PRopuciInG VERY Low TEMPERATURES 


The reversibility of the thermo-hydrodynamic processes in helium II gives 
the research worker a definite hope of obtaining a powerful method of attaining 
very low temperatures. As we see from the diagram in Fig. 6 even in the experi- 
ments which we have just described when the helium was forced through a 
narrow slit at a temperature of 1-33°K and the pressure corresponding to a 
column of only about 10cm of helium we attained a temperature drop of 
0-01°. In the case when a special apparatus is constructed in which the helium 
may be forced through a narrow channel by a larger pressure a considerably 
greater temperature drop could be obtained. We are now in the first stages of 
working out such a method for obtaining low temperatures and the experiments 
are being made with a specially constructed pump for forcing the helium IT 
through a porous filter. By means of this preliminary device we attain a tem- 
perature drop of 0-4-0-35°. So far the technical difficulties which stand in 
our way to attain a further decrease in the temperature do not appear to be 
insurmountable. The results already obtained allow us to hope that by arrang- 
ing, for instance, a cascade of pumps similar to those already constructed by 
us we may be able to obtain exceptionally low tempcratures. 

As there is as yet no experimental or theoretical reason for supposing that 
helium changes its thermo-lydrodynamical properties when approaching ab- 
solute zero this method for obtaining low temperatures, as distinguished from 
the magnetic method, will a priori permit us to approach infinitely near to 
absolute zero. Therefore, we may reasonably expect that if no new, unfore- 
seen, properties. of helium IT are disclosed the approach to absolute zero will 
only be limited by the technical difficulties which will appear in the way of 
the development of this methods. 

The work on this method for lowering the temperature is now in progress. 


5. CONCLUSION 


The experiments described support our original supposition that during the 
flow through a narrow channel the thermo-hydrodynamical phenomena which 
take place in helium IT are reversible and this is evidently possible only owing 
to the lack of viscosity and the very small heat conductivity of helium I. But 
these present experiments do not secm to support the more detailed picture of 
the helium counter flow which was advanced in our former work?. The flow 
of helium as already mentioned was described as taking place along the surface 
of the capillary in a different energy state which is due to the force acting upon 
it from the walls. If our supposition had been correct the value of the heat 
content of the helium II flowing through the slit should depend on the width 
of the slit. But as we have seen, for instance, from the curves in Fig. 4 which 
was obtained for a slit whose width was increased by about 10 times, the heat 
content, calculated according to expression (2), remained the same. Thus 
the value of Q must be regarded as a property of helium itself when flow- 
ing through a narrow slit. It follows from the simple thermodynamical 
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considerations that the reversible flow of helium through a slit is only possible 
when the entropy of the helium flowing through the narrow channel is equal to zero. 

The possible quantum character of the phenomena of helium II has already 
been pointed out more than once. The possibility of such a state with zero 
entropy for helium II has already becn suggested by Tisza® and London’, but 
up to now it had no rigid theoretical basis. In his recent work L. Landau? 
gives a theory which leads to a quantum explanation of the superfluidity of 
helium II and makes it possible to verify the theory quantitatively. According 
to this theory helium II, as we observed in our experiments, when flowing 
through a narrow crack does not transfer entropy so that the value Q experi- 
mentally obtained by us must be taken to be equal to 


Q = ST, (6) 


where S is the entropy of helium IT. 

By using the data for the specific heat of helium IT obtained by Keesom 
and Keesom?® Landan made calculations on the basis of this theory for the 
values of Q of which he kindly informed me. They are plotted by dots on the 
curve in Fig. 5. This is the third independent method for determining the 
value of Q and we see that all three methods agree well within the limits of 
experimental error. 

The counter current of helium II in a capillary produced by the heat trans- 
fer receives from the quantum point of view a different interpretation. The 
quantum state of a liquid seems to give us the possibility of having two streams 
of helium II which are in different quantum states flowing in opposite direc- 
tions. Such an unusual picture, resulting from the hydrodynamics of the qnan- 
tum liquid—helium II, as given by Landau’s theory, opens up the possibility 
of a number of new interpretations of the already known peculiarities of the 
behaviour of helium II. It also leads to a reconsideration of the quantitative 
interpretation of the pressure on a vane of the jet whicl streams from the end 
of a capillary which we made in our recent work simply on the basis of ordinary 
hydrodynamics?. From the quantum hydrodynamics of helium II it follows 
that the pressure of the stream of helium from the capillary is not determined 
by the motion of the whole liquid but only of a part of it. Therefore. some of the 
quantitative conclusions connected with the interpretation of this equation 
(equation (6) of ref. 1) must be reconsidcred and the results obtained may be 
used for further verification of the proposed theory. 

If the theory is confirmed the phenomena of the stream from the capillary 
exerting a pressure on the wings can, as has already been pointed out, be turned 
not only into a very sensitive but also into a quantitative method for studying 
small heat phenomena in helium IT. 

Further experiments are in progress to study the quantum hydrodynamics 
of helm II. 

In conclusion I wish to express my sincere thanks to my assistant 8. I. 
Filimonov for the arrangement of the apparatus for these experiments and 
his help during the experimental work. 


aon Pw eS 


—_ 
oooe-s+l 


Heat TRANSFER AND SUPERFLUIDITY oF Hetium II 639 


REFERENCES 


. P.L. Karrrza, J. Phys. USSR, 4, 181 (1941); Collected Papers, ch. 38, p. 581. 

. W. H. Kersom and Miss A. P. Kersom, Physica, 3, 359 (1936). 

.L. D. Lanpau, J. Phys. USSR, 5, 71 (1941); Collected Papers, ch. 46, p. 301. 

. P.L. Kaprrza, C. R. Acad. Sci. URSS, 18, 21 (1938); Nature, 141, 74 (1937); Collected 
Papers, ch. 34, p. 505. 

.J. F. Auien and A. D. Meissner, Proc. Roy. Soc., 172, 467 (1939). 

. W. F. Graque, J. W. Stour and R. E. Barinav, Phys. Rev., 54, 147 (1938); Am. Chem. 
Soc., 61, 654 (1939). 

.J.G. Daunt and K. Menpetssoun, Nature, 148, 719 (1939). 

. L. W. Tisza, Nature, 141, 913 (1938); C. R. 207, 1035, 1186 (1938). 

. H. Lonpon, Proc. Roy. Soc., 171, 484 (1939). 

. W. H. Kersom and Miss A. P. Krrsom, Physica, 2, 557 (1935). 


. 40. ON THE SUPERFLUIDITY OF LIQUID 
HELIUM II* 


Two and a half years ago, I spoke to the Academy of Sciences of the U.S.S.R. 
about the superfluidity of liquid helium}. Since then, we have continued work 
in that field and obtained new results which, in our opinion, are of scientific 
interest and which make it possible to elucidate more fully these interesting 
phenomena. However, before speaking about these new phenomena, I must 
remind you, if only in general terms, of the contents of my earlier talk, which 
some of you may not have heard. Otherwise, I fear, our recent work, which is 
a continuation of the earlier experiments, will not be sufficiently understood. 

The study of liquid helium and its properties is part of the physics of very 
low temperatures. It is one of the regions of physics where one attempts to 
study natural phenomena under extreme conditions. Academician A. A. Bai- 
kov, Vice-President of the Academy of Sciences of the U.S.S.R., has in his intro- 
ductory talk to this meeting indicated—in my opinion completely accurately— 
that we may expect the largest advances—indeed, large-scale changes—in 
technique when we go to extreme conditions. This is true even more strongly 
of science. We can expect discoveries of interesting phenomena most likely 
when we study nature in the most extreme conditions admitted by her, such as 
in strong magnetic fields, high pressures, large electrical fields, and so on, and 
also in the region of extreme cold when we approach the absolute zero. We can 
also look forward to observing new phenomena: properties of nature which 
under normal conditions either escape observation, or simply do not occur. 
The temperature region near the absolute zero is, in that respect, particularly 
interesting. The investigations of the last decade have clearly confirmed this 
point of view. 

Let me remind you of what is meant by the absolute zero of the temperature 
scale which is defined as — 273-13°C. It is well-known that it is impossible 
ever to reach the absolute zero. The usual, schoolboy, definition of the abso- 
lute zero is the temperature at which the thermal motion of matter ceases. 
The definition is, however, inaccurate. Modern ideas, based upon quantum 
theory, postulate the existence of motion at the absolute zero. The energy of 
this motion is completely determined and it corresponds to the minimum 
molecular motion which can exist in a given substance. Let me give a simple 
example. If you heat a substance greatly, the atomic electrons which move 
around the atomic nucleus in well-defined orbits will be torn away under the 


I. I. aunya, O cupextexyuectn wugKoro reann-II, Venexu Ouauvecnux Hayx, 26, 
183 (1944). 


* ‘Text of a talk given at the General Meeting of the Academy of Sciences of the U.S.8.R. 
in Moscow on 27th September 1943. 
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influence of temperature motion, they will fly off: so-called disociation will 
set in. When we cool the substance down, the motion of the atoms slows 
down, the electrons begin to return to their orbits and they retain their 
motion right down to the absolute zero. Apart from the motion of the 
electrons along the orbits of each atom separately, there are, however, in a 
solid a whole range of combined motions which, according to modern ideas, 
will still be present at the absolute zero. Due to this socalled degenerate 
motion, there may appear in this temperature region completely new phenomena 
which we cannot observe at normal temperatures. One of these interesting 
phenomena, which by now is widely known, was more than thirty years ago 
discovered by Kamerlingh Onnes: this is superconductivity. This phenomenon 
consists in that at very low temperatures in some conductors an electrical 
current may flow without resistance and without heat production. Experiments 
show that if a current is produced by induction in a closed superconductor, 
it will flow without producing heat and without diminution for as long as 
the experimenter is able to observe it. Another phenomenon which can only be 
observed at very low temperatures is the superfluidity found by us five years 
ago in liquid helium. 

Liquid helium itself is used as cooling agent when we study these and other 
phenomena near the absolute zero. Liquid helium is the only known substance 
which even at the lowest temperatures, right down to a few thousandths of a 
degree from the absolute zero, remains liquid under normal pressure and does 
not turn into a solid. It can be made solid, but only under a pressure of at least 
twenty-five atmospheres. 

Liquid helium by itself is an extraordinarily interesting subject for study. 

Helium liquifies at a temperature of 4:2°K and forms a light—it weighs 
between 7 and 8 times less than water—and transparent liquid. Because 
the specific heat of liquid helium is low, it must, to ensure good thermal 
insulation, be kept during the experiment in a Dewar vessel, which itself is 
surrounded by another similar vessel filled with liquid air. There are appre- 
ciable technical difficulties connected with experiments involving liquid helium. 
This is clear from the fact that up to the present, only in a few low-temperature 
laboratories in the whole world is liquid helium available in sufficient quantities. 

If we lower the temperature of liquid helium from its boiling point (4:2°K), 
we find that when we reach a temperature of 2-19°K, helium undergoes a 
change, and one usually says that helium I becomes helium II. This tem- 
perature is called the A-point. In its initial state, liquid helium boils conti- 
nuously, thanks to the small influx of heat which it is difficult to avoid even 
with the best thermal insulation. Below the A-point, helium suddenly ceases 
to boil and its surface becomes smooth; this is connected with a change in 
several physical properties of liquid helium. Kamerlingh-Onnes was the first 
to observe this new state of liquid helium and Keesom was the first to study 
it and to show its extraordinarily curious behaviour. 

Keesom? found that helium II in that state acquires a large thermal con- 
ductivity. Its thermal conductivity, studied in capillaries, turned out to be 
many times larger than, for instance, the thermal conductivity of copper or 
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silver, metals which conduct heat best. Keesom called liquid helium IT, for this 
reason, a super-heat-conducting substance. I have repeated Keesom’s experi- 
ments under slightly altered conditions and found an even larger thermal 
conductivity. 

An attempt to explain the experimental data on the basis of present-day 
ideas about thermal conductivity revealed large discrepancies between theory 
and experiment. I shall not go into a detailed description of the rather compli- 
cated ideas on thermal conductivity as they were given basically by Debye. 
We can give the following physical picture of thermal conductivity: when we 
increase the temperature of a body somewhere, the average speed of the vibra- 
tional motion of the molecules of the substance increases; immediately an 
equalising process will start: the “hotter”, that is, the more excited, mole- 
cules act upon their neighbours and set them in motion. This process of suc- 
cessive equalisation of velocities will be extended further and further from the 
heated spot, that is, a process of heat propagation takes place which we call 
thermal conduction. A more detailed analysis, based upon these ideas of ther- 
mal conductivity, shows that there exists for every body in nature a limiting 
quantity of heat which can flow through it per unit time. It turned out that the 
very large thermal conductivity which was observed experimentally in our 
latest experiments on liquid helium II cannot be explained by the foregoing 
ideas. A way out of this contradiction can be looked for either by renouncing 
the basic ideas of the mechanism of heat conduction which have been firmly 
established in science, or we must admit that the phenomenon of thermal 
conductivity in helium II originates from some new mechanism. 

It is well known that heat can be transferred not only through the mecha- 
nism described a moment ago which is the way it is propagated in solids and 
in the way it was assumed to be propagated in liquid helium in narrow capil- 
laries. Heat can also be transferred in liquids and gases by so-called convection 
currents. Convection currents in air, for instancc, are well known to each of 
you: you have often felt them when holding a hand over a hot radiator. The 
same hand would not feel any heat at all if you held it at the same distance 
from the same radiator, but underneath it, since underneath there are no hot 
air currents emerging; they carry the heat upwards by convection. If it is 
impossible to explain the intense heat transfer in liquid helium by the usual 
thermal conduction mechanism, it seemed to me that, perliaps, convection 
heat transfer is the mechanism which occurs here. We must, in that case, 
assume that it is extraordinarily easy to produce in liquid helium II a current 
of the liquid and that this causes the extraordinarily large ability of helium IT 
to transfer heat. Calculations showed that the cnormous intensity with which 
heat is transferred in liquid helium can only be realised through convection 
currents which are such that they can flow in the liquid with unusual ease. 
I, therefore, suggested, by analogy with superconductivity, that at very low 
temperatures helium II is a liquid with an extraordinary fluidity, that is, a 
liquid without viscosity. It then was necessary to verify this with experiments. 

To observe a small viscosity and especially at low temperatures, turned out 
to be a difficult experimental problem. It was necessary to find a spccial method 
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to measure it. Once we had found and developed the necessary method, the 
observations themselves did not take much time and it turned out that, in- 
deed, the viscosity of liquid helium is vanishingly small?. According to our 
latest measurements, it is not more than 10-" poise. As the viscosity of ordi- 
nary water at room temperature is 0-01 poise, liquid helium turned out to be 
more than a thousand million times more fluid than water. It is difficult for 
such a fluid medium to exist, and, moreover, the limit given is not a limit for 
the viscosity, but for the sensitivity of our measurements. As yet we have no 
more sensitive method. I; therefore, suggested that there are all grounds for 
assuming that liquid helium has no viscosity; I called it a superfluid. Initially, 
this met with great objections. People looked in my experiments for experimen- 
tal errors in the method, or in the measurements. The discovery of superfluidity 
in liquid helium was thus discussed from all sides and we can now, I think, 
assume that the existence of a superfluid state in helium II is generally accepted. 

When this phenomenon was postulated first of all, it seemed to us that the 
superfluidity of helium II was completely sufficient to explain the large heat. 
conduction, observed in liquid helium, by appealing to the picture of the 
existence of convection currents which I have outlined to you a moment ago. 
In actual fact, however, it turned out that the situation was much more inter- 
esting and complicated than we thought originally. 

It is somewhat difficult to expound how our ideas on this problem deve- 
loped further. The audience is large and varied, and we have as yet not found 
for these problems the solution to a number of discrepancies. Nevertheless, I 
shall attempt to tell you what inconsistencies we encountered, how our ideas 
changed, and how we gradually put together a picture which seemed to us not. 
to be infected by some absurd fantasies and which did not force us to forego 
all connections with real experiments. 

If we base ourselves upon the point of view of our normal mechanical 
theories which completely exhaustively describe the behaviour of normal sub- 
stances under normal conditions, it turns out that experiments show that super- 
fluid helium cannot transfer heat as intensively as a measurement of convec- 
tion currents requires. Once again, we are faced with the difficulty of finding 
a mechanism which might cause the necessary fast flow of helium by convec- 
tion. In the usual mechanism, the heat transfer by convection is caused by 
the motion of the medium in such a way that the hotter liquid or gas becomes 
somewhat less dense and thus moves upwards, floating, as it were, into the 
denser medium, while the colder, denser medium moves downwards, it ‘““sinks”’. 
Mixing occurs, and it is clear that the cause of this motion is: gravitation. 
Calculations show, however, that these forces are insufficient in hclium II to 
cause such a large thermal conductivity as is observed experimentally. This 
meant that this phenomenon is again unexplained. We must, therefore, look 
for its explanation to another, new mechanism. We finally succeeded by a series 
of experiments to find a completely new mechanism for the motion of liquid 
helium II. 

It turned out that under the influence of a temperature difference in liquid 
helium II very strong currents are sct up which are somewhat reminiscent 
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of convection currents. The liquid is set in motion by a temperature difference, 
but this motion has an extremely peculiar character which is peculiar to liquid 
helium II; it is unknown in any other liquid or under any other circumstances. 
We first of all attempted to elucidate the essence of this motion by getting 
acquainted with its peculiar properties. We shall see what it looks like experi- 
mentally. I shall not describe the technical details of the experiment, as I 
did that in my previous talk. We can see the basic points from the sketch of 
Fig. 1. 

The bulb J is submerged in superfluid helium II. A heating spiral 2 is placed 
in the wide part of this bulb, and the bulb is open at one side, 3. When a 
current flows through the heater 2, near the opening 3 of the bulb we observe 
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a continuous current of helium flowing out from it. This current can be ob- 
served and even measured by means of a light vane, if it is suspended near the 
opening. The current falls upon it and deflects it. 

A more effective and more instructive alteration of this experiment which 
is well-suited for a demonstration was photographed on a film (compare 
plate 39 of chapter 38, and Fig. 2). The set-up has been photographed while 
the device shown in Fig.3 was in action. The glass “spider” consists of 
the “bulb” 2 on which are fastened several small pipes which are all bent 
in the same direction. In this way, the whole construction looks the same as 
the well-known “Segner wheel’’—only externally, of course; looking at it we 
see immediately that the “spider” has no straight channel for the liquid to 
pass through. The bulb is put on the point of the sharp needle 7. The whole 
“‘spider’’ is immersed in liquid helium. The helium in the bulb can be heated 
by a beam of light passing through the lens 3. This beam of light, falling on the 
blackened part on the outside of the bulb plays the role of the heater which in 
the previous experiment was played by a spiral. A continuous jet is emitted 
from the pipes—‘‘legs’’—of the spider, when the middle of the vessel is heated, 
just as in the previous experiment from the neck of the bulb. Under the pres- 
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sure of the emerging jet, the whole “spider” starts to rotate, as can be seen 
on the screen. 

It is difficult to photograph this experiment. Liquid helium is completely 
transparent and its diffraction coefficient for the light beam is such that it is 
very difficult to see it through the glass. Neither is it easy to perform an experi- 
ment under the conditions of very high illumination which are necessary for 
taking a film. The considerable skill of the cameramen of the Moscow news- 
reel company was, therefore, necessary to complete this filming. 

Let us return to Fig. 1. I now draw your attention to the very paradoxical 
aspects of this experiment. If we observe that. liquid is all the time flowing 
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from the bulb and if the interior of the bulb docs not become a vacuum, it 
means that liquid must also flow all the time into the bulb. How does the liquid 
get into the bulb? It cannot flow out of it, without getting into it. The walls 
of the bulb are double ones and the space between them is evacuated and it is 
clear that the liquid cannot: pass through them. By means of a vane placed in 
very cifferent positions near the mouth, we could not observe any reverse 
current at all. We decided, therefore, initially that the current must take place 
along a very thin layer at the wall itself—in that case, it could not be observed 
by the vane. It turned out, however, from further experiments that this hypo- 
thesis is insufficient. I began to change the experimental conditions: instead 
of a bulb with a wide opening, I uscd a very narrow gap. The idea of these ex- 
periments lay in the possibility of using the whole cross-section of the gap for 
the reverse current at the wall and thus attempting to change the character 
of the phenomena obscrved. The gap in these experiments was prepared very 
accurately from carefully, optically-polished surfaces and had a width of 
up to 0:14 uw, that is, a width of the order of a ten-thousandth of a millimetre. 
We did not, however, observe any change in the character of the phenomena. 

The phenomena remained thus extremely puzzling. 

Before I tell you how we can now explain it, I wish to remind you of a few 
other experiments. 

First of all, permit me to dwell upon the idea of the reversibility of thermal 
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phenomena. Carnot was the first to establish this concept more than a hundred 
years ago; it gives the extraordinarily important connection between different 
possibilities for changing work into heat and the other way round. Reversible 
phenomena in thermodynamics are considcred to be those theoretical processes 
where heat is changed into work, or, inversely, work into heat without any 
scattering of heat. There are no completely reversible processes at all in nature, 
but we can very closely approximate to them. The transition from heat to the 
motion of the helium which we, for example, observed in our “‘spider”’ (see 
Figs. 2 and 3, and Plate 39) must primarily be studied from this point of view. If 
the temperature difference between the helium in the bulb and the helium outside 
causes the motion of the helium and if this is a reversible phenomenon, there 
should theoretically exist also the reverse phenomenon: when a motion is 
induced in the helium, a temperature difference should arise. If these phenomena 
are reversible, they must be connected by well-defined quantitative relations. 

In the experiments with gaps, we were able to show that when there is a 
drop in pressure which causes liquid helium to flow through the gap, a tempera- 
ture difference appears, indeed. We were able to measure quantitatively all 
necessary quantities and to show that, indeed, all these phenomena in liquid 
helium II proceed reversibly in the thermodynamic sense. If we now bear in 
mind that helium II is superfluid and that there is thus no loss by friction when 
it flows, we scc easily that the mechanism of temperature flow of helium works 
with a good coefficient of efficiency. In this way, for instance, our rotating 
“spider” of Fig. 3 and Plate 39 is an engine with a good coefficient of effi- 
ciency. Of course, there cannot be any practical application of such a mecha- 
nism, and it is difficult to expect that there will ever be one. 
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We must, however, note here that this remarkable thermodynamic property 
of helium IT, which reveals a completely new method of changing heat rever- 
stbly directly into mechanical work, has no analogue whatever, in the pheno- 
mena occurring in nature which were known to us up to now. 
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The reversibility of the thermomechanical—or rather thermodynamic— 
phenomena in liquid helium is for us an extremely important fact also for the 
further study of low temperature phenomena. Let us assume that we have a 
capillary 1 (Fig. 4) connecting two vessels at different levels. Between its ends 
we produce a pressure difference. We can do this by placing vessel 2 at the one 
end of the capillary higher than vessel 3 at the other end. Because of the 
peculiar properties of helium and the irreversibility of the process, we shall 
find a temperature difference occurring between the vessels 2 and 3 at the two 
ends of the capillary. The helium IT in the lower vessel 3 becomes the colder 
one. 

We have thus a method for lowering the temperature of helium IT; it con- 
sists in forcing helium IT to flow under pressure. Figure 4, of course, gives 
only a schematic picture of this prineiple; the experiment is, of course, in 
actual fact more complicated. 

Since, however, this phenomenon remains reversible down to the lowest 
temperatures, the possibility arises to reach very interesting practical con- 
clusions. If we force helium by pumping or by other means through thin capil- 
lary gaps into some space, the temperature in that space will be appreciably 
lowered. Repeating this operation several times, we obtain an a priori method 
of making the temperature arbitrarily low and we have thus found a way to 
approach the absolute zero arbitrarily closely. This conclusion is very important 
for an experimental physicist, since up to now, there does not as yet exist a 
method, not even a theoretical one, for approaching absolute zero arbitrarily 
closely. The most effective method so far has been the magnetic one—based. 
upon the demagnetisation of paramagnetic salts connected with their cool- 
ing—which both theoretically and practically has its limitations. This method, 
indicated first by Langevin and further developed by Debye and Giauque, 
made it possible to reach temperatures of the order of one hundredth of a 
degree from the absolute zero. This magnetic method has, however, theoretical 
limits for obtaining low temperatures; these are caused by the interactions 
between the magnetic moments of the cooling salts. However, we cannot see 
any reasons why we cannot use these peculiar properties of liquid helium IL 
as cooling agent and approach the absolute zero arbitrarily closely. 

Just before the war, we started to develop this method in our experiments 
and we had performed some successful experiments in that direction. I was 
able to obtain a lowering of the temperature by 0-4° by this method. After our 
evacuation to Kazan it was impossible to set up experiments with helium. 
We now propose to continue these experiments. Of course, obtaining tempera- 
tures very close to the absolute zero by a new method is a technically difficult 
problem and it is difficult to count at once on its success. There are many tech- 
nical difficulties and success depends in many respects upon the skill and 
ingenuity of the experimentalist. All these possible difficulties do not mean, 
however, that there are any prohibitions of principle against approaching the 
absolute zero. 

Let us now, however, turn to the theoretical explanation of the mechanism 
of the flow of liquid helium from the vessel when it is heated (Fig. 1). As I 
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said before, I explained this phenomenon originally by the filling of the vessel 
by helium, through the flow of helium in the opposite direction in a thin layer. 
I assumed also that the energy state of helium II in that thin layer differed 
from the energy state of free helium IT, and could thus explain the apparent 
large thermal conductivity of helium. I could also approximately evaluate the 
thickness of this layer by assuming that the flow velocity of the helium in it 
would not be excessively large. I also—as mentioned earlier—tried in these 
experiments to observe experimentally the thickness of this layer. To do that, 
J forced helium to flow in a very thin layer. I gradually reached a helium layer 
thickness of 0-00014 mm, but the experiment showed that the character of all 
phenomena remained unchanged. We needed thus to reconsider this explana- 
tion and this led to completely new ideas about the nature of hydrodynamic 
phenomena in helium II. The first sketch of these ideas is due to Tisza‘, but our 
scientific colleague L. Landau® was the person who worked them out, gave 
them a theoretical foundation, and produced a hydrodynamic theory of the 
various phenomena. 

I shall try to give you a very general picture of these ideas. ‘he counterflow 
which I tried to explain by the flow of the helium in a single energy state 
along the wall with another energy state of the helium in the bulb, is, accord- 
ing to Landau’s theory, replaced by a counterflow of the helium passing 
through itself. The explanation of this phenomenon as given by Landau seems 
as follows. 

Liquid helium is, so to speak, a mixture of two liquids. These two components 
of liquid helium are in two different quantum states. Because of this, he could 
show that there may exist at the same time two opposite flows in the same 
liquid, such as we observed in the neck of the vessel of Fig. 1. 

If this theoretical idea were not fully substantiated by experimental proofs, 
it would sound just like another idea which it would be very difficult to con- 
sider reasonable. 

Landau’s theory gives a good description of the main physical aspects of 
those two states in which helium can exist simultaneously at temperatures 
below the A-point. As I said before, if helium after liquefaction is further cooled 
down, it remains an ordinary liquid down to the A-point at 2-19°K. At that 
point, helium in a new state exists—as an impurity, so to speak—in the liquid 
according to Landau’s theory. This new state is thermodynamically charac- 
terised by a zero entropy and physically by the absence of viscosity. This 
helium is liquid helium IT in the state in which all of the helium finds itself at 
the absolute zero. At any other temperature, however, mixed in, so to speak, 
with this state will be helium in tle normal state. When the temperature is 
lowered, the concentration of the helium in the normal states diminishes while, 
on the other hand, the superfiuid state of helium begins to dominate. The 
whole of the helium must go into the superfluid state according to the theory 
only at the absolute zero. This picture is sufficient to explain the phenomena 
observed by us. The phenomenon observed in the experiment with the helium 
flowing from the bulb shown in Fig. 1 can, for instance, be explained as follows. 
Since helium in the superfluid state does not experience friction neither from 


ON THE SUPERFLUIDITY oF Liqguip Hetium IT 649 


the wall nor from the helium in the normal state, the current flowing along 
the capillary does not produce a friction reaction and can thus, so to speak, 
imperceptibly fill the vessel. On the other hand, helium in the normal state 
flows with friction from the vessel and this current is a normal liquid current, 
which has been studied for so long in hydrodynamics. This normal current 
is caught by the vane placed in front of the neck of the bulb in Fig.1, while 
the current of the helium in the superfluid state meeting the vane cannot be 
observed by normal means. 

We can also explain the large heat conductivity of helium II on the basis 
of this picture. It is clear that helium in a zero entropy state enters the vessel 
and helium in the normal state returns. To transform helium from the one 
state into the other state we must expend a considerable amount of heat. 
Such a process is a peculiar form of convection and gives the impression of a 
large thermal conductivity of helium IT. 

All these phenomena, the explanation of which requircs the existence of 
complicated interactions between different states of the same liquid in the same 
volume, can only with difficulty be fitted into our usual framework even of 
physical thinking. Let me try to make it somewhat easier to get at least a 
superficial idea of this complicated picture of the thermal conductivity of 
helium IT. I shall have recourse to the similarity with the coming and going of 
people, both with and without coats, along the passage in the cloakroom of a 
theatre. Those with a coat on will represent the normal helium atoms which in 
then neighbourhood of the heater—‘‘in the cloakroom ’’—obtain the necessary 
energy, while those without a coat are the superfluid helium atoms. Unfor- 
tunately, the analogy is worse than incomplete, as the helium atoms in the 
state of zero entropy pass their brethren in the normal state without any 
interaction, while one cannot after receiving one’s overcoat move through the 
crowd without a large friction. 

We can on the basis of this picture explain why a temperature difference 
arises when helium II flows through narrow holes or gaps. ‘As the helium in the 
superfluid state flows more easily, without friction, through small openings 
than helium in the normal state, a peculiar filtration occurs. After the helium 
has flown through, the concentration of the superfluid helium is increased ; 
this corresponds to such a concentration of it that we must assume a lowering 
of the temperature. 

There is not only qualitative, but also quantitative agreement between 
Landauw’s theory and the experiments. However, there are still several pheno- 
mena which are not covered by the theory. Their explanation lies in the 
future. On the other hand, the theory indicates some phenomena—such as the 
existence of two sound velocities—which we have not yet been able to observe. 
The theory does not yet evaluate the critical velocities which we have actually 
observed. It seems to me, however, that in the basic ideas the theory has very 
closely approached the essentials of an explanation of this amazing pheno- 
menon and that it is an exceptionally valuable contribution to the study of 
this effect. Work on further interpretations of these phenomena is of great 
interest. 
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Now that we are back again in Moscow thanks to the great efforts of the 
Red Army and the heroic deeds of its soldiers, we can continue our scientific 
work on liquid helium which was interrupted two and a half vears ago by the 
invasion of the German barbarians. 
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41. ON PROFESSOR S. YA. GERSH’S PAPER 
“LOW AND HIGH PRESSURES IN DEEP- 
COOLING SYSTEMS” 


In an article published by Prof. Gersh in the journal Mechanical Engineering 
11-12, 1943, a method which I proposed for obtaining liquid air at a low pres- 
sure (6 atm) by applying an expansion turbine is discussed, and as an altcr- 
native a modification of a high-pressure method is suggested. The author argues 
that this high-pressure mcthod is from the energy standpoint more convenient 
than the expansion turbine method. In my work! J have also pointed to a number 
of advantages in the energy aspect of the high-pressure method of producing 
liquid air. But at the same time I showed this to be no decisive factor. Since 
Prof. Gersh omitted these issues in his considerations, I shall repeat them 
briefly. 

It is known that the Heyland method of producing liquid air, which is based 
on high pressures and is presently most widely used, has an efficiency (with 
respect to an ideal cycle) of about 0-20. 

Further, it is known that one of the reasons for such a low efficiency of 
these cycles consists in the fact that the cold for liquefaction of air is produced 
at a lower temperature level than necessary. This introduces thermodynamic 
irreversibility into the cycle, which results in an excessive power consumption. 
Another reason is the application of the irreversible Joule-Thomson effect, 
and the low efficiency of piston expansion machines and high-pressure com- 
pressors. In order to raise the efficiency of such cycles a number of schemes 
for cascade cooling have already morc than once been proposed. These designs 
are based on the fact that the process of liquefaction approaches a reversible 
process as the number of cooling stages increases. Thus, for example, it is evi- 
dent that in the Heyland machine it is convenient to carry out the first cooling 
stage by means of the ammonia cycle. In his proposal Prof. S. Y. Gersh in 
addition introduces in the Heyland cycle one more cooling stage, i.e., an addi- 
tional compressor, and obtains, as was to be expected, a higher efficiency 
giving according to his calculations a consumption of 0-68 kW/kg of liquid 
alr. 

However for the present, practice shows these schemes to be inapplicable. 
In particular, this is clear from the fate of the cascade method of producing 
liquid air, by means of which liquid air was first obtained by Calletet and Pictet. 
This scheme was later improved in the Leiden low-temperature laboratory by 
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Kamerlingh Onnes as far back as 1903, and subsequently in about 1930 by 
Keesom, and it still has the highest efficiency. At present, some American 
firms are trying to restore this scheme. In this scheme only 0-54 kWh are con- 
sumed to obtain 1 kg of liquid air, i.e. it not only has energy characteristics 
higher than those of the Heyland and Claude scheme, but also higher by 25 per 
cent than those of the scheme proposed by Prof. Gersh. The cascade scheme 
was used in the Leiden laboratory, but in the end the scheme was given up 
for the Heyland method. This is accounted for by the fact that the excessive 
complication in running such schemes is so far not compensated by a reduction 
in the power consumption. In exploitation costs in ordinary liquid-air assemblies 
the energy expenditures amount to 20-40 per cent, while the rest comes from 
maintenance expenses. Obviously, the simplicity and reliability of the arrange- 
ments play a decisive role. Moreover, many-stage arrangements are associated 
with a complex and troublesome system for an accurate control of the flux 
balance in the ‘‘stages’’; a small deviation results in diminishing the efficiency, 
and may reduce it down to a value even lower than that in previous cycles. 
Therefore, one cannot understand why the Gersh scheme, which is in its 
efficiency inferior to the Keesom scheme, is expected to overcome these dif- 
ficulties and to achieve a practical success. 

The trend that I am attempting to develop in my experiments, i.e. the intro- 
duction of a turbine expansion machine is based on the following propositions. 
Although simple low-pressure schemes are thermodynamically less economic, 
a turbine expansion machine and a turbocompressor as such have an efficiency 
so high (as pointed out in my initial article) that this compensates for thermo- 
dynamical disadvantages without making the scheme more complicated. I 
pointed out in my article that in contemporary turbocompressors with an 
isothermic efficiency of 0-7 and in the turbine expansion machine that we 
designed with an efficiency of 0-8 the energy expenditure per kg of liquid air 
will range in low-pressure cycle from 1 to 1-1 kWh, i.e. even somewhat: less 
than in the MHeyland arrangements (with application of the ammonia cycle) 
which, according to data presented by Prof. Gersh, consume 1-15 kWh/kg 
of liquid air. Giving a value of 1-54 kWh for the energy expenditure in my 
arrangements (see Table 3 in Gersh’s paper), Prof. Gersl proceeds from in- 
accurate calculations. Firstly, the working pressure adopted by us is not 5 but 
6 atm (as indicated in my work). Secondly, instead of the turbocompressor 
with an efficiency of 0-7, Gersh has taken an ordinary reciprocating-engine with 
an efficiency of 0-59. Thirdly, he has not taken into account the power return 
from the turbine expansion machine, which in the low-pressure cycle is not 
lower than 0-1 kWh/kg of liquid air. By taking into account these values 
and making use of the formulae given in Gersh’s paper and of his values for 
the cold losses, incomplete recuperation and so on, we find the power expen- 
diture per kg of liquid air to be 1-05-1-1 kWh, i.e. a value corresponding com- 
pletely to that given in my paper. 

However, on the basis of acquired experience I think that for given energy 
characteristics the main and decisive advantages of turbine expansion machine 
arrangements are the following: (1) simplicity of the scheme, reliability and 
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high efficiency of turbo-engines, (2) possibility to bring about powerful pro- 
duction units in one aggregate, which is unfeasible with piston engines, (3) re- 
duction of exploitation expenses owing to the absence of caustic which is neces- 
sary in high-pressure arrangements, the absence of grease progressively soiling 
the arrangement, which is unavoidable in using a piston compressor and re- 
quires dismantling and cleaning of the apparatus onec or twice a year, then 
the small size of turbo-engines in comparison with a piston compressor, and 
so on. 

The statements of Prof. Gersh that the size and weight of a low-pressure 
apparatus are larger than those of a high-pressure one, because one has to 
let through more air, do not correspond to reality. In comparison with air at 
a pressure of 200 atm, air at the pressure of 6 atm requires less massive tubcs 
and a steel framework of a theoretically forty times smaller wall thickness. 
Indeed, the constructed low-pressure turbo-devices at the same efficiency 
required a substantially less quantity of metal and less room than high- 
pressure devices of an equivalent efficiency (this is due also to the fact that 
there is no necessity of scrubbers and chemical cleaning, further to the replace- 
ment of piston engines by more compact turbo-engines, and so on). 

Finally, cooling devices entirely of a turbine expansion machine type are 
as yet a fresh undertaking, and only checking in practice can corroborate the 
ideas on which they are based. However, even in the present stage a correct 
understanding and an objective estimation of these ideas are necessary for a 
sound development of our deep-cold technique. 

I hope that circumstances will allow me in the nearest future to publish the 
results of the exploitation of the constructed turbine cxpansion machine 
arrangements and, thus, to give our technical public more concrete material 
for estimating the new trend in our cooling technique. 
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42, THEORETICAL AND EMPIRICAL 
EXPRESSIONS FOR THE HEAT TRANSFER INA 
TWO-DIMENSIONAL TURBULENT FLOW 


CALCULATION of the heat-transfer coefficient of flow in a tube is one of the most 
frequent problems of heating and cooling techniques. 

Let us denote the heat-transfer coefficient by «, the temperature of the wall 
by 7, and the mean temperature of the flow by 7',,. The quantity T',, — Tis 
called the mean temperature drive. The heat quantity Q) 


Qo = &(Tm — Ty) (1) 
will pass through a unit area of the tube in unit time. 

For practical purposes a is usually expressed as a function of dimensionless 
quantities. For a flow in a tube we find it more convenient to use as the basic 
dimensionless quantity the so-called heat-transfer number A;,,. This last is 
connected with « in the following way: 

x=cUo, Ky, (2) 


where ¢ is the heat capacity of the flow, 0 is the density, and U,, is the mean 
velocity. The number K;, has not yet become usual in technical literature, 
where one uses as a dimensionless criterion the Nusselt number Nu. Between 
Nu and &A,, there is a simple relation: 

Nu = Re Pr A), (3) 
whcre Re is Reynolds’ number, which is for a tube of a circular cross-section 
with radius r and a medium with kinematical viscosity 1 equal to 


2r U,, 


Re = 5 (+) 
The Prandtl number Pr is equal to 
y 
Pr -. ——— 5 
© Rae’ °) 


where & is the thermal conductivity of the medium. 

The advantage of using the number KX, instcad of Nu consists in that the 
former has in the flow a more constant value, and also in that it can be 
obtained directly from cxperiment. 

By calculating the balance of heat transfer through a section | in the tube 
of circular cross-section it can be shown that A’, is equal to 
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MbyxMepuom Typbyuentuom uotoKe, Loxradu Axadenuu Hayx CCCP, 55, 595 (1947). 
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where 7',,; and 7',,. are the mean temperature of the flow at the beginning anc 
the end of the tube section considered, respectively. 

On the basis of a large number of measurements carried out by a number of 
investigators the following expression has been established for the deter- 
mination of Nu in turbulent flow: 


Nu = 0.024 Re™8° Pro4, (7) 


This simple expression is widely used in engineering for a large range of the 
numbers Re and Pr, and gives quite satisfactory results! 8. 

According to expression (3) we obtain the following equivalent expression 
for the heat-transfer number: 


Kj, = 0-024 Re-%20 Py0-60, (8) 


Already Reynolds has pointed out that in turbulent flow the momentum 
and heat transfer is carried out by velocity fluctuations. Hence in the motion 
of a fluid medium there must be a relation between frictional losses and heat 
transfer. In view of a better understanding of phenomena occurring in boun- 
dary layers, a number of theoretical studies initiated by Prandtl have recently 
established a relationship between K;, and quantities which express the resis- 
tance to the motion of a fluid medium under turbulent flow conditions. 

On the basis of the assumption of the existence of a viscous sub-layer Taylor 
and Prandtl have given the following expression for K),: 


] 2 2 

- == +4 |/-, (9) 
h y v4 

where y is the so-called resistance coefficient which defines the value of the 
tangential tension t, of the boundary tube wall by the following formula: 


T =O: (10) 


The numerical coefficient A in expression (9) is determined semi-empiri- 
cally to be 5-6. 

Comparison of the K,, value calculated from (9) with experimental data 
does not show a good agreement when the Pr value is larger than 10. This shows 
that the form of the functional dependence of K;, on Pr is less appropriate than 
in the simple expression (8). 

Von Karman? has developed the studies of Taylor and Prandtl taking into. 
account also the heat transfer in the transient turbulent layer, and obtained 
the following formula for K,,: 


JI? + 5\/— {(Pr — 1) + Inf{l + 0-83(Pr — 1)]}}. (11) 
Ky, y y 

This complex expression is of the same functional form as the previous one, 

but owing to the additional logarithmic term gives an agreement within the 

experimental error limits up to a Pr value of the order of 100 as good as that 

given by the simple empirical expression. Attention should be drawn to the 

contradiction between the choices of the functional form of the empirical and 
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theoretical expressions for heat transfer, which is not justified by accuracy 
requirements of the experimental data. 

In the present note a possible way will be shown for obtaining a simple 
empirical expression for K;, from theoretical considerations. 

The basis for the comparison of viscosity phenomena with thermal ones in a 
flow is that in both phenomena there is a common “‘mixing factor” vl re- 
presenting the product of the pulsation velocity v perpendicular to the wall and 
the mixing path J, averaged over time. 

Denote the coordinate perpendicular to the wall by y. Then the amount of 
heat transferred through unit area in unit time through a plane parallel to the 
tube walls will be 


— oT 
Q = (k Feguyay, (12) 


where & is the ordinary thermal conductivity, while co vl is the virtual one. 

Let us denote the tangential tension in the considered plane of the parallel 
walls by t. On the basis of the Prandtl hypothesis on the momentum transfer, 
T is equal to: 


— dU 
T= (u +o vl) —, (13) 
fb +e By 


where yu is the ordinary viscosity, while 9 vl is the virtual one. It is seen that 
expressions (12) and (13) are similar to each other. 

It is known from experiments that in turbulent motion the maim fall of the 
temperature and velocity occurs at the very wall of the tube, and we assume 
it to take place at a distance a so small in comparison with the tube diameter 
that one can consider QY and t to remain constant over this distance and to be 
equal to the values Q) and t, they have at the very boundary. Then from ex- 
pression (12), making use of the values of K;,, and « from expressions (1) and (2) 
and introducing the Pr value (5), we get: 

1 
(7, — T,) K, Pr U,, = »(1 + ro y<a. (14) 
vy} oy 

In expression (13) we introduce instead of t its value t, at the wall (10), 
and obtain 


un % = o(1 +=) y <a. (15) 


From the comparison of these expressions it is seen that if Pr = 1 then 
whatever the law of variation of vi at the wall in the considered Jayer a may 
be, there is the simple relation between 07/dy and dU /dy: 

(71, — 1) Ki OT oy ; 
——__— = ———,  Pr= . 
Um y/2 dUloy Toh ya (19) 

Since on the left there is a constant, the temperature drive T,, — T, and 
the velocity U consequently increase in a similar way. If it is assumed that the 
main fall takes place in a layer of the thickness a, then it can be taken that 
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the ratio of the derivatives is equal to that of the mean values, and then we 
obtain the simple expression 
Ky,=53 Pra, (17) 

This is a known result, which is usually obtained in a somewhat different 
way directly from the Reynolds analogy‘, and it coincides with expressions 
of Taylor, Prandtl (eq. 9) and Karman (eq. 11) if Pr = 1. 

It is interesting to note that experimentally , if Pr = 1, the velocity distri- 
bution and the temperature drive prove to be similar not only in the boundary 
layer, but also over the entire tube cross-section, although this could be 
expected only in the boundary layer. 

The main difficulty in finding the value of K; arises when the number Pr 
is not equal to unity. Then for comparing expressions (14) and (15) it is 
necessary to know the dependence of the mixing factor v J on the distance from 
the wall. 

As pointed out by Prandtl, it may be assumed that at the wall the value 


of vl is determined in the first instance by processes taking place directly at 
the wall surface. This allows one to assume that in the considered layer of the 


thickness a the value of vJ depends only on the distance and the velocity 
gradient, whence we obtain 


vl= CY? (18) 


ou 
oy |’ 


where C is a constant. One would think that by determining experimentally 
dUjéy as a function of y, the mean velocity U,, and the Reynolds number, 


it would be possible to find experimentally the law of variation of vJ at the 
wall, but in reality this encounters great technical difficulties. From data on 
the measurement of the velocity distribution in turbulent motion it is seen 
that even at relatively small Reynolds’ numbers at distances of 2-3 per cent 
of the tube radius there occurs the main velocity drop, and the velocity 
already attains values exceeding one half of its maximum value. Of course, 
the situation is the same with the temperature drop. 

Consequently, the size of the layer to which expressions (14) and (15) refer 
and in which the main fall of the velocity and temperature takes place amounts 
to only a few per cent of the transverse dimension of the tube. In usual experi- 
ments, even in the case of the largest tubes (with a diameter of 10 cm) used 
for the investigation, 2~3 per cent of the tube radius correspond to a layer 
of only 1-2 mm. By the methods applied it was impossible to find the velocity 
distribution in such a small thickness that one might in addition calculate 
reliably also its derivative with respect to the distance and find the law of 
variation of this derivative with the distance. 

Therefore, to find a way out of this difficulty one usually considers the 
taken, with a purely laminar motion, is called the laminar sub-layer and in 
it the thermal conductivity is assumed to be completely determined by the 
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molecular thermal conductivity &. The second layer has only the turbulent 
thermal conductivity. The limit between these two layers is determined by a 
more or less arbitrary constant (A in expression (9)). By this treatment of 
the problem one determines the form of functions in expressions (9) and (11). 
Such a division into two layers is obviously rather unjustified. Experimental 
studies on fluctuations at the tube walls, carried out by Fage and Townend®, 
show that fluctuations even at small Reynolds’ numbcrs exist at the very 
wall, increase rather rapidly and then remain nearly constant over the entire 
tube cross-section. Thus, the existence of a strictly defined laminar sub-layer 
in tubes has not been detected experimentally. 

Therefore we would think that it is more natural to make another, also 


hypothetical, assumption on the magnitude of v1 at the wall corresponding 


to the continuous increase of vl from the very boundary. 

To account for the behaviour of the velocity and its derivative in layers of 
thickness a close to the wall one can assume with a sufficient certainty that 
these quantities must satisfy three conditions: 

The first one is that at the boundary at the very wall the fluctuations are 
invariably equal to zero. Hence the velocity gradient is determined by the 
ordinary viscosity: 


ou = U; (19) 
Oy |y-0 
where U, is the so-called dynamical velocity determined from 
T =o U2. (20) 


The second one is that, according to the Prandtl assumption and as pointed 
out by Nikuradse?, the quantity U/U, in the considered layer must be a 
function of the quantity U,y/» only. Then we have 

aU U2 (U2 
Sie (—=*), (21) 
y y y 

The third one consists in the assumption that a distance a from the wall, 
but still in the region where t can be considered as a constant and where the 
velocity U can already be measured, the quantity U/U, must go over to a 
function of distance which is determined empirically. for instance by an 
exponential law fitting experiment sufficiently well: 

U ( ULy y 
~ 4 
U, y y 

Substituting the expression of the velocity gradicnt satisfying these three 
conditions into expression (18), this last can be written, for example, in the 
following form: 


INV 


a. (22) 


— ler * * 
"4 +B(=4) 
4 


This expression which includes an unknown function f, should be considered 
as a very approximate one, since there are no grounds to assume the value B 
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and index n in the layer a to remain constant all the time. The basic importance 
of this expression for our problem consists in the fact that in the layer a the 
variation of the mixing factor v I can in the main be assumed to be proportional 
to the square of the dynamical velocity. 

Let us now compare expressions (14) and (15) for Pr + 1. It is clear that 
then the variation of the temperature drive 7, — T along the y-xis in the layer 
a will not correspond to that of the velocity U. However, it can be assumed 
that the distribution of 7, — T over y will correspond to that of a velocity U’ 
in the same tube under flow conditions with another mean velocity U),. 
For this it is necessary that the following equation should hold in the considered 
layer a under the above two flow conditions: 


vl I’ 
L+Prea=1+2, y<a, (24) 
V V 


where vi is the mixing factor for a flow with the mean velocity U),- Denote 
the resistance coefficient for this flow by y’. If the condition (24) is fulfilled, 
then assuming as before that in the main the overall fall of the velocity and 
temperature takes place in the layer a, from (14) and (15) we obtain: 
1 y’ Us 
ah Pr 2. U, , 


y<a. (25) 


If it is assumed that for fulfilling equation (24) in the layer a according to 
expression (23) it is in the first instance the mixing factor that determines the 
value of the numerator, we obtain: 


Pr U2 = U”. (26) 


Since y is a function of the number Re, it may be written in the following 


form: 
y =) Re. (27) 


Then from expressions (10), (20), (25), (26) and (27) by means of a simple 
substitution we obtain: 


a aA 
K, == Rev Pr-Fr. (28) 


If for the law of resistance (17) the Blasius expression is taken: 


y = 00791 Re, (29) 
then we have for K,: 
K,, = 90-0396 R-°*5 Pr-°?. (30) 


Comparing this expression with the empirical expression (8), we sec that 
they are of the same structure, while the numerical coefficient in our expression 
is somewhat larger, but so is the negative index of Re. However, the index of 
the number Pr is practically equal to the empirical onc. If the numcrical 
values for K;, calculated according to these two expressions are compared, 
then it turns out that, in the Re range up to 5 x 104 in which the Blasius 
expression is valid, the difference in the indices compensates for the one in 
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the coefficients, and both expressions give practically the same values for the 
heat-transfer number K;,. 

This result is highly satisfactory, since expression (30) does not contain 
any arbitrary coefficient. It should be noted that this agreement is somewhat 
unexpected, because the inference is to be considered as containing a number 
of assumptions which may justifiably be subject to criticism. 

For comparing expression (30) directly with experimental data, we present 
from a paper by Lorenz’ a summary of data on a large number of measured K;, 
values (see the figure), which served for checking the expressions of Prandtl 
and Taylor (eq. 9) and Karman (eq. 11). Comparisons have been made for three 
numbers Re as functions of the number Pr, for which experimental A, values 
are given. The curves expressing (30) are drawn by solid lines which in logarith- 
mic plot appear to be parallel straight lines. The agreement with regard to 
the absolute value of A, and the dependence on the number Pr may be con- 
sidered as satisfactory within the limits of the data scatter. In particular, the 
agreement is good for large Re, as could be expected, since in this case the fall 
of temperature takes place in a thinner layer at the tube wall and the basic 
assumptions in the deduction are more admissible. From the diagram it is 
seen that there is a large scattering of experimental data, in particular for large 
values of Pr. Measurements carried out by Eagle and Ferguson® in a Pr region 
from 3 to 10 should be considered as the most careful ones. These data are 
presented by solid lines, and are also in agreement with those calculated by 
means of expression (30). 

The scattering of experimental data is so large that in practice one can 
round off the coefficient of expression (30) without reducing the necessary 
accuracy of the calculation. Then we obtain: 


Ky, = 0-04 Re-%25 Pr-06, (31) 


For a region of high Reynolds’ numbers, where the Blasius expression (29) 
is rather unsuitable, in expression (30) one can write: 


K, = 4 Pros, (32) 
and take the value of the resistance coefficient y directly from well-known 
experimental curves for this quantity. 

Stanton’ observed in rough tubes an increase in the value of y, as K), increased. 
This takes place owing to an increase in the turbulence of the boundary layer 
and, consequently, in the mixing factor. It is known that then y, depends 
no longer on the Reynolds number, hence p in expression (27) is equal to zero. 
Therefore for rough tubes it can be expected that for all Reynolds’ numbers 
we obtain: 


- Ys -0. 
Ky, => a Pr 0-5, (33) 
Of course, this result is to be checked experimentally, 


The basis for deriving expression (30) is the fact that we consider the mixing 
factor in the boundary layer to be mainly proportional to the square of the 
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dynamical velocity, according to (23). The validity of this assumption can be 
considered as proved only after performing a more thorough experimental 
study of thermal and dynamical processes taking place at the very wall of 
the tube. Obviously, only after experimental difficulties in these investigations 
are overcome will it be possible to study with a better accuracy the process 
of heat-transfer in tubes. 


OmwAWIS oP w 


Re -10000 | 


ns ar 


0-005 


wa aofam- 


=25000 = 
———- OT 


Re 


o-000! 


| 
TA3SP5., Re=50000 
Pee ei EF 
vt 5 a 
“ake 
P—-88n-7 8 
NX 
‘XN 
2:0 5 10 
Pr 
Fic. 1 


K: von Karman, P: Prandtl, EF: Eagle and Ferguson. 


. M. V. Kirpicuev, M. A. Mixgeyvev, L.S. Ercenson, Heat Transfer, Moscow, 1940, 


p. 144. 


.J.S. Taytor, A.R.C. Reports and Memoranda, No. 272 (1919). L. Pranpti, Phys. Z., 


29, 487 (1928). 


. Th. von Karman, Proc. Intern. Congr. Appl. Mechanics, Cambridge (1934). 
.S. Gotpstzetn, Modern Developments in Fluid Dynamics, Oxford, 1938, Vol. 2, p. 647. 


REFERENCES 


. H. Lorenz, Z. techn. Physik, 376 (1934). 
_ A. Face and H.C. H. Fownenp, Proc. Roy. Soc., A 135, 657 (1932). 
. J. Nuxurapse, Ver. Deut. Ing., Forschungsheft, 356 (1902). 

. H. Lorenz, Z. techn. Phys. 162 (1934). 

. T. E. Stanton, Friction, Longmans, London, 1923. 


KR 
so 


=10000 - 


Re 


=50000 


Re 


43. WAVE FLOW OF THIN LAYERS OF A VISCOUS 
FLUID 


I. The problem of the flow of thin viscous fluid layers under the action of 
a constant volume force is studied taking into account the surface tension. 
An approximate solution of the flow cquation is found which shows that 
undulatory flow conditions observed experimentally by a number of authors 
are more stable than laminar ones. The form of the wave profile, the phase 
velocity and the amplitude are obtained. The theoretical magnitudes found 
here for the critical values Re,. for which undulatory flow conditions take 
place, are in agreement with experiment. The rapid spread of a dye along 
the flow, observed by Friedman and Miller, is explained quantitatively by 
the undulatory character of the flow. 


Il. The problem of the interaction of a gas flow with a fluid flow is studied. 
It is shown that, assuming shear conditions in the gas stream in its flowing 
over the undulatory surfacc of the fluid, one can explain and determine quan- 
titatively the marked drop of the pressure in the gas stream flowing in tubes 
with wet walls. An expression fitting experiment is given for the critical 
velocity at which the vertical tube on whose inside walls the fluid flows 
counter the gas “gets choked’’. An estimate is given for the increased heat 
transfer in thin fluid layers under undulatory conditions. 


IIT. A shadow method is devised for photographing the cross-section of the 
thin viscous-fluid layer in order to study the free flow on the external wall 
of a cylindric tube. The necessary conditions for the two-dimensional undu- 
latory flow state of a thin fluid layer to be produced are elaborated. A quanti- 
tative measurement of the amplitudes, phase velocities and wavelengths is 
carried out for many different flow rates of watcr and alcohol flows. A num- 
ber of photographic samples of the cross-sections of flowing thin fluid layers 
are presented. The results obtained are compared with the theory developed 
in the preceding work. It is experimentally shown that undulatory conditions 
after a definite critical flow rate are more stable than laminar ones. The 
value of the critical flow rate found experimentally for alcohol and water 
is in a good agreement with that predicted theoretically. Two basic types of 
undulatory flow conditions are found. The first type corresponds to the one 
predicted theoretically; in it the wave profile is similar to a sinusoidal one, 
and we call this periodic flow conditions. The second onc is a new type con- 
sisting of individual waves moving independently of one another. The experi- 
mentally found dependence of amplitudes, wavelengths and phase velocity 
on the flow rate for periodic conditions agrces with that predicted theo- 
retically within the crror limits estimated by an approximate theory. 
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I. The Free Flow 


l. INTRODUCTION 


In the flow of a fluid confined by a hard wall and a free surface it is naturally 
assumed, for a small thickness of the layer (up to 1-2 mm), that the viscosity 
of the fluid is the basic factor defining the character of this flow. The hydro- 
dynamic problem in this case is reduced to one of the simplest cases of laminar 
flow, and gives the well-known cube relation between the thickness of the 
layer and the flow rate of the fluid per unit width Q of the flow. As a criterion 
of the stability of such a laminar flow one takes the Reynolds number 

Re = 4Q 271, (1) 
where » is the kinematical viscosity. The case of the flow of a fluid along a 
vertical wall under the action of the force of gravity is the one best investigated 
experimentally. Studies by a number of authors! have shown that the cube 
law for laminar flow is quantitatively well confirmed by experiment in a range 
of Reynolds’ numbers up to 1500, when turbulent flow occurs. In these studies 
the layer thickness was determined by measurement of the volume of the fluid 
at the wall. 

Kirkbride? measured the thickness of the fluid layer by a micrometer and 
found it to be larger than according to the laminar law. He explained this by 
the fact that waves are propagating on the free surface. 

The undulatory character of the flow was also detected by Fallah, Hunter 
and Nash*. Experiment shows that this undulatory of character the motion 
appears already for Re values of about 20-30. Thus it turned out that the 
motion, which was assumed to be the simplest laminar one almost in the entire 
range of Re values, is in fact an undulatory one. In order to study the character 
of this flow Friedman and Miller! put a dye in a stream of a fluid, and in such 
a way wanted to determine the maximum velocity of the flow. The experiment 
showed the velocity of spread of the dye to be half as large as the velocity 
of flow of the external layer of the fluid, which in a laminar flow has the max- 
imum value. 

These studies show that the law for laminar flow is obeyed only as an aver- 
age, and refers only to the mean thickness of the layer, whereas in fact the cha- 
racter of the flow differs from that of a simple laminar flow. The reason for 
this difference should evidently be sought for in the fact that in deducing 
hydrodynamical equations one took into account no surface tension which in 
a flow of a fluid with a low viscosity and in thin layers, even if the free surface 
is slightly deformed, acquires a considerable value quite comparable with 
forces of viscosity. In what follows it will be shown that, if capillar forces arc 
taken into account, the undulatory flow even at small velocitics is indeed more 
stable than a simple laminar flow. 

The existence of a more stable undulatory flow is of great interest because it 
allows one to explain and describe a number of known physical phenomena 
abserved in the flow of thin layers, which were until now little understood. 
Of these phenomena we are going to discuss in the present work the fluid flow 
under the action of a gas flow on its free surface, and heat transfer in the fluid. 
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2. Basic RELATIONS 


A physical quantity determining the flow studied is, besides the density o 
and the viscosity , also the surface tension o. For convenience we shall in- 
troduce the quantity 6 (kinematical surface tension) which is equal to 


6 =o/o. (2) 
We shall assume that the motion is maintained by a constant volume force. 
The component of the acceleration of this force along the direction of the flow 


Fic. 1 


will be denoted by 7. Usually 7 represents an acceleration component of either 
the force of gravity or centrifugal force. Taking the flow to be two-dimensional 
and to proceed along the z-axis, we count the y-coordinate from the distance ay 
from the wall (Fig. 1). The variable thickness of the layer will be denoted by a, 
and the components of the velocity in a given point of the flow by v, and v,. 
The mean velocity v along the x-axis in a given cross-section will be equal to 


a 
1 [ . 
v= a. vy dy. (3) 
0 
Considering the material balance of the flow through an element da, we get 
dva da 4 
6x Ot “) 


The equation of the free surface of the flowing layer is determined by that of 
the curve 


Y = MQ; (5) 
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The thickness of the layer will be equal to 
a= ay(l + g). (6) 


The quantity y is a function of x and time ¢t. Assuming that the profile of the 
free surface moves without changing itself with a constant phase velocity &, 
one can consider @ as a function of a variable equal to x — kt. Then also all 
quantities which are a function of y, ic. F = F(p), satisfy the following 
partial differential equation: 

oF oF 

aa Ot ) 


Henceforth we shall denote differentiation with respect to « by means of dots. 
Between the mean values of functions of » averaged over the length and 
time there is the following relation: 


Xo To 
—_— 1 1 
F@) =| tax =a [fats m= —k%y, (8) 
0 0 


The averaging over the length x will be denoted by a bar. 

In considering the problem these conditions allow one to treat it as a one- 
variable one; we shall choose this variable to be x, putting the time t = 0 
in the expression for m. We shall assume that the process is steady when the 
thickness a of the layer has a constant mean value which we shall take to be 


ay = a. (9) 
Consequently, from expression (6) it follows that 
g = 0. (10) 
From relations (7) and (4) we obtain 
da(k — v) 
<= 9. (11) 


The difference between the velocities k and v will be denoted by w. This is 
the velocity averaged over the cross-section, with respect to an observer moving 
with the velocity k of the wave front. Then we have 


v=k—u;z vo=k— Up, (12) 
where v, and u, denote the velocities in the mean cross-section 4, of the flow- 


From (11) it follows that 
Ua = Uy A = const. (13) 


The mean flow rate Q of the fluid, according to expression (8), is defined as 
To 
1 — 
Q = qe [radi =o, (14) 
0 


Substituting the value v from (12) at a steady flow, we obtain @ to be 
Q=ka — ua = kay — Up dy = %%- (15) 
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3. FLow EQUATIONS 


In an ordinary laminar fluid flow the constant volume force in any point 
is balanced by a force of viscosity equal to w(é*v,/dy*). On integrating this 
expression, taking as boundary conditions that at the wall the velocity is 
zero and that no tangential tensions are acting on the free surface and hence 
the velocity gradient is here also equal to zero, we obtain the known quadratic 
velocity distribution over the cross-section: 

4 2 
v, = 1-50(1 -4), (16) 
where v is the velocity averaged over the cross-section, determined by expres- 
sion (3). 

In an undulatory motion, in which also capillar and inertial forces are taking 
part, this distribution may be disturbed. In considering the flow in thin layers 
we shall confine ourselves to the case when the wavelength is considerably 
larger than the thickness of the layer. Since in this case forces of viscosity 
will play the basic role, the boundary condition defined by them (velocity = 0 
at the wall) must hold. Therefore it can be assumed that the quadratic velocity 
distribution without high-order terms of y/a will characterise the flow suffi- 
ciently accurately also in an undulatory state. 

In view of the smallness of the cross-section to wavelength ratio, the effect 
of the velocity component v, can also be disregarded. Then the Navier-Stokes 
equations along x-axis will be of the form: 

dv, 1 dv . 

= THe pth tle. (17) 
In order to solve this equation let us introduce, for each of the terms, the values 
of v, and v; averaged over the cross-section. For v, this value is given by 
expression (3), while for v2, according to (16), it will be 


~ [dy = 50 18 
a | ely ae. (18) 


Replacing according to (7) the derivative with respect to time by that 
with respect to x, we obtain 

0 fk 1 ap v ery 
sriew-— ke) = -—-— 4+ 5 - 8 4 ov. 

(5 a err (19) 

Let us look for an approximate solution for the function @ satisfying this 
equation and having a steady periodic character. In this case we shall assume 
that in expression (5) the amplitude of oscillations of the undulatory surface 


will always be smaller than the mean thickness ay of the layer, whence it 
follows that the amplitude will be smaller than unity: 


|p| <i, (20) 
We shall estimate the degree of importance through the index with which Y 
enters terms with the same coefficients. We shall also assume that the order 
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of magnitude of the derivatives of m is determined by the relations: 


lp? =ayle|; | of? = a5 |@| ete. (21) 
In the fluid flow that we are considering the pressure gradient in equation (19) 
may be due to two causes: (1) to the pressure of the gas stream flowing over 
the free surface of the fluid, or (2) to surface-tension forces. 
Let us first consider the flow in the absence of the action of a gas flow. 
According to known expressions for the pressure gradient produced by capillar 
forces, it will be equal to 


i a 22 
On Oa (1 + a2)" (22) 


According to the condition (2), the value of the denominator can be assumed 
to be unity with an accuracy to within a magnitude of the second order of 
smallness. 


4. First APPROXIMATION 


Introduce the function ¢ into equation (19). On the basis of (6), (12) and (13) 
we shall express the velocity v and its derivative with respect to # in the form 


u u 

yv=k—-—*; b=", @. 23 

+9 a+ or ee) 

Introduce the notation for the ratio of the phase velocity & to the velocity v,: 
z= k/v. (24) 


Retaining only the highest order terms at all of the coefficients, we obtain 
from equation (19) the following: 


oes . . Vv . v, 
day + o8le — 1) @ — 12) 9 + 3(7 — 2% 38)p +(j 8442) = 0. (25) 
0 0 


In the case when gy = 0, we have a simple laminar flow. Denoting the thick- 


ness of the layer by m, the mean velocity by w, and introducing the value Q 
from (15), we obtain from this expression the ordinary relation 


j=3vwm? =37Qm-. (I) 


When @ differs from zero, we obtain a third-order linear equation. In order 
that this equation may have a stcady periodic solution it is necessary that the 
constant term and the term with y should be equal to zero. Whence it follows 
that equation (I) must hold and, hence, in the first approximation in an undu- 
latory flow the thickness a, of the layer will be close to the thickness m which 
occurs in an ordinary laminar flow. Also the velocity v, in the mean cross-section 
will in the first approximation be equal to the velocity w. 

The fact that the coefficient of the term @ is equal to zero gives 


j = 20 U9 Ay”. (II) 
This equation is of importance for a steady flow with periodic conditions. 


Substituting into it the value j from (I), we see that in any case z must be 
positive, and in the first approximation z~ 3. Consequently, the phase 


6* 
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velocity k is directed along the flow and is equal to three times tle velocity v4 
in the mean cross-section. 
If one denotes the wavelength by 4, and introduces the notation 

n = 2n/A, (IIT) 

then the periodic solution sought for will be 
gp =asinna. (26) 
We shall call the quantity « the amplitude. The value n is determined as 
n® = (z — 1)(z — 1-2) v2 (6.a,)-1. (IV) 
For given z and a, this expression establishes the wavelength. The value of uy 


is determined from (15) on the basis of the flow rate Q. In what follows we shall 
study the flow as a function of Q. 


5. SECOND APPROXIMATION 


In order to elicit the degree of accuracy of the first approximation and 
boundary conditions under which an undulatory flow may take place, it is 
necessary to find the following approximation. The second approximation is 
obtained if terms with a » of the second order of smallness are introduced 
into equation (25). On doing this we obtain the following non-linear equation: 


5 eee 2 _ 4. ee . 
8 apf (1 + 3) + Ble — NG -12)(1- 5" G9) ¢ 


+ 3)9% + 3(j — 24) + (7 — 3%) = 0. (27) 
ao ay 


Let us look for a steady periodic solution of this equation, adding terms of a 

double periodicity to solution (26). Terms of second order of smallness can be 
made to vanish by putting 

. ) . ; , 

yg =asinn« + 0-28? cos 2nx ~ Tn qo * Sin ane ov (V) 

In order that this solution may hold, it is necessary that tle previous con- 

ditiou (IT) that terms of the order of p are equal to zero should be maintained. 

On substituting (V) into equation (27) the equality to zero of terms which are 

independent of y gives: 


. 3 
9 (1 + 5°") = 370) a~*. (28) 


This equation shows that in second approximation the mean thickness a, of 
the layer already depends on the amplitude «. Deuote by f the ratio of the mean 
layer thickness a, to the layer thickness m in laminar conditions taking place 
at the same flow rate Q: 


ay = Bm. (29) 
Then from expressions (28) and (I) we obtain 


3 
t= 1+ z0%. (30) 
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From this expression it is seen that 6 depends on the amplitude and is 
always less than unity. Consequently, under undulatory conditions the mean 
layer thickness will be less than under laminar ones. As will be seen from what. 
follows, this makes steady undulatory conditions more stable than laminar 
ones. Expression (IV), which defines 7, i.e. the wavelength, remains unchanged 
in the second approximation. 

In expression (V) for g the second harmonic term with cos2nx arises because 
of the absence of symmetry in the fluid flow conditions. When the quantity @ 
becomes smaller than its mean value a,, the flow conditions will differ from 
those when a has a value larger than a,. The coefficient of cos2na is small; 
this shows that even at considerable amplitudes the simple sinusoidal form of 
the waves will not be substantially distorted. 

The term with cos2na arises under undulatory conditions owing to the 
absence of equilibrium between forces of viscosity and volume forces along 
the flow. If condition (II) is maintained, this absence of equilibrium will be 
manifested only in the appearance of second-order and high-order harmonics. 
The magnitude of the coefficient at this term decreases rapidly with increasingn 
(i.e. with decreasing wavelength), because n enters the coefficient as the third 
power. This term will have an appreciable effect on the form of the waves 
only when undulatory conditions arise. Therefore the effect of the term with 
cos2nxz on the wave form can be disregarded practically in the whole range of 
undulatory conditions. This term is necessary in order to establish critical 
conditions for the appearance of an undulatory flow state. Thus, the second 
approximation shows that a sinusoid will represent properly the form of the 
undulatory surface. It can be assumed that terms of the subsequent order will 
have an even smaller effect, but the calculation appears to be cumbersome. 

If the time is introduced into expression (V), then in the complete form the 
periodic solution in the second approximation will read 


a= a|1 +a sinn(« — kt) + 0-28 «7 cos 2n(x — kt) 


;2 
— las” sin2n(a — kt) + --]. (Va) 


6. DETERMINATION OF THE AMPLITUDE 


The amplitude « can be determined from the stability conditions of undula- 
tory flow state and its energy balance. In the flow conditions considered the 
energy dissipation will take place only owing to forces of viscosity. Let us 
denote by dE, the value of the energy dissipation over the entire cross-section 
in the flow per element da of its length. Then, according to the well-known 
hydrodynamical formula‘, and within the limits of the assumptions made, the 
energy dissipation will be equal to 


dE, = —de yay (31) 
w= Te on | ( By y. 
0 
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Tf we substitute the value v, from (16) and carry out the integration, we obtain 
the energy dissipation over the range dx 


fa 


2 
dii,= — 3u— da. 


The mean dissipation per unit length will be 

E, = —3uvPar. (32) 
Substituting the values v and a from expressions (6) and (23) and z from (24), 
and denoting by F the function 


2 
L (lL +29) a: 
F=— {| ———dz, 33 
acer, 8) 
0 


we obtain the mean energy dissipation per unit length for a flow rate Q: 


E,, = —3uQ ay? F. (34) 


ub 
If » = 0, i.e. in the absence of undulatory flow, F = 1 and the energy dissi- 
pation will be equal to that taking place in ordinary laminar conditions. 

The energy which is dissipated is accounted for only by the work of volume 
forces. The mean work per unit length for a flow rate Q is equal to 

E; =jova =jo@. (35) 

For a given flow rate Q this is a constant. Hence the amount of the dissipated 
energy H', in steady flow conditions will have a constant magnitude. Equating 
this and the previous equation, we obtain for the mean thickness of the layer: 


ai = 3yQj7F. (36) 


From this expression it is seen that the smaller F, the smaller the mean layer 
thickness ay. 
Let us calculate the value F. Assume that there is given a definite integral 


of the following form: 
a 
] dx - 
Zz bog 18) (37) 
0 


Differentiating f with respect to the parameter c or 6, and then assnming them 
to be unity, one can obtain all three types of integrals into which the expression 
(33) is resolved, if the numerator is written as a sum of three terms, for 
example: 

a 


1 dx ; 
tl tae 8) 


ed 0 


and so on. 


Considering only steady periodic conditions, we introduce the function 
from (V) into expression (37), and confine ourselves in the beginning to the 
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first harmonic. Then we shall obtain the known integral 


A 


1 dix 

— | ———7__ = (8? © 62 y2)-* 39 

AJ 6 +eusinne ( oo) (39) 
0 


On performing the calculation we obtain for F the expression 
1 
P= Fz {2 + o2[1 — 62 + 241 — 2a?)j} (1 — o?)~*e, (40) 


The calculated curve F = 1 is drawn in Fig.2 in coordinates z and a?. 
From the drawing it is seen that this curve together with the z-axis defines 


Ol oO? O3 0-4 05 0-6 OF 
2 


a 


Fra. 2 


a closed area. An F’ < 1 corresponds to points with coordinates z and a? lying 
within this area. 

In order to find out the minimum value of F, let us draw the curves 
oF /d(a?) = 0 and @F/dz = 0 (Fig. 2). The crossing of these curves gives the 
point M with the coordinates z == 1:5 and a? = 0-5, for which F ~ 0-7, namely 
the lowest possible value of the function. 

If one assumes that in a fluid flow under ordinary laminar conditions a 
sinusoidal perturbation occurs having such a character that its phase velocity 
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has a value lying within an area defined by the curve F = 1, then the dissi- 
pated energy E, will be smaller than the energy E£, imparted to the flow. 
Therefore an increase in the kinetic and capillary energy will occur, which 
will lead to an increase in the amplitude of the oscillations. This process 
will proceed until F takes on its smallest possible value, while the thickness 
of the flow reduces down to a value determined by expression (36). 

Since in this work we confine ourselves to the consideration of the steady 
periodic solution, besides the condition that F should have its minimum value 
it is necessary that the value ofzshould satisfy condition (IT) that the coefficient 
of y vanishes in the basic equation (25). 

Substituting the value j from (I) and a, from (29) into expression (IJ), 
we obtain z = 3°. (41) 


If expression (36) for undulatory conditions is compared with the ordinary 
expression (I) for laminar ones, and the ratio of the thickness a, to m from (29) 
is introduced, then we obtain 

P=F= i Z. (42) 

3 

This equality, together with the condition of minimum F, determines the values 
o? and z. In order to solve this problem, calculate the value of F,,, at the co- 
ordinates of the curve 0 F/d(a?) = 0. Draw the curve z = 3F,, and find the 
point of its crossing with the curve 0F/0@(«*) = 0. This point is denoted in 
Fig. 2 by O, and gives the values of z and o* sought for. If we round off the 
numbers calculated within the error limits of a slide-rule, then we obtain 


oo? = 0-21; « = 046; 2=24; F=f=08; B=0-93. (VI) 


Thus, according to expression (29) it turns out that in a steady periodic un- 
dulatory flow at the same flow rates the mean layer thickness ay under undula- 
tory conditions is by about 7 per cent less than m under laminar ones. From 
the obtained value a it is seen that the wave amplitude for all flow rates 
will have an appreciable value of 0-46 of the mean layer thickness a,, while 
the phase velocity amounts to 2-4 of the velocity v, in the mean cross-section, 
i.e. exceeds it considerably. 

Having the first approximation for o?, we can estimate the error due to our 
discarding the terms of the second harmonic in expression (V) forg in calculating 
the integrals (39). This error in the determination of the considered quantities 
over the major range of undulatory conditions can be shown to be of the 
order of (0-28 x)? = 0-018, (43) 
i.e. less than 2 per cent. 

Assume that the length of the wall along which a fluid is flowing from the 
supply point is equal to x and sufficiently large that the flow conditions may 
be steady over the major part of the length. Then for given flow rate Q the 
potential energy of this layer will be 


] a 
z Ay tO 70. (44) 
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At a complete equilibrium of all other forms of energy and under steady 
flow conditions the most stable flow state will be that in which this quantity 
has the lowest magnitude and, consequently, in which the mean layer thickness 
@ is a minimum. Therefore for given flow rate Q it is undulatory conditions 
and not laminar ones that will be the most stable, since a, will be smaller than m. 

It should be noted that the analysis performed, even within the limits of 
the assumed approximations, does not allow one to establish whether the steady 
sinusoidal wave form (expression V) obtained from equation (27) is the most 
stable type of undulatory flow. It is highly likely that a more complete study 
of this type of flow will lead to a revelation of undulatory conditions which occur 
when the mean layer thickness is even smaller and, consequently, are even 
more stable. These flow types may be predicted to be some sort of perturbations 
of the obtained sinusoidal flow, in which the waves are as if gathered into groups, 
the wave amplitude being somewhat larger and the phase velocity lower. 
In the initial stage of the study of such flows the obtained periodic solution, 
as shown by experiment, may serve as an approximation sufficient for de- 
scribing the physical phenomena mentioned in the Introduction. 


7. LIMITING VALUES FOR UNDULATORY CONDITIONS 


Substituting the values obtained for z and F from (VI) into expression (IV), 
introducing the flow rate Q and using expression (36), we obtain for n? 


1 9 iQ 
2 = (2 — 1)(z — 1-2)---* = 0-7. 4 
n= (2—N@- 12) 55" = 07 (45) 
From expression (III) we obtain the wavelength as 
yo \'ls 
A=75 (=) . VII 
aj (VIT) 


The mean layer thickness is determined from expression (36) by substituting 
the value F = 0:8: 


". (VIII) 


a =1 34( ; 
These two expressions allow one to establish that range of Re and of flow 
rates Q in which the assumption made for our approximate solution holds. 
The limitation of the values of the derivatives (21) determines the limit of the 
wavelength 2,,, to which the assumption that we made is valid. From (21), 
upon substituting the values y and «, we obtain 


Ao fos 2M ig. (46) 
Xo Ag a 
This expression determines the shortest wavelength down to which « and 2 can 
be assumed to depend little on the wavelength; the shortcr the wavelengths, 
the less reliable the assumption adopted may turn out. Of course, this con- 
dition puts no restriction on the existence of undulatory states also at shorter 
wavelengths, but, as shown by the analysis, it can be expected that « will 
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increase with decreasing wavelength, while z will decrease. Condition (46) is 
also consistent with the other assumption that we made—that the wavelength 
must be considerably larger than the thickness of the flow. 

The establishment of the limiting values for the largest wavelength at which 
undulatory conditions start is associated with difficulties which do not allow 
one to do this reliably, since there is no exact solution to the problem. The most 
natural way would be to determine those values of coefficients containing the 
quantity m in expression (V) for which the complete solution is convergent. 
Having only the first two terms of this expansion, one can only proceed from 
the assumption that the convergence of the series will be ensured when the 
coefficient of a? sin2nz is less than unity. Then we obtain 


j/4n3a,d <1. (47) 


This inequality determines the lowest value of n. 

The limiting value at which undulatory conditions arise can be established 
also proceeding from the following assumption of a more physical character. 
Let us find the mean potential energy of surface per unit length of the flow. 
It will be equal to the surface of the waves multiplied by co: 


E, =o[1 + (a) oy". (48) 


Substituting the value @ from (V), we shall write down only the highest terms 
dependent on n. Then we obtain 


— |] ; 2 
Hy = 70 aga? nt F +4 _ n-8 + |. (49) 


Whence it is seen that with increasing 2 and, consequently, with decreasing , 


so far as the quantity in the brackets is small, the surface energy E, will also 
decrease. However, when the term in the brackets becomes large, at a certain 
wavelength A, the sign of the derivative @#/@n will change, and the energy 
will increase. From a physical standpoint this will correspond to the appearance 
at the wave crests of regions with an appreciable opposite curvature, and the 
waves will be as if broken. It can be assumed that such wave forms will be 
unstable and, hence, the limiting wavelength is established by the equality 


OE, 
in (50) 


Disregarding the variation of a, with the wavelength, from (42) we obtain 
j/4n3.a,6 < 0-77. (51) 


Since n is determined by the cube root of the quantity on the right, the ex- 
pressions (47) and (51) give similar values for the critical wavelength. Take 
the inequality (51) and introduce the value n from expression (45); then the 
limiting ratio of 2, to ay will be 

d 


7) 1 
— < t= 13-5971 . 
Ay A 3:50" Qe (52) 
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On introducing the value of the number Re from (1) and substituting the values 
from (VIT) and (VIII), we obtain for the limit of undulatory conditions 

63 \'iu A 
a) = 0:3—. (IX) 


Re, = 2-43 ( 

iy 
The critical value of the number Re thus obtained establishes well the moment 
of the transition from a laminar into an undulatory flow, as will be seen from 


expcrimental data. 


8. DESCRIPTION OF UNDULATORY FLOW CONDITIONS 


The results obtained allow one to describe periodic undulatory conditions 
of the flow of a fluid layer. Figure 3 shows the cross-section of the flow calcu- 
lated at a certain instant on the basis of expression (V). For convenience ag 
and A are chosen in such a way that the drawing should not be too elongated; 


Fic. 3 


the actual ratio of the wavelength to the cross-section is much larger than that 
in the drawing. The curve refers to the case when the coefficient before sin2nx 
is equal to zero. Since this term depends on n~°, its value upon occurrence of 
the undulatory process will decrease rapidly with increasing flow rate Q, while 
the form of the wave will approach the curve shown in the drawing. The mean 
layer thickness a, and the layer thickness that would take place if the ordinary 
laminar flow were taking place are also shown in Fig. 3. 

The mean velocity in any cross-section of the flow is determined on the basis 
of expressions (12), (13) and (24): 


z—1 
v= v(2 FT 5). (53) 
Substituting the values of z and g, one can calculate the velocity in any cross- 
section. The maximum velocity v,, is obtained in the largest cross-section of 
the flow. In the smallest cross-section the mean velocity v, is not only low but 
has also the opposite direction. The velocity « averaged over the length of 
the flow can be calculated from expression (53) by making usc of the value 
of integral (39). The above quantities calculated for the wave form in Fig. 3 
will be equal to 


Um = 14409; Ve = —0-2r; 8 = 083%. (54) 


6a* 
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In a certain cross-section of the wave the velocity v will be zero. The position 
of this cross-section is determined from expression (53). We shall equate it 
to zero. In Fig. 3 the cross-sections where the velocity is zero are denoted by 
the straight lines OO. 

In each cross-section the velocity distribution over the axis is, according to 
expression (17), quadratic. Therefore at the surface of the flow the velocity 
will have the largest value, and will 1-5 times exceed the mean one. In Fig. 3 
the velocity in different points is denoted schematically by arrows. Considering 
the obtained picture of the velocity distribution, it is seen that the flow can 
be characterised rather as the descent of fluid drops of an elongated shape 
along the walls, than as an undulatory flow. 

Thus the analysis performed shows that, after a certain layer thickness has 
been reached at the critical value (IX), of the number Re, a more steady flow 
will correspond to a splitting of the flow into individual drops. As already 
shown, although the obtained periodic solution is more stable than the laminar 
one, a more complete and accurate analysis may still reveal the possibility 
that the undulatory surface may have also a less regular structure. Thus it is 
not excluded that in reality the size and distribution of the “drops”? may turn 
out to be not so regular as in Fig. 3, although the mean values of the amplitude, 
wavelength and pliase velocity are not expected to be much different from the 
quoted ones. It is also quite possible that the tendency of forming the ‘‘drops”’ 
in the flow will occur not only along the x-axis in the direction of the flow, 
but also perpendicular to this. Then the problem will no longer be a two- 
dimensional one, and its solution will encounter additional mathematical 
difficulties. Experimental investigations of undulatory conditions may be of 
a considerable help to a further analysis of this complex type of flow. 


9. COMPARISON WITH EXPERIMENTAL DaTa 


In Fig. 4 the values of the ratio A/a, are plotted, calculated from expressions 
(VIT) and (VITT) as a function of the number Re? for water, toluol and liquid 
air and for a flow which takes place along a vertical wall under the action 
of the force of gravity (j = 981). The physical constants adopted are given 
in the following table: 


0 “ o Re, | Regs 
Water 1 | 0-9 x 1077 23 200 
Toluol 0-86 | 0-54 x 1072 | ¢ 21 170 
Liquid air | 0-9 | 0-174 x 1072] 9. 24 215 


In Fig.4 the straight line determined by equation (IX) is drawn. The points 
of its crossing with the curve give the values of the critical Re, and A,/a. 
The obtained values are presented in the Table. As is seen, these Re, lie near 
the value 25 + 5 found experimentally!. In the drawing there is also the hori- 
zontal straight line given by equation (46). It crosses the curves in the points 
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corresponding to A,.5/@) to which the assumptions made in the above calculations 
can be considered to be fulfilled. The Re,,, corresponding to these values are 
also presented in the Table. 

The accuracy of data for the thickness of the flow, as adduced by different 
authors, does not allow one to check reliably the difference of 7 per cent 
between the layer thickness calculated for the laminar (I) and for the undu- 
latory flow state (VIII). 

Under undulatory conditions it is the fluid at the external surface that will 
move with the largest velocity. This velocity is always lower than the phase 
velocity, hence the portions of the fluid at the external surface will be situated 
successively at different parts of the wave profile, and their velocity will not 


i50 


3-4 Re=r/do 


50 


/0¢2 13-7 
fo) 59 100 150 200 
Re 
Fic. 4 
1: toluol; 2: water; 3: liquid air. 


only change its magnitude but, as was shown, even its sign. The mean velocity 
of the portions at the external surface will, according to expression (16), 
amount to 1-5 6 and, according to the data of (54), to 1-24). It will be lower, 
as compared with laminar flow, than the velocity 1-5 w, because at an equal 
flow rate the velocity v, is only 7 per cent larger than w. 

In the beginning of this paper it has been pointed out that Friedman and 
Miller! observed the spread of a dye in a fluid to have a velocity of 2-4 w. 
Thus the high magnitude of these quantities cannot be accounted for simply 
by the increase in the velocity of the motion of the portions of the fluid at the 
external surface under undulatory conditions. The process of such a rapid 
dye spread in the flow is in fact due to the undulatory character of the flow, 
but its origin is somewhat different, so that in order to elucidate its mechanism 
we shall consider the model presented in Fig. 5. 


678 CoLLecTEeD Papers oF P. L. Kapirza 


Assume that the narrow parallel gap between the plates I and 2 is filled 
by a fluid, and that in the left shaded part the fluid is strongly coloured up to 
the boundary denoted by the line cd (Fig. 5 A). Let us now impose a hori- 
zontal oscillatory motion with the amplitude b and period T upon the top 
plate 1. Then after a time interval of 7/2 the top plate will assume the position 
shown in Fig. 5B, while the boundary ¢d of the coloured part will now in- 
cline and displace to the right. Owing to the layer being thin, in the course 
of the displacement time T/2 the dye will be able to diffuse across the layer 


and to penetrate the low-lying fluid, while the boundary of the coloured space 
will spread up to the line c, d. During the time T the top plate will turn back 
to its initial position (Fig. 5 C), but because of the diffusion over the thin layer 
the fluid will remain coloured up to the boundary c,d,. In the subsequent 
oscillation the process will be reproduced (Fig. 5 D), but now the boundary c, d 
of the beginning of the dye spread will be situated at the distance b from the 
left end of the plate, and will spread up to 26. After the second oscillation has 
been performed (Fig. 5 E), the colouring of the fluid in the gap will, firstly, 
be intensified at the distance b and, secondly, the boundary will displace up 
to the distance 2b. The process will thus go on, and it turns out that, in spite 
of the fact that the fluid will on the average have no longitudinal flow, the dye 
will still propagate with a mean velocity of b/7'. Of course, in such a process 
the intensity of the colouring along the path of the spread will be non-uniform, 
and will always decrcase towards the edge. 

It can be assumed that an analogous phenomenon takes place also as a dye 
spreads over a thin layer of a fluid under undulatory conditions. Here the 
coloured boundary will displace with a velocity which is equal to the largest 
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velocity existing in the flow. According to (53), it is equal to V,, = 1-5v,, =2°1 Vo, 
or roughly to 2-3 w of the mean under laminar conditions, if these last could 
take place with the same flow rate. 

If at the surface of the fluid the largest velocity in a laminar flow be denoted 
by W = 1-5 w, then from expression (15) for the flow rate we get 


W = 1-5Q/m. (55) 


If the value m from (I) be substituted, then assuming 7 = 981 we obtain under 
laminar conditions 


(W v)® = 1100(Q v)?. (56) 
In a similar way we have for undulatory conditions 
Vn = 2:1Q ag7t. (57) 
Substituting the value a, from (VIII), we obtain 
(Vv)? = 3800 (Qr)?. (58) 


If the quantities in the brackets in expressions (56) and (58) are taken as 
coordinates, then we obtain two curves. In the laminar region the dye spread 
will follow the curve (56), whereas after the value Q, from(52) at which undulatory 
conditions set up the dye spread will follow the curve (58). The curve obtained in 


such a way is plotted in Fig. 6. Fricdman and Miller have chosen the described 
diagram for the representation of the results of their experiments with water. 
The data which they obtained for the velocity of the dye spread are reproduced 
in Fig. 6. 

Taking into account the difficulty of a visual observation of the diffuse edge 
of the dye, which obviously causcs the large scattering of the points in Fig. 6, 
the agreement between the experimental data and the calculated curve can be 
considered to be satisfactory. The validity of the proposed mechanism of the 
process of the dye spread is confirmed also by the remark of the authors of 
the experiments quoted that the front of the dye spread was found to be very 
diffuse. 
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II. The Fluid Flow in the Presence of a Continuous Gas Flow. 
Heat Transfer 


. 


]. INTRODUCTION 


As a gas flow acts on the surface of a thin fluid layer flowing on a wall a 
number of characteristic phenomena are revealed. 

If the experiment is carried out in a tube on whose inside walls a fluid is 
flowing, then it turns out that the pressure drop in the gas flow along the tube 
at the same gas velocities is considerably larger when a fluid is flowing on the 
walls than when the walls are dry. In tubes of not too large a diameter a many- 
fold augmentation of the pressure drop has been observed. 

If there is a counter-flow of a fluid and a gas, then as the gas velocity in- 
creases a limiting value is attained after which the fluid is carried along by 
the gas and the counter-flow can no longer take place. If this phenomenon 
is observed in a tube, when the critical velocity is reached the perturbation 
of the regular flow is accompanied by accumulation of the fluid in the tube, 
and this moment is called “choking up”’. 

P. Semenov® has drawn attention to the fact that, when a fluid is flowing 
in the presence of even a stationary gas, a certain small pressure drop arises 
along the tube. 

It was not possible to explain all these phenomena on the basis of the laminar 
flow concepts, because the effect of a gas flow on the plane surface of a fluid is 
not sufficiently large to cause the observed perturbations in the character of the 
fluid and gas flows. If the surface of the fluid is undulatory, the interaction 
between the fluid and gas flows can be considerably larger and, thus, the 
possibility arises to explain quantitatively the phenomena described. 


2. THE EFFECT OF THE Gas FLOW 


Let us consider the pressure exerted by a gas flow on an undulatory surface 
We shall choose the coordinate frame to be the same as that shown in Fig. 1. 
Assume that a sufficient distance from the surface (of the order of magnitude 
of the wavelength) the velocity of the gas flow, which is parallel to the x-axis, 
has a constant value U,, while the pressure is equal to »). Confine ourselves 
to the consideration of the case when the surface of the flow is of a simple 
sinusoidal form, and assume initially that the surface is at rest. Then the 
equation of the undulatory surface is 


Y=aAp =ayxsinN a. (1) 


The flow function for the gas flow, satisfying the given boundary condi- 
tions, reads 

yp = U,(y — aga sin Na: e-*¥), (2) 

This equation will at a smalla, give an «/A curve coinciding with the wave 

profile, while for y = oo it will give the constant velocity U,. The components 
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of the gas velocity are 


oy ; 
Tr = 5 = U,(1 + aya N sin N x-e-Ny), (3) 
oy 
U, = — a U,a,«N cos Nx: e-y, 
The excess pressure at the surface will be 
1 
P— Pp = — > 02(Uz + Ui)y-0 
] 
= — Fe Us(1 + 2a, N sin Nx + a2 a? N?), (4) 


where 9, is the gas density. If we take into account that the waves are moving 
with a phase velocity k, and confine ourselves to the term dependent on 2, 
then we obtain 


Pp — Py = —a4,0No,[U, —k} sin N x. (5) 


In this expression it is necessary to take into account the sign before U, 
and & in accordance with the cases of a counter-flow or forward flow of the 
gas and fluid. 

The pressure gradient in the fluid flow will be 

Op 
sr 

If in addition to the pressure gradient from capillar forces the above gradient 
(6) is introduced into equation (I. 25)*, then from the first approximate solution 
it follows that the effect of the gas flow on the fluid surface will be manifested 
in the solution through the fact that m will be given by expression (1) in which 
the value N will always be larger than n in the previous solution (I. 26) obtained 
in the absence of gas flow. Consequently, the effect of the gas flow is a reduction 
of the wavelength at the surface. The physical cause of this influence of the 
gas flow on the wavelength comes from the known character, already pointed 
out by Helmholtz, of the dynamic interaction occurring at the boundary of 
two flows of different density. Calculations show that within the range of 
velocities at which the phenomena described in the Introduction take place the 
difference between n and N due to the gas flow is negligible and cannot essen- 
tially affect the general picture of the fluid flow. Then no gas-pressure drop in- 
creasing the tube length will occur, because this drop can arise only in the case 
when irreversible processes take place as the gas is flowing across the undulatory 
surface. Therefore such a form of interaction between the gas flow and fluid flow 
cannot provide an explanation for the marked pressure drop observed as the 
fluid is flowing on tube walls. 

It is known that a marked pressure drop occurs in rough tubes. This pheno- 
menon is accounted for by the totality of heat losses arising in the irreversible 
flow over unevennesses of the rough tube walls. It is natural to assume that 


= —4,x N*9,(U, — k)? cosN x. (6) 


* Equations from part I are denoted by (I. ...). 
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the phenomenon occurring as a gas stream is flowing over individual waves 
forming the fluid surface is analogous to the one taking place on a rough 
surface. For this purpose it is necessary to assume that the waves of the fluid 
surface may have a profile which can disturb a smooth flow over them and 
create conditions for a break-down of the flow at the descending parts of the 
waves. 

This phenomenon can be imagined in a way shown schematically in Fig. 7. 
Curve 1 represents the undulatory surface. Curve 2 gives velocity magnitudes 


P- DoF | op, | sp ll+ sin Nx) [ | $pll+sin Nx) 
Fie. 7 

at a certain small distance from the undulatory surface. If there were no 
break-down, then the velocity magnitudes would follow the dotted curve. 
After the break-down the velocity in the point 4, at the descending part of 
the wave preserves its high value instead of decreasing smoothly, and then 
the velocity decreases irreversibly owing to the kinetic energy dissipation 
in the interval AA. After this interval, when the flow again encounters the 
ascending part of the wave, the velocity will assume its normal value, and the 
process will be reproduced anew. Curve 3 represents the pressure exerted by 
the gas at a certain small distance from the wave surface; the dotted line 
represents the case in which there is no break-down in the velocity, whereas 
the solid line represents the opposite case. In this last case, after the break- 
down A, the pressure at the surface will not assume gradually its initial value, 
but over a sufficiently large interval will preserve a value close to the minimum. 
Thereupon, as in the interval A A the pressure rises, the pressure will still not 
assume exactly its initial value, but there will remain a small residual pressure 
drop (4 p/l)A equal to that over a wavelength in a tube of a radius r. This 
quantity, as will be shown later, is equal to 

OP ay Oy, (7) 


In order to describe the process quantitatively, let us assume that at those 
parts of the gas flow where the velocity at the wall increases, the velocity 
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variation as well as the corresponding pressure variation proceeds in the same 
way as in the reversible process, and follows expression (5). This assumption 
ean be justified by the small value of the amplitude in comparison with the 
wavelength whieli provides a sufficient length for such a state to set up. Then 
from (5) we obtain the maximum pressure ehange 7, at the surface to be 


Py = —2a,x No,(U, — ky’. (8) 


The deterniination of the locus of the break-down A, at the erest of the wave 
in the problem considered presents considerable difficultics. As is known, it 
depends on the hydrodynamical state of the gas flow and on the form of the 
wave. In the point of the break-down a sharp cliange in the pressure at the 
fluid surface takes place, and this can give rise to a local alteration of the eur- 
vature of the wave. Thus the data for the determination of the conditions of 
break-down at the wall are hardly applicable to our case. However, if the break- 
down is assumed to take place near 54/4, then it will have no particular effect 
on the quantitative result, if we situate it at the wave erest A, = 4/4. The inter- 
val AA over which the pressure equalisation takes place can be considered to 
be small in comparison with the wavelength 7. The drop magnitude (4 p/l) A 
can be negleeted in eomparison with p,, as is seen from (7). Then we obtain 
the distribution of the pressure p — p, along the wave, corresponding to values 
in the lower row of Fig.1. Having made these assumptions, let us calculate the 
tangential tension t,, produced by the gas flow on the fluid surface. The foree 
along the x-axis, acting on an area element of the wave, will be equal to pdy 
and, consequently, the average over the flow length 


tm= =f pay. 9) 


On substituting the value y from (1) and integrating with respect to the 
values p given in the lower row of Fig. 7, we obtain 


_ agx N p, 


] 
Tm = on = — Z (ao NY 02 (Uo — ky). (10) 


If the direction of the flow is opposite the expression will remain the same, but 
the sign before t,, will change; obviously, this sign will be the same as that of 
U,. For the assumed pressure distribution the obtained value T,, will be as 
large as possible. In order to evaluate the effect of the assumptions made we 
introduce the coefficient y which must be less than unity. Then for the actual 


tangential tension we have 
T=YVTms, 7 <i. (11) 


To the energy imparted to the fluid by a force j 9 per unit length of the flow, 


E; of (I. 35) of one has now to add the energy imparted as the waves are moving 
with the velocity & against the force t. Thus the average total energy imparted 
to the fluid flow per unit length will be 
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Introducing a new notation J and quantities Q and z, we obtain 
By =JF0Q =eQG 4 zat O71 Tn) (13) 


or, introducing the value t,,, from (9), we get 


1 
J=jty—2 aga? NY 7 (Uy — b)2. (14) 


In these expressions the sign plus refers to the forward flow, whereas minus 
refers to the counter-flow of the fluid and gas. 

The physical interpretation of the expression obtained can be reduced to 
the fact that, as a result of the action of the gas flow, the fluid flow will proceed 
as if it were acted upon in the direction « by a volume force having the accelera- 
tion J. This is the major factor of the effect of gas flow on the undulatory 
fluid flow. We shall take into account by replacing j by J in equation (I. 19). 

The pressure gradient in the fluid, produced by the gas flow over the length 
of the wave, is determined by the form of curve 3 in Fig.7. It consists of two 
parts: the first one corresponds to a sharper change of the pressure over the 
extension of 4/7, whereas the second one corresponds to a smooth pressure 
variation over the extension of a half-wave. 

The dominant harmonic term sin N x of the function g, involved in the 
solution of equation (I. 19), can be affected essentially only by pressure varia- 
tions of the same period. Hence it can be assumed that pressure variations 
within the short interval 4A will not have any appreciable effect on the domi- 
nant term. Consequently, in computing the solution in the first approximation 
one can confine oneself to the calculation of only the smooth variation in the 
gradient over the half-wave, and within a wavelength its basic harmonic is 
equal to 

Op ] 

7 ee a N?0,(U, — k)? cosN x. (15) 
Insert this value into equation (I.19), and also introduce the following 
notation: 


1 
ad = ~2(U, — by. (16) 


Making use of expression (I. IV), we obtain an cquation for the determination 
of the basic harmonic of the function 9: 


a) d(p + n? o + 2d N?2 x cosN x) + 3(J —2 “3 \9 + (7 —3 nt) =0. (17) 


ag az 


For a steady periodic solution it is necessary as before, that the constant 
term and the coefficient of g should be equal to zero. If this condition is satis- 
fied, then it turns out that N is determined from the following equation: 


N? —2dN —r2 — 0, (18) 


whence we obtain 


N =d + y(d? + n2). (19) 
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Eor small d, 
d l1/d\3 
n rv 


Thus, when the ratio d/n is small the wavelength will be affected little by 
the gas flow. Under these conditions there usually occur phenomena described 
in the beginning of the section. 

For not too great a value of d/n the second approximation (I.V) that we 
derived will also be valid. In the case when v, and, consequently, » in (I. IV) 
are equal to zero, ordinary standing waves gp = «sin 2dz arise. They are 
observed when the fluid flow is slowed down. The condition that the coefficient 
at m in equation (16) is equal to zero gives 

jtzato tt =z—Q. (21) 
% 
In order to maintain the energy balance it is necessary that the energy E; of (13) 


should be equal to the dissipated energy #,, in (I. 34). On equating them we 
obtain 


jtzato tt =3- QF. (22) 
0 


Comparing this expression with the preceding one, we obtain 

z=3F. (23) 
This corresponds to the previous relation (I. 42) for the determination of F. 
Thus the function F remains as before and, hence, it can be assumed that 
the obtained values (I. VI) for «?, z and F are preserved. Substituting these 
and (10) into expression (22), we obtain 


jy 0-16a, Nee (Uy _— hk)? = 249, (I) 
0 


This expression together with (19), (16) and (I. IV) allows one to calculate NV 
and a, for given Q, U, and physical constants of the flow. The problem re- 
quires lengthy calculations and gets simplified only when n/d is either small or 
large. 


3.TuEe Pressure DROP IN THE TUBE 


If a fluid is flowing on the inside walls of a tube of a radius r, then by balanc- 
ing the tangential force over the perimeter by the pressure drop along the tube 
we obtain 

Ap 2 PP aa NY®o(Uy — BY. (11) 
l r 1 

From this expression on substituting the value p from (8) we obtain expres- 
sion (7) given earlier. 

The determination of the pressure drop on the basis of expression (II) is 
associated with that of the values N and a,. This problem gets considerably 
simplified if d/n is small and, consequently, n = N. It gets simplified also in 
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the case when x is small in comparison with d; then N = 2d. However, in this 
case it is usually difficult to satisfy the assumptions made in deriving these 
expressions. 

Existing experimental data on the measurement of the pressure drop are 
scarce. P. Semenov® studied this problem in most detail, but the conditions 
that he chose refer to large velocities of the gas flow, corresponding to the 
direction of the fluid flow opposite to the force of gravity in the range where 
the application of expression (I) is complicated and less reliable. 

If in expression (II) one puts U, = 0, ie., assumes the gas to be at rest, 
then in the tube there will still remain the pressure drop due to waves propa- 
gating with the phase velocity k. In the given case one can assume N = n; 
then using expressions (I. 43) and (I. VIII) we obtain 

Ap 47 (50) a am 
l r v a 


This expression gives for y = 1 the upper limit of the pressure drop. P. Seme- 


nov observed it at the ends of a tube in the absence of gas flow (no quantitative 
data are presented in his paper). It is of interest to check this simple relation. 


4, THE FLUID FLOWIN THE FORWARD AND COUNTER FLOW WITHA GAS 


As already shown, the conditions of fluid flow under the action of gas flow 
assume a simple form when d/n is small. Calculations show that this condition 
is close to being fulfilled when the characteristic phenomena of the interaction 
between the flows, described in the beginning, take place. On taking d/n to be 
small, neglecting the value d, and substituting the value n? of (I. IV) and the 
values of (I. VI) into cxpression (I), we obtain 


a} 027 7 2 (Uy — bP Qtay — 24 —Q = 0. (24) 
The top and bottom sign refer respectively to the positive and negative sense 
of the velocity U,. This equation for given U, connects Q and a,. Introduce 
the notation: 


s = 009782 (U,— hb; g=12 


of ; (25) 


~.J 2 


Then (24) will assume the form 

aj + 3sQ? a, — 2¢Q =0. (26) 
Analyse the roots of this equation. For a positive Q there are always solutions 
in which a, has a positive and real value. In a forward flow, a, will decrease 
with Uy and, hence, the flow cannot lose its stability. In a counter flow. ay 
will increase with U, and when it becomes larger than that corresponding to 
laminar flow the stability of the flow conditions as a, further increases will not 
be manifest. For a negative Q, a, may have a real value in the case of forward 
flow, i.e. when the fluid is carried away by the gas against the force j 9. Then 
cquation (26) will read 


ay — 38 Q? ay + 2gQ =0. (27) 
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This equation has a positive and real root for a, when 
(s Q*)? 2 (Q. 9), (28) 
whence it follows that 
zs. (29) 
Thus for given g and s there exists a minimum value for the flow rate Q which 
can be carried away by the gas flow. The value of the minimum supply Q,, at 
which counter flow can take place, from equality (28) will be 
Qn = gi? s3i4, (30) 
Accordingly, the layer thickness for minimum supply at which the fluid can 
be carried away by the gas will, from equality (28), be equal to 
Om = Piz s-M4, (31) 
For a supply above the minimum the equation will give two possible values 
of a. 
Experimental investigations or an appropriate analysis may show which of 
the possible flow conditions are the most stable ones. 


~ 


5. ““CHOKING UP’’. 


Fradkov® carried out experiments on the flow of thin liquid-air layers in 
tubes of length 10cm and r = 0-23 cm in the presence of air counter flow 
at 1 atm. In his experiments the supply was carried out through an opening 
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in the tube wall at a distance of ~ 4 cm from the upper end of the tube. Thus 
the fluid running into the tube could flow in it either down or up. When at 
a definite gas velocity and, consequently, at a definite value of s in expression 
(26) the supply Q attains the value Q,,, then according to the obtained con- 
ditions a possibility arises for the fluid to be carried away by the gas upward 
instead of flowing downward. This phenomenon is called “choking up”. The 
corresponding velocity U, at which it occurs is called the critical velocity and 
was determined experimentally by Fradkov. 
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From expression (30), on substituting the values for s, g from (25), we obtain 
for U, 
g \l/2 
Ue = 72 35(0 712 Qu V8(Z) + k. (Iv) 
2 
Here all values are known with the exception of y, the correction factor of T,, 
(11) which takes into account the uncertainty in the break-down conditions. 
For a start it may be taken that y = 1. Assume that the magnitude of the 
phase velocity & can be disregarded in comparison with U,. The curve of the 
theoretical values of U, calculated by means of expression (IV) is plotted in 
Fig. 8. In this case there are taken the physical constants given in part I, and 
the air density at 1 atm and 82°K, 0, = 4-4 x 10-8 gcm™3. 

Experimental data obtained by Fradkov are also presented in Fig. 8. 

As is seen, the agreement of theoretical and experimental results is quite 
good, despite the absence of arbitrary quantities in expression (IV). This 
agreement is much better than could be expected from the assumptions made 
and from the approximate character of the calculations. Therefore the vali- 
dity of expression (IV) should be checked on a number of fluids in order to 
make sure that this agreement is not fortuitous. In any case, it shows that 
expression (IV) gives the correct dependence of the critical velocity on the 
physical constants of the flows. 


6. Tue EFFECT oF THE TUBE SIZE 


In determining the values of 7 the distribution of the velocity U, over the 
tube cross-section due to viscosity phenomena occurring in the gas flow was 
disregarded. The assumptions made are the more justified, the larger the pres- 
sure drop determined by expression (II) is in comparison with that taking 
place in the tube in the absence of fluid layer. In the opposite case the velocity 
distribution at the tube wall will be determined not so much by the resistance 
arising as the waves are flowing as by the virtual viscosity of the turbulent 
gas flow and, hence, the magnitude of U, at the wall will be lower than the 
mean velocity of the gas flow in the tube. If one makes use of the existing idea 
on the roughness € of tube walls and in the case of fluid layers estimates it as 
the ratio of the tube radius to the amplitude of the waves, then we obtain 

r 


C= ; (32) 


2aga 


the larger the roughness, the smaller this magnitude. From experiments of 
Nikuradse? the effect of the roughness on the pressure drop in tubes as a func- 
tion of Re is known. For example, if $15, then already for Re = 104 the 
pressure drop is determined practically only by the roughness. In the experi- 
ments of Fradkov the tube had a sufficiently small cross-section and the value 
of ¢ was sufficiently small to satisfy the assumption made. This circumstance 
docs not contradict the good agreement of its value with the theoretical one. 

Owing to the assumption mentioned the velocity U, given by expression 
(IV) will, at the same flow rates, be lower than the corresponding mean gas 
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velocity in the tube as the tube diameter and consequently ¢ increase. This is 
observed experimentally®. In all of the presented expressions in which t figures 
a correction factor dependent on both £ and Re should be introduced if the 
expressions are applied to a tube of a considerable cross-section. Practically, 
this factor can be associated with y. 


7. HEatT TRANSFER 


Heat transfer in a fluid under undulatory conditions will differ from that 
under laminar ones. If it is assumed that in both cases there is no turbulent 
heat transfer, then the heat transfer will be determined by the layer thick- 
ness. If the thermal conductivity of the fluid is denoted by x, then in a laminar 
flow the heat-transfer coefficient will be 


oy = x/m. (33) 


Under undulatory conditions it will have a mean value, since the thickness 
layer varies over the length. It may be taken to be 


a, = n/a. (34) 


Substituting the value a@ from (I. 6) and using the value of the integral (I. 39) 
as well as the values of (I. VI), we obtain 


a? = eB +g) = 1-21 x/m, (35) 


i.e. a magnitude larger by 21 per cent than that under laminar conditions. Ex- 
perimental data on the determination of the heat-transfer coefficient in flowing 
layers are contradictory. Usually a larger value than that given by expression 
(33) is observed. In a paper by Hebbard and Badger® this coefficient is given 
as 1:25 + 0-05, which agrees with the value derived by us. The heat-transfer 
coefficient is very sensitive to any perturbation of laminar flow, and in an 
undulatory flow this may easily occur. Therefore the value (33) can be con- 
sidered as a minimum which takes place when Re is small and when there 
is no gas flow. 


8. CONCLUSION 


Tn view of the complexity of the phenomena described one has to study them 
by an approximate method, and the validity of a number of the assumptions 
and simplifications made is difficult to estimate only theoretically. Hence a 
further, more detailed experimental check should be carried out in parallel. 
Existing experiments have not been performed in a direction that would 
facilitate the development of theoretical investigations. For example, no deter- 
minations of the phase velocity, wavelength and amplitude are as yet available. 
Such experimental investigations would be desirable for a further study of this 


flow state. 
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III. Experimental Study of Undulatory Flow Conditions 


1. THE AIMS OF THE STUDY 


In the preceding parts of the work we pointed to the inadequacy of experi- 
mental investigations of the undulatory flow of thin viscous-fluid layers. Thus, 
not only no direct measurements of the amplitudes, wavelengths and phase 
velocity of the undulatory flow have as yet been carried out, but also the 
assumption of the very existence of undulatory flow has been based rather 
on a number of indirect factors, like the following: the difference in the thick- 
ness of flowing layer is measured, on the one hand, by a micrometer and, on 
the other hand, is determined from the volume of the fluid layer covering the 
wall, and so on. The purpose of the present investigation has been to detect 
directly the undulatory flow state and to study it quantitatively, so that the 
limits of validity of the approximate theoretical analyses carried out in the 
preceding parts of the work may be determined. 

The detection and establishment of the general character of undulatory 
flow conditions was a relatively simple experimental task, but the working out 
of a method of quantitatively studying these conditions turned out to be a 
rather complex one. 

The undulatory character of the fluid flow in a thin layer can easily be de- 
tected, for instance, in a water flow running in a thin layer either down the 
external or down the internal wall of a vertical glass tube. This can be carried 
out in the following simple way. A white screen is placed near the tube, the 
latter casting its shadow on the former. To obtain this shadow one can make 
use, for example, of an ordinary light source for a microscope, putting it at a 
distance of 1-2 m. In this case, in the path of the light beam one puts a rotating 
disk with openings, by which a stroboscopic illumination is produced, every 
#z—-dsec. Fitting the number of rotations one can easily detect the undula- 
tory character of the flow from the picture of standing waves observed on the 
screen. If a coloured fluid is taken, then the waves are seen directly on the 
tube itself. But the waves are observed in the most effective way if fluorescein 
is added to water and the tube is illuminated through a stroboscope from a 
source of ultraviolet radiation. The waves of the fluorescent fluid are seen on 
the tube very distinctly. 

In all of these experiments it was easy to observe that, if the vibrations of 
the motor rotating the disk of the stroboscope were in one way or another 
transferred to the tube even to a negligible degree, then one could detect the 
presence of flow conditions under which the waves turned out to be more 
regular and stable. 

A quantitative study of undulatory flow conditions encounters a number 
of experimental difficulties. The major ones are the following. Since an undu- 
latory flow state ariscs already at such small fluid flow rates to which usually 
corresponds a thickness of the flowing layer of the order of one to two tenths 
of a millimetre, it is obvious that the wave amplitude will be of the same order 
of magnitude. Consequently, in order to study the form of the waves with an 
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accuracy to within a few percents it is necessary to possess a method allowing 
the wave profiles to be measured to within a micron. 

Another difficulty, which in practice proved to be the basic one, consisted 
in that the undulatory flow must be two-dimensional, i.e. in any cross-section 
of the flow the form of the wave profiles must be the same. This condition is 
also necessary for a quantitative check of the theory developed only for the 
two-dimensional case. In practice this condition turned out to be difficult 
to fulfil, because for this the conditions in which the flow should proceed must 
be produced very accurately. 

Having performed a number of experiments we finally used for the study 
the fluid flow on the external wall of the tube. It turned out that, in order to 
get a two-dimensional fluid flow, it is necessary to produce along the whole of the 
perimeter of the tube strictly identical conditions for the fluid flow. For this 
not only a great accuracy was required in manufacturing the cylindric surface 
of the tube itself, but also it was necessary to ensure identical conditions of 
the fluid supply over the circumference. These requirements led to the necessity 
of applying specially ground cylindric glass tubes and of working out a supply 
system which is to be described later. 

Experiment showed that even the production of a flowing layer on an even 
thickness still did not mean that a two-dimensional pattern of the undulatory 
flow state would be obtained. 

It turned out that the fluid flow from the supply point begins to flow as a 
laminar one and that only after it has traversed a certain path length an 
undulatory flow state occurred. The transformation point is, apparently, deter- 
mined by accidental perturbations. The perturbing factors are usually different 
at different points of the circumference and, hence, in different cross-sections 
of the flow the transformation into an undulatory flow state will take place 
at different distances from the supply point, and this will lead to a non-two- 
dimensional flow. Therefore in quantitatively studying the phenomenon it 
proved to be necessary to introduce an artificial perturbing factor of the fluid 
flow, which would be the same over the entire perimeter. 

Other experimental factors determining the regularity of the undulatory 
flow conditions and, consequently, the accuracy of the quantitative result, 
are the following: firstly, the necessity for stationary supply conditions and, 
secondly, since the fluid viscosity is usually sensitive to small temperature 
variations, a constant temperature should if possible be ensured. 

In carrying out the described experiments the accuracy of the absolute 
values of quantitative data obtained by us was usually to within 5-10 per cent. 
The relative accuracy is somewhat better. The results obtained by the method 
of investigating that we devised can be considered as adequate for displaying 
the general regularity of undulatory flow conditions as well as for a quanti- 
tative check of the theory expounded in the preceding parts (I and IT). 


29 Tur Suapow METHOD or OBSERVING THE WAVE PROFILE 


Of a number of well-tried methods the shadow one proved to be the most 
convenient and simplest for studying the profile of the cross-section of a 
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flowing layer. The basic idea of the method devised by us can be seen from Fig.9 
in which the horizontal cross-section of the arrangement is shown. The fluid 
flow to be studied is flowing on the external cylindric. wall of the vertical 
tube J. A spark gap serving as a light source for photographs is located at 
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Fig. 9. The tube cross-section and the optical arrangement. 


point 2 at a considerable clistance 1 from the tube (in our experiments, 
1 = 120cm). The shadow of the external profile of the flowing layer falls 
on the vertical plate 3. The plane of the plate makes an angle 0 with a ray tan- 
gential to the edge of the tube. If the spark is sufficiently distant from the tube, 
the shadow of the profile of the flowing layer will be N times magnified along 
the horizontal. It is then obvious that 


N = l/sing. (1) 


in order to obtain on the plate not only the shadow of wave profiles but also 
the whole cross-section of the flowing fluid layer, we proceeded as follows. After 
having taken the picture of the shadow of the flowing layer we took that of 
the shadow of the external surface of the tube. For this we stopped the fluid 
supply and dried the tube surface without moving the plate. This was performed 
by removing the rest of the fluid in part by blowing it away and in part by 
evaporating it. The drying process was carried out by air streams directed along 
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the tube from a number of openings made on the vertical tube 4 and located 
in front of the plate. 

The drying of the tube surface usually takes not more than a minute, after 
which the second sparking is produced and the shadow from the edge of the 
dry tube is photographed by the plate. A number of magnified samples of 
photographs obtained in such a way are reproduced in Plates 40-43. In this 
case, in the originals the wavelengths correspond to actual ones, whereas the 
layer thickness and the wave amplitudes are N times magnified. The accuracy 
of the measurement by the photographs obtained is mainly restricted by the 
sharpness of the shadow boundary which may be diffuse for the two basic 
reasons: 

(1) Owing to the finite size of the light source. If the spark has a width d 
while / is sufficiently large, then the diffuseness of the boundary amounting to 
the width of the penumbra, as may easily be seen from the geometric arrange- 
ment, is equal to 


Ay = a(djl) N?, (2) 


where a can approximately be considered as the shortest distance of the plane of 
the photographic plate from the tube surface. It is evident that if d is sufficiently 
small while J is sufficiently large one can obtain a sufficiently low diffuseness. 

(2) Owing to diffraction phenomena. The light waves and waves coming 
directly from the source are scattered by the cylindric tube surface and inter- 
fere with one another giving at the shadow boundary a number of minima and 
maxima of the light intensity, which form a number of parallel bands. In the 
originals of our photographs up to four such bands could be observed, and the 
distance between them was decreasing. The position of the bands can be cal- 
culated sufficiently accurately by means of an approximate formula which 
can easily be derived from the elementary plotting: 


Yn = V(maiN'), (3) 


where A is the wavelength, while m is the ordinal number. The position of 
the first maximum y, (when m = 1) determines the degree of diffuseness of 
the shadow boundary. 

The diffuseness of the shadow boundary is furthermore caused by the pene- 
tration of light at an angle 6 to a certain depth in the emulsion layer. In com- 
parison with the previous effects this one can be disregarded. 

From formulae (2) and (3) it follows theoretically that for optimal conditions 
it is necessary to choose such a mutual position of the light source, tube and 
plate that the quantities Jy and y, would have a similar magnitude. In prac- 
tice it turns out that the main restricting factor is the diffuseness of the boun- 
dary y, caused by diffraction. From expressions (2) and (3) it is also seen that 
for a given magnification N the most efficient method of lowering the boun- 
dary diffuseness is to set the plate as close as possible to the tube in order to 
reduce the distance a. In practice, one does not succeed in making the value a 
lower than 2-3 mm, because it turns out that when the plate is very close to 
the flowing layer the condition of symmetry in the fluid flow around the tube 
is violated. Experiment shows that the regular character of the streamline is 
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easily violated at the smallest external actions on the flowing layer. The prox- 
imity of the plate may affect the fluid flow either electrostatically or by con- 
centrating at a part of the tube surface accidental air flows from the room. 
In order that for a definite a the plate may be at as large as possible a distance 
from the tube, its edge is moved aside as far as possible, as shown in Fig. 9. 
Tt is seen from expressions (2) and (3) that an increase in the magnification NV 
results in a rapid lowering of the sharpness of the boundary. For large Nanda 
restricted sensitivity of the plate a more intense light source is needed. From 


= 


Fic. 10. Design of the spark gap. 


a number of experiments we found a five-fold magnification to be the most 
convenient for the work in our conditions, and so the photographs presented 
were made with this magnification. As is seen from expression (3) the boundary 
diffuseness due to diffraction decreases with decreasing wavelength. Therefore 
we used as light source a spark between iron electrodes, which is rich in ultra- 
violct radiation. 

It is advisable to use contrahalo and contrasting plates sensitive in the ultra- 
violet region of the spectrum. Ordinary reproductive plates satisfy thesc 
conditions well. 

We used as a light source a condensed spark between iron electrodes of con- 
densers with a capacity of 2 uF charged from 5000 to 6000 V. The arrangement 
of the spark gap is seen in Fig.10. The spark arose between the electrodes 30 
and 3J in a closed space bounded by the casing 32 made of annealed steatite. 
This led not only to an increasc in the brightness but also to a restriction of the 
emission area of light coming out of a little window 33 5 mm high and 4mm 
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wide. The discharge of the condenser was produced by reducing the length of 
the spark gap. This was carried out by Moving out, at the due moment, in the 
lower grounded electrode the iron needle 34 which is fixed to the core 35 
placed in the solenoid 36. It is by letting a current pass through the solenoid 


Fig. 11. Device for uniform fluid supply over the tube surface. 


that a discharge through the spark gap was produced. The details of the arrange- 
ment are seen in Fig. 10. In some experiments we applied two sparks of in- 
dependent condensers. The sparks were set at the same height but at a certain 
distance from each other. The discharge was carried out by means of contacts 
circuited by a pendulum in such a way that the time interval between the 
sparks should be equal to a few hundredths of a second. Such an arrangement 
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made it possible to obtain on the plate two mutually displaced wave profiles, 
and to determine from the shift the phase velocity of the fluid flow. In practice 
this method of determining the phase velocity turned out to be less convenient 
than the one to be described later. 

In the middle of the tube the light-proof screen 5 (Fig. 9) was placed, pro- 
tecting the photographic plate from the action of scattered light passing 
through the walls of the glass tube. 


3. PRODUCTION OF A UNIFORM LAYER OF FLOWING FLUID 


It has already been pointed out that the fluid supply to the tube surface 
should, if possible, be uniform over the circumference. In our experimental 
arrangement this was fulfilled, as shown in Fig.11, where the section of the 
upper end of glass tube 1 on which the fluid is flowing is presented. A well 
annealed glass tube having a length of 20-25 cm and a diameter of 2-5 cm was 


24 


Fre. 12. The general scheme of the arrangement. 


taken. We ground it in a brass mandrel up to the cylindric form with an 
accuracy to within a micron, and thereupon polished it. The upper part of the 
tube was ground to be a cone, on which the ground little glass cowl 6 was put. 
The fluid was coming to the tube through the gap 7 between two cones. For 
the gap between the cones to be of the same width over the circumference, 
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three gaskets made of filaments of the same diameter (from 0-1 to 0-2 mm) 
were put in the gap at an equal distance. The fluid was coming from the tube.8 
to the cowl 6 which was hermetically sealed by the lid 9 attached by the 
hook 10a which was fixed to another hook lob mounted on a cork set in tube J. 

Such an arrangement provided already a uniform distribution of the water 
over the tube circumference. A further improvement in the uniformity of 
the distribution was achieved by inclining slightly the cowl 6 by means of 
adjusting screws JJ screwed into the stationary ring 12 surrounding the upper 
part of the cowl 6. The final mounting of the cowl is a delicate operation and 
is carried out directly according to the observation of the shadow obtained 
from the stroboscopic illumination of waves flowing on the tube. The more 
regular and uniform the waves are over the circumference, the more uniform 
the supply. In the course of the mounting it was easily seen that even the small- 
est inclination of the cowl could cause a considerable distortion of the wave 
pattern. 

The tube 13 in the lid of the cowl serves for supplying weak periodic air 
pulses. This makes it possible to produce equal perturbations over the entire 
tube perimeter, which regulate the transition from laminar into undulatory 
flow conditions. The pulses are produced by connecting the rubber tube 14 
to the tube 13 (Fig. 12). The end of this tube is covered and fixed to the stan- 
chion 16 of the stroboscope. At the axis of the motor (not shown in the drawing) 
there is placed the drum 15 with four rollers the number of which is equal to 
that of the slits on the stroboscope disk 17. When a roller touches the rubber 
tube and slightly compresses it an air pulse is transmitted through the rubber 
tube and transferred to the supply fluid. Thus the wave produced by the 
pulses turns out to be synchronous with the stroboscopic illumination, and the 
number of pulses is equal to that of the motor rotations multiplied by four. 
By means of the potentiometer of a rheostat to which the anchor of the motor 
is connected the number of its rotations can be adjusted over a wide range. 


4.THEr ARRANGEMENT 


The general aspect of the arrangement is shown in Fig. 12. The glass tube 1 
is fixed by the brass mounting 19 to the little table 78 with adjusting screws. 
The table stands on a turn-table (not shown in the drawing) and can be turned 
around the axis of the tube J so that the angle 6 may be established betwcen 
the plate and the light beam of the spark. This determines the magni- 
fication N. In our experiments the length of the flow studied along the tube 1 
was 17cm, and its shadow fell on the plate 3 of 18 x 14 cm. The position 
of the plates is fixed by three supports (Fig. 9). Two of these are at the 
bottom, 20, on a brass mounting, while the third one, 29, is on the top of the 
brass rod 21 put in the mounting 19. The ring 12 with adjusting screws Ilis 
fixed to the same rod (Fig. 11). The fluid is supplied from the vessel 22 in 
which, by means of the outlet tube 23, the fluid level is maintained always at 
the same height. The circulation is maintained by the small piston-pump 24. 
The value of the fluid flow rate is established by mcans of a nozzle set made 
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of glass capillaries with valves put at choice in the supply tube 25. Since the 
fluid flow on the external surface of the tube J is all the time in contact with 
air, it carries away with it the dust from the air, which may choke up a nozzle 
as well as the supply opening. Therefore the fluid before getting into the 
vessel 22 is passing through a multilayer filter made of textile fabric. The 
flow rate Q of the fluid flowing on the tube is determined from the time of 
filling the graduated tube 26 placed at the path of the fluid running out of the 
outlet of the mounting 19. The stroboscope 17 is put on a separate table so 
that the vibrations of the motor should not be transferred to the glass tube. 
For the sake of clarity of the drawing, a number of details, such as the motor and 
the device for drying the tube by blowing round the tube, are not presented 
in Fig. 12. 


5. Tun EXPERIMENT 


For obtaining well reproducible data a thorough positioning of the arrange- 
ment is essential. The procedure starts by setting the glass tube J at the plumb- 
line by means of adjusting screws. Further, at the spark spot a small electric 
lamp is put, and the turn-table with the table 18 is turned in such a way that 
the plates may give as narrow as possible a shadow on the screen placed be- 
hind the lamp. This rotation angle will correspond to the position in which 
the plane of the plate coincides with the direction of the beam from the spark. 
Afterwards the table 18 is turned at the necessary angle 6 to obtain the desired 
magnification N (expression (1)). In doing this one sees to it that the shadow 
of the tube end may fall at a distance of 5-6 mm from the plate edge. The plane 
of the plate should be set in parallel to the tube. One has to carry out the ad- 
justment several times in succession, gradually increasing its accuracy. 

For a successful performance of the experiment it is essential that the 
surface of the glass tube should be very clean. The surface is to be washed with 
all known precautionary measures devised in glass silvering. Despite a thorough 
washing it turned out that the polished surface of the tube is frequently wetted 
poorly by water. This, obviously, can be accounted for by the fact that in 
polishing, micro-cracks are being opened, whose content is difficult to remove 
during the washing. It turned out that one can easily achieve a good wetting 
of the tube wall by making use of a known recipe, according to which the sur- 
facc should undergo spark treatment. This is done by means of a spark of 
2-3 cm from a small induction spiral; namely, by moving the handle to which 
a spark gap is fixed the spark is made to run across the tube surface. After such 
a treatment the tube is easy to wet. 

The most tedious operation in the adjustment is the positioning of the 
screws 1] and of a uniform gap in which the supply is taking place. After setting 
up definite conditions of supply and of perturbing pulses, one observes on the 
screen 27 (Fig. 12) the shadow of the flow waves which is obtained with 
stroboscopic illumination. Carefully regulating the screws 11, the waves can 
be made to run down the tube in strictly horizontal rings, even when in- 
frequent air pulses are given and when the waves are single. In particular, if 
the flow rate is not large the regulation requires a certain skill and great care. 
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When a correct adjustment of the cowl is achieved, in place of the plate 3 
a glass plate of the same dimensions is put, and it is verified whether its pre- 
sence violates the regular character of the wave pattern of shadows on the 
screen 27. On establishing the flow state, the pictures are taken. For this a plate 
is set and the tube is illuminated successively by two sparks in the presence 
of the fluid flow and of the dried surface. A number of characteristic samples 
obtained in such a way are reproduced in Plates 40-43. The magnification 
is seen from the scales given for both axes. 

Knowing the fluid flow rate @ cm?/sec and the number x of perturbing pulses 
per second, from measurements on the plates one can obtain all necessary 
values describing the undulatory flow under investigation. 

The thickness a of the fluid layer is determined from direct measurements 
on the pictures by means of a microscope. In this case the agreement be- 

. tween the measurements in different spots of the same plate was usually to 
within about 2 per cent. The wavelength A is determined directly by a ruler 
as the mean value for a number of successive waves. The phase velocity is 
determined from the number of turns of the stroboscope motor, which are mea- 
sured by the turn counter 37 of Fig. 12 and by a chronometer. The number n-. 
of perturbing pulses per second is equal to that of the waves produced during 
the same time. Therefore the phase velocity k will be equal to 


k =An cm/sec. (4) 


The fluid flow rate Q per unit perimeter of the tube circumference is measured. 
on the basis of the time of filling the measuring cylinder 26 and from the 
measurement of the outer diameter of the tube J. In the given experiments 
we confined ourselves to a study of the flow of two fluids differing considerably 
in their surface tension: these are water and alcohol. 

The water was distilled, and its viscosity and surface tension were taken 
from tables for the given temperatures. The alcohol that we possessed had 
appreciable admixtures of heavy hydrocarbons and, hence, its viscosity and 
surface tension had to be measured. This was carried out by elementary me- 
thods on the basis of successive flow of distilled water and alcohol through 
a capillary and from their rise in the capillary. From these measurements the 
ratio of the viscosity and surface tension of alcohol to those of water was deter- 
mined. In the same way the dependence of these values on temperature was 
established for alcohol. 

Towards the end of the work it turned out that a factor restricting the 
accuracy of the experiment was insufficiently removed by us in the course 
of the experiment. It is due to the fact that the fluid during its running down 
the external wall of the tube is evaporating from its free surface, and this 
caused in the course of its flow a temperature drop, which led to a considerable 
increase in its viscosity. This effect is difficult to take into account quanti- 
tatively, although its order of magnitude can easily be estimated by a small 
thermocouple put in the flow. This effect is in particular manifested in working 
with alcohol beeause of its ease of evaporation, and in some of the experiments 
the effect distorted somewhat the quantitative result, while in working with 
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water it showed up much less. Since this effect is difficult to evaluate numeri- 
cally, in experiments where a further improvement of the accuracy of experi- 
mental data would be required one should enclose the area on which the fluid 
is flowing so that the flow may proceed in saturated-vapour atmosphere and 
that evaporation may not occur. Although such a barrier makes the experimen- 
tal arrangement more complex, it nevertheless will improve experimental con- 
ditions also through protecting the fluid flow from a perturbing action of 
accidental air flows from the room. 


6. EFrEctT oF THE TUBE CURVATURE 


The flow of thin fluid layers which we studied in these experiments took 
place not on a plane but on a cylindric surface of radius R. The theoretical 
relations derived in I refer to the plane case of flow and, therefore, one has now 
to take into account the effect of the curvature of the cylindric surface of the 
tube 1 on which the waves are observed. As distinct from the plane case, in an 
undulatory fluid flow on the external or internal surface of a cylinder the un- 
dulatory surface of the flow will have two radii of curvature. The first one 
corresponds to the curvature of the waves themselves. The effect of the in- 
crease in the surface cnergy due to this radius of curvature is accounted for 
by expression (I. 22). In a two-dimensional flow on a cylinder in the direction 
perpendicular to the flow the inner surface will have also the second major 
radius of curvature, R + a, where FR is the tube radius and a is the flow thick- 
ness. Therefore in the case of fluid flow on a cylindric surface the pressure gra- 
dient along the flow, which is caused by the surface tension o, will be given 
not by expression (I. 22) for the plane case, but by the following one: 


op > ) a 5 
ax dx {(1 + ayh Riya , (5) 
where the top signs refer to the flow on the external side of the tube, whereas 


the bottom signs refer to that on the inner side. The thickness of the flow 
layer is determined by expression (I. 6): 
Assuming that the thickness a of the flowing layer is small in comparison 
with R and neglecting the higher-order term, we obtain from expressions (5) 
and (6 : ves os 
plo = —o agli + R*G). (7) 
Substituting this value into the basic equation of fluid flow (I. 25), we see that 
in the first approximation the presence of the new term at @ will be manifested 
only through the change of the wavelength 4. In the first approximation it can 


be assumed, according to expression (I. 26), that the flow is of a sinusoidal 
form: 


gy =o sin(22 x/A). (8) 
Substituting this value into expression (7) we obtain that the tube curva- 


ture causes a relative change in the wavelength in comparison with the plane 
flow by an amount of 


AAJA = + 3(A/2a KR); (9) 


Wave FLow or Tutn LAYERS or a Viscous FLurp 701 


the plus sign holding for the external as well as internal fluid flow on a cylin- 
dric wall. 

In our experiments 2. R was equal to 2:5 cm while the length of the observed 
waves corresponding to the lowest harmonie did not exceed 1 cm. Hence, ac- 
cording to (9) the increase in the wavelength due to the curvature of the 
tube surface is less than 1 per cent. Consequently, within the error limits of 
our experiment the tube curvature displayed no essential effect and, there- 
fore, the flow that we studied could be considered as a plane one. 


7. Basic TYPES o¥ UNDULATORY FLOW CONDITIONS. 
PERIODIC AND SINGLE WAVES 


If no regular perturbing pulses are imparted to the flow at the moment of 
its running out, then above a certain definite critical flow rate the fluid flow 
always turns into an undulatory one at a certain distance from the supply 
point. Examples of the profiles of such a flow are given for water and alcohol 
in Plate 40 (1-5). In examining these pictures it is seen that as the flow is 
running out of the supply point there develop waves which attain rather con- 
siderable amplitudes, the wave profiles having no regular character. From the 
comparison of pictures 2 and 3 it is seen that even at the same flow rate Q the 
characters of the wave profiles somewhat differ from one another. In a spon- 
taneous wave production one succeeded only in some rare and fortuitous circum- 
stances to detect on several waves a certain regular periodicity like, for example, 
on Plate 40 (5). The wave contour, whose character in photographs 1-4 seems 
to be irregular, under a stroboscopic illumination at some definite flash fre- 
quencies reveals on the screen 27 of Fig. 12 a steady and distinctly periodic 
pattern of wave shadows at rest. This shows that the wave profile is predomi- 
nated by some definite periods. In further investigations, it would be interesting 
to elicit quantitatively by harmonic analysis the degree of regularity of these 
undulatory flows in order to determine the wavelengths of basic harmonics, 
their phase velocities and amplitudes. 

In the case when for the fluid flow we produced carefully uniform conditions 
over the perimeter and imparted periodic perturbing pulses, not only the 
regular character of the wave profile was clearly seen but also the existence 
of two basic characters of completely stable undulatory flow state was readily 
detected. 

The first one is the periodic state, which corresponds closely to the one 
theoretically predicted and discussed in Part I. The samples of this state for 
various flow rates are given in Plate 41 for water and in Plate 42 for alcohol. 
The regular and steady character of these flow conditions is well observed 
visually from wave shadows on the screen 27 of Fig. 12, obtained under a 
stroboscopic illumination synchronous with the air pulses. In observing the 
wave shadows and the change in the number of turns of the motor, it is clearly 
revealed that there is a strictly defined pulse frequency at which the wave 
pattern is the steadiest and is propagating regularly over the entire tube 
length, the waves having the most pronounced relief. This periodic undulatory 
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state arises already at negligible synchronous perturbing air pulses, the 
strength of which is established by the screw 28 of Fig. 12. 

As is seen from the reproductions in Plates 41 and 42 (6-15), the wave pro- 
file is of a completely regular character which is at small flow rates similar to 
the sinusoidal and, hence, we call these flow conditions periodic ones. 

The second character of undulatory flow conditions is obtained when per- 
turbing pulses are less frequent but considerably strong; this is obtained by 
lowering the number of turns of the stroboscope and by a proper adjustment 
of the screw 28 of Fig. 12 resulting in a stronger clasping of the rubber tube 14 
to the rollers 15. Then on the screen 27 it is clearly seen that a number of single 
waves are running on the tube wall, the fluid having an unperturbed character 
at an appreciable distance between the crests. The samples of the pictures 
of the single waves are given in Plates 42 and 43 (16-20). From them it is seen 
that independent of the flow rate and the distance between the crests the 
general character of their profile is the same; the wave consists of a basic crest 
with a somewhat steeper front. In front of the dominant crest a number of 
small waves are running. At considerable distances between the crests the flow 
is of laminar character. The picture of these single waves is drawn as if by a 
number of single semi-drops oscillating on the surface of laminar fluid flow. 
Measurements show that at the same flow rate these single waves, according 
to the distance of the crests from one another, have a phase velocity whose 
magnitude varies within a large range; for example, we observed the phase 
velocity for water to be from 15 to 35 cm/scc. 

A quantitative description of the properties of the single waves of a thin 
fluid flow layer in the presence of viscosity and surface tension will, obviously, 
be associated with such serious mathematical difficulties that one can scarcely 
expect to overcome them. Therefore the study of such single waves is to be 
carried out experimentally. 

It is interesting to note that the existence found by us of two fluid flow states 
in thin layers, the periodic one and the single one. draws somewhat nearer 
this phenomenon to the well-known ideal-fluid flow in open channels, where 
thesc two basic characters of steady flow have already a long time ago been 
found. As is known, both flow types are derived theoretically from the basic 
equations for the ideal-fluid flow. 

Varying the number of perturbing pulses one can establish a steady flow 
state which seems to represent a number of the crests of single waves situated very 
close to one another, so that between them there is no region of laminar flow. 
An example of such a wave profile is given in Plate 43 (21). According to its 
character we called this type of periodic undulatory flow the intermediate one. 

Experiment shows that all of the types of undulatory flow conditions can 
be steady only above a critical flow rate Q, characteristic for a given fluid. The 
question as to which of these types of undulatory flow is more stable is as yet 
difficult to answer with a complete certainty on the basis of our experiments. 
These types have been studied on such a short segment of a glass tube that 
one could not observe a clearly expressed tendency for transformation of one 
flow state into another. 
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At considerable flow rates there was manifested a tendency of waves to 
gather into single ones, whereas at small flow rates periodic flow conditions 
give an impression to be more stable. 

In the present paper we present mainly data on a quantitative study of perio- 
dic flow conditions, and compare these data with theoretical ones. We intend 


to give in a later paper more detailed experimental material on the single 
waves. 


8. CriticaL Firow Rate 


The existence of a critical flow rate Q, below which no undulatory flow con- 
ditions develop can be observed distinctly on the experimental arrangement 
developed by us. This is carried out in the following way based on the obser- 
vation of wave shadows on the screen 27 of Fig. 12. If the fluid flow rate is 
below the critical value, then at any strength and frequency of perturbing 
pulses the waves caused by them at the beginning of the flow will be attenuated 
as they are propagating along the flow and, if the tube is sufficiently long, 
they will vanish and the flow will become a laminar one. As the flow rate 
increases and approaches the critical value the process of damping will be 
slowed down, and when the critical value is reached the damping will be ab- 
sent. At flow rates above the critical one, from the intensity of wave shadows 
on the screen 27 of Fig. 12 it can be observed that waves caused by even small 
perturbing periodic pulses not only are not being damped but on the contrary 
are developing to a definite magnitude. Such observations carried out at 
various frequencies of perturbing pulses corresponding to periodic undulatory 
conditions as well as to single-wave conditions have shown that there is no 
appreciable difference in the critical value of the flow rate for all types of 
undulatory flows. The accuracy of determination of the critical flow rate in 
these experiments was restricted by uniformity of the flow over the tube cir- 
cumference and by the tube length along which the amplitude damping was 
observed. In our conditions and by means of these visual observations the 
critical value Q, could be determined with an accuracy to within 5-10 per 
cent. 

The values of the critical flow rate Q, for water and alcohol, obtained from 
the experiment, can be compared with those obtained theoretically. In Part I 
the expression (I. IX) was derived for the critical value of Reynolds’ numbers 
as well as for the critical flow rate Q,. These expressions are: 

Re, = 2:4(63/j x4)»; Q = 0-25y Re, (10) 
where 6 and » are respectively the kinematical surface tension and viscosity, 
while j is the acceleration of the gravitational force. The corresponding values 
of Q, and Re,, calculated for water and alcohol are given in Table 1 together 
with their physical constants. 

The values of the critical flow rate for water and alcohol, obtained experi- 
mentally by the method described, agree within the limits of the given accuracy 
of their determination with those calculated from expression (10) and presented 
in Table 1. 
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TABLE 1 

em? 

@. (Ss) 


0-061 
0-068 


Re, 


1-30 x 10-2 
1.62 x 10-2 


]-14 x 1072 
2-02 x 10-2 


74 
29 


Water at 15° 
Alcohol 


21:5 
13-4 


0-89 
0-7] 


9. THE Wave AMPLITUDE OF THE PERIODIC FLOW STATE 


Above the critical value Q, of flow rate the wave amplitude becomes almost 
at once a considerable one. Quantities which characterise the amplitude and 
can be measured directly on the plate are the largest layer thickness a4, on the 
ridge and the smallest one a,,i; in the valley. If it is assumed that in a periodic 


2 
Q(t ) 


Fig. 14. Alcohol. 


flow state the character of the wave profile is sufficiently similar to the sinus- 
oidal one, then according to expressions (6) and (8) we have 
Amax / Mmin = (1 +a) /(1 —a) ; (11) 
whence we obtain the amplitude « to be 
& = (Amax — Amin) / (Qmax + Amin) . (12) 
The theory owing to its approximate character gives only one constant value 


for the quantity «, which is attained immediately after the critical flow rate 
and, according to (I. IV) is equal tow = 0-46. Diagrams in Figs. 13 and 14 for 
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water and alcohol flows give the values of « as a function of the flow rate Q, 
which are calculated from layer thicknesses measured directly on the plates. 
The theoretical value of Q, and « = 0-46 are plotted by a solid line. As is seen, 
at the moment of reaching the critical flow rate Q, the value of « increases 
indeed rather rapidly and attains a value close to that predicted theoretically. 
In the case of water, when the experiment is more reliable, the agreement is 
better. 


10.Stupy or THE PERIODIC CoNDITIONS 


The theoretical values for the wavelengths and phase velocity were derived 

in Part I. For the wavelengths, according to expression (I. VIL) we gct 

A= 7-5(v 6/Q i) h. (13) 

From expressions (I. VII), (I. 24) and (I. VI) we derive the following depen- 
dence of the phase velocity & on the flow rate: 

k= 1-8(j/v)y Qh, (14) 

The values for A and & calculated according to these expressions for the alco- 


hol and water flows as functions of the flow rate are plotted by dotted lines 
on diagrams of Figs. 15-18. The results of the experiments are plotted on the 


Fic. 15. Water at 15°. 


same diagrams. On photographic pictures the wavelength A is, as already men- 
tioned, measured simply by a ruler, while the phase velocity k is measured 
on the basis of the number of turns of the stroboscope motor and calculated 
by means of expression (4). In plotting the experimental data on the diagrams 
a correction was introduced due to accidental temperature variations of the 
fluid flow which usually occurred from experiment to experiment. The cor- 
responding change in the viscosity was small; it was accounted for by theore- 
tical expressions (13) and (14), and the correction was introduced in the 
measurements of the values A and k, so that they were brought to the same 
temperature. Comparing in these diagrams the data for A and k predicted thco- 
retically (dotted lines) with those obtained experimentally (solid line) we see 
that the best agreement is obtained at the critical flow rate Q,. 
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For the phase velocity & at the critical flow rate for alcohol as well as for 
water there is, within the limits of experimental crrors, a complete agreement 
between measured and theoretical values, but with increasing flow rate the 
phase velocity increases more slowly than predicted by theory. 
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Fia. 17. Water at 18°. 


dx 1O'em 


Fia. 18. Alcohol. 


The measured values for the wavelength / at the critical flow rate for both 
water and alcohol are larger by about 10-15 per cent than those calculated 
from expression (13). In this case, after the critical flow rate the observed 


wavelengths decrease considerably morc slowly than it follows from theoretical 
expressions. 
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The obtained quantitative agreement of experimental data with theorctical 
ones at the critical flow rate, as well as the subsequent disagreement, are com- 
pletely justified by the approximate character of the theory. From the theory 
expounded in the preceding parts it follows that the calculated values for 
wavelengths and phase velocity should be considered as second-order approx- 
imate values. The relative value of disregarded third-order terms can be esti- 
mated on the basis of the square of expression (I. 46). Then the possible error 
in the determination of the phase velocity and wavelengths can be determined 


as Akjk and AAA = (13-7a,/A)?. (15) 


Introducing the values a, and 7, at the critical flow rate Q,, we obtain the 
estimate of the possible relative error in determining the phase velocity and 
wavelengths to be 


Akjk and AAlA = 190 (a//A,)2(Q/Q,)**. (16) 


Substituting the corresponding values for a, and A, for alcohol and water 
from Table 1, we find the estimate of the possible error at the critical flow 
rate to be 8 and 4 per cent, respectively. At a flow rate Q = 0-2 cm2/sec, which 


Fig. 19. Water at 15°. x—laminar flow, e—undulatory flow. 
Solid line m = (3vQ/j)'/*. 


is about three times larger than the critical one, from expression (16) we find 
the possible error for alcohol and water to be about 50-25 per cent, respectively. 
As is seen from the given diagrams, a disagreement of this order between theory 
and experiment is indeed observed at these flow ratcs. 

The limited accuracy of the direct measurement of the thickness of a flowing 
layer on the plates makes the study of this quantity useful for checking the 
method rather than the theory. The main value of measuring the thickness 
of a flowing layer as a function of the flow rate is that from the mutual agree- 
ment of these data onc can estimate the degrce of uniformity of the fluid 
flow over the tube perimeter, and through this show the experimental con- 
ditions to be adequate for obtaining two-dimensional fluid flow. In the diagram 
of Fig. 19 the measurements of the thickness m for a flowing water layer are 
plotted. Above the critical flow rate the laminar flow takes place only in the 
initial part of the flow, when in the absence of exciting pulses waves still 


Ta* 
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cannot develop. Data denoted by crosses correspond to this initial thickness 
of the laminar flow. Solid circles denote the thickness obtained under undula- 
tory flow conditions and calculated as the mean of @max and Amin and, according 
to the theory, multiplied by B-! = 1-07 (see expressions (I. 29) and (I. VI)). 

The theoretical layer thickness m for the laminar flow, proportional to the 
cube root of the flow rate (expression (I. I)), is plotted in the diagram by 
a solid line. From the fact that the experimental points form a continuous 
line it is seen that the conditions for production of two-dimensional fluid flow 
are fulfilled. The systematic departure from the theoretical curve is, obviously, to 
be attributed to an error in the absolute measurement of the thickness on the 
plate, due to our having disposed of no possibility for establishing sufficiently 
accurately the angle 6 of the inclination of the plate 20 of Fig. 9. As is seen 
from expression (1), this may introduce a substantial error into the value of NV 
determining the degree of magnification. 


11. CONCLUSIONS 


The experiments described confirm the main theoretical conclusions that 
the fluid flow in thin layers must be in an undulatory periodic state which 
after a definite critical flow rate appears to be more stable than the laminar 
flow state. The quantitative values predicted theoretically for a fluid with 
given physical constants are for the critical flow rate, for wavelength and phase 
velocity, within the limits of approximation in agreement with those measured 
experimentally. A new phenomenon established by the experiment is the pos- 
sibility for the existence, besides the periodic flow state, of a stable flow state 
consisting of single waves. 

Experiment has also shown that it is possible to observe these two charac- 
teristic types of steady undulatory flow state only when conditions ensuring 
the two-dimensional character of the fluid flow are produced, for which one 
has not only to produce a complete symmetry for the conditions of production 
and proceeding of the flow with respect to the perimeter, but also to ensure 
the sameness of perturbing factors influencing the transformation of the laminar 
into undulatory flow state. 

In usual conditions the fluid flow on the wall proceeds without special pre- 
cautionary measures, and the undulatory flow cannot occur as a two-dimen- 
sional one, but assumes the irregular character shown in Plates 40-43. Only 
this three-dimensional irregular undulatory state of the flow of thin fluid layers 
could so far arise in ordinary conditions, hence it is of the greatest practical 
iniportance. Since a mathematical study of the three-dimensional fluid flow 
would obviously present insuperable difficulties, the basic way of quantitative 
studying is to be sought for in experimental investigations. Experiment shows 
that one has to seek for expressions giving the dependence of the mean values 
for the amplitudes, wavelengths and phase velocity on the physical constants 
of the fluid and on the flow rate in a form which can be found in the two- 
dimensional theory. Under stroboscopic illumination of an apparently irregular 
three-dimensional flow state the predominance of certain harmonics shows up. 
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Preliminary measurements showed the wavelength corresponding to the basic 
harmonic to be similar to that which would take place if a two-dimensional 
periodic flow state were produced in the same flow. That such a way of studying 
more complex and irregular flow processes may prove to be fruitful is confirmed 
also by the fact that the formulae derived in Part I for the two-dimensional 
case of periodic undulatory flow were applied successfully by us to a number of 
practical cases where, as is now clear from experiment, the flow was in fact a 
three-dimensional one: for instance, in studying a complex phenomenon such 
as the shear of a thin layer of a fluid flowing on the tube wall under a gas 
counter-flow, which leads to choking. In Part II, quantitative theoretical 
relations similar to those observed empirically were obtained for the description 
of this phenomenon. 

In studying flow conditions at flow rates four to five times larger than the 
critical one, experiment shows the undulatory flow state under any conditions 
to be a three-dimensional one. In a later paper we shall present more detailed 
data on experimental investigations of single waves as well as of undulatory 
flow state at large flow rates. 

In preparing the devices and in carrying out the experiments Andrei Kapitza 
rendered us substantial help for which we wish to express our gratitude. 
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44. ON THE PROBLEM OF THE FORMATION 
OF SEA WAVES BY THE WIND 


In stupy1neG the flow of thin viscons-fluid layers! the author applied an ap- 
proximate method of calculating the effect of air flow on the undulatory surface 
of a flowing fluid, which led to good quantitative results. In the present note 
it will be shown that the same method may snecessfully be applied also in 
the case of formation of sca waves by wind. 

The problem of the mechanism of transfer of the wind energy to sca waves 
has been discussed for a long time. The main difficulty in the problem of the 
effect of gas flow on the undulatory surface consists in that, if outside the 
boundary layer the gas flow around the wave profile is assumed to proceed 
along flow lines corresponding closely to potential (non-vortex) flow, then the 
energy transfer from the gas flow to the waves is practically absent. Therefore, 
for maintaining the wave state the flow around the wave profile must be 
accompanied in the gas flow by vortex processes. An exact solution of such 
hydrodynamical problems is so far associated with great mathematical diffi- 
cultics. Hence one has to seek for a simplified flow pattern which would reveal 
the possibility of a simple quantitative study of these phenomena. Such a 
simplified pattern, proposed by us, has already been described in detail in the 
paper quoted!, and so we are going to present it here only in general outline. 

As a gas flow is flowing around the wave profile two processes are to be 
distinguished. The first one takes place on the windward side of the crest, 
where the tangential velocity near the surface increases from the valley to the 
summit and, consequently, the air pressure on the wave surface will decrease. 
On the opposite side of the wave—even if there were also a potential flow— 
the reverse picture would appear, and the tangential velocity would decrease 
smoothly from the summit to the valley. Thus, the pressure distribution over 
both sides of the wave would turn out to be the same. Evidently, such a sym- 
metric pressure distribution cannot result in maintaining the undulatory state. 
It is known that in flow aronnd profiles, when a rather rapid decrease in the 
velocity takes place along the direction of the flow on the surface, there arises 
the break-down in the potential flow and it suddenly gocs over to a vortex 
one. We assume that snch a break-down of the air flow must take place on tlic 
windward side of the wave and that it is this phenomenon that detcrmines 
the process of wave formation by wind. Then at a certain distance from 
the crest there will be the locus of the break-down, after which the pressure 
may be assumed to remain unchanged up to the beginning of the rise. Thus, 
as a result of the break-down the pressure will no longer be synimetric on both 


IL. JI. Kama, K vompocy odpazonannn nerpom Mopenux Boat, Jloraade Anadenwe 
Hayx CCCP, 64, 518 (1949). 
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sides of the wave, and there will appear forces of the same direction as that 
of the wind. We are interested in the mean value of such a force per unit of 
the horizontal surface of water, and shall denote it by t. This horizontal force 
will have its maximum value when the locus of the break-down of the gas 
flow is at the very top of the wave crest, and in ascending flow across the wave 
the potential flow will start at the very bottom of the valley. 

Such a simplified flow pattern makes it possible to calculate the highest 
possible value of the horizontal force (t,,). It is these calculations, carried out 
in our earlier paper’, that led to expression (10) of that paper. We shall 
present this expression, calculated for the effect of wind blowing in the direc- 
tion of x-axis with a velocity U on two-dimensional waves which are propa- 
gating also in the direction of x-axis. 

The coordinate perpendicular to the fluid surface will be assumed to be y 
and, supposing the wave profile on the surface to be sinusoidal, it will be equal to 


y asin |=" @ — ka], (1) 


where A is the wavelength, while & is the phase velocity of wave propagation. 
The above-mentioned expression (10) will, in a somewhat different notation, 
assume the form 


2 

tn = —(=2") o(U — by dynefom’, 2) 
where 9 is the density of the gas flow. The difference U — k is equal to the 
wind velocity relative to the wave profile moving with the velocity &. The 
highest possible power transferred to waves by wind per unit surface of water 
will be equal to the phase velocity & multiplied by 1,,. Since the actually 
transferred power can be only less than the maximum, we shall introduce 
a certain correction factor y, which will always be less than unity. Then the 
power transferred will be 


W =ytmk erg/secem’, y <1. (3) 


This power is taken away from the gas flow and is used for maintaining the 
undulatory state, and in the end will be dissipated by viscosity processes. For 
gravitational waves at a great height the dissipated power per unit surface 
was calculated by Stokes? to be 


W,=2 am 42 2 erg/sec cm? (4) 
Pin LB Tz a” erTg/s ) 


where yu is the fluid viscosity. For a steady process of wave propagation it is 

necessary that the dissipated power W, should be equal to the power W im. 

parted by the wind. Equating expressions (4) and (3) and taking (2) into ac- 

count, we obtain 

An? um 
yY @ 


k ; 
(U —kpP = ZT: (5, 
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In the case of large depth it is known that the phase velocity of gravitational 
waves is related to their wavelength by the expression 
A 
=9 On? 
where g is the gravitational acceleration. From expressions (5) and (6) one can 
obtain the dependence of both the wavelength 4 and the phase velocity & on 
the wind velocity U. Eliminating 2 from (5), we obtain 


ke (6) 


k(U — by = 22H (7) 
ve 

On the right-hand side there are constant values; thus a simple relation is 
obtained between the wind velocity U and the wave phase velocity k. From 
this expression it is seen that the phase velocity k increases with increasing 
wind velocity U; in the limit they will tend to equality. 

The application of the expression for quantitative calculations is associated 
with difficulties due to the fact that for large waves one has to take not the 
ordinary but virtual viscosity, whose magnitude depends on the turbulence 
of the water. The quantitative expression (7) shows that, even for high values 
of the virtual viscosity to be expected for an intense turbulence’, the wind 
velocity will differ little from the wave phase velocity. Observations? on sea 
waves at strong winds indeed show that the phase velocity k is not much 
lower (by about 20 per cent) than the wind velocity U. Apparently, taking into 
account the complexity of the conditions of the measurement an accurate 
verification of the results on sea is hard to be expected. 

From expression (7) it is seen that there is a definite minimum wind velocity 
U,, below which the equality cannot be satisfied. Differentiating expression (7) 
we find the values U,, and the corresponding phase velocity k,, to be 


1/3 
Um = Bey = 3( SEE)”. (8) 
ve 

The existence of a minimum wind velocity U,,, at which waves can arise 
is known from experiment‘, and numerical values obtained from (8) can be 
compared with experiment. For this we assume the correction factor y to be 
unity, the water viscosity “4 = 0-018, and the air density 0 = 0-0013. Then 
from expressions (6) and (8) we obtain the following values: for the minimum 
wind velocity, U,, = 85 cm/sec (the experimental value is 110 cm/sec) which 
corresponds to the phase velocity k,, = 28 cm/sec (experimental value is 
30 cm/sec), and for the wavelength /,, = 5 cm (experimental value varies from 
6 to 8 cm). 

As is seen, the agreement with experiment can be considered as satisfactory, 
in particular when the absence of arbitrary values in expression (8) is taken 
into account. This agreement shows that the correction factor y is close to 
unity and, consequently, that the break-down takes place near the top of 
the wave crest. Since in sea waves, according to measurements made by Shu- 
Ileikin’, the inclination of the profile is usually 20-30°, the early break-down 
seems to be quite verisimilar. 
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The agreement between values obtained from expression (8) and experimental 
ones shows that the proposed simple picture of the effect of air flow on waves 
can obviously represent sufficiently correctly the mechanism of this pheno- 
menon. For a further development of these considerations it is interesting to 
verify experimentally the validity of expression (2) for the horizontal force 
under conditions defined better than those of observations on sea. This can be 
carried out in an aerodynamic tube by measuring along the gas-flow direction 
the effect of wind on the sinusoidal wave profile. In the same way one can 
determine the value of the correction factor y and its dependence on the 
Reynolds number Re. Using a visual method of observing flows, it would be 
possible to observe the character of the flow around waves and the locus of 
the break-down. This would make it possible to verify the validity of the 
picture here proposed of the mechanism itself of this process. 

The result that we obtained is in its form similar to that obtained by Jeffreys® 
in the theory of wave formation (sheltering theory) which he put forward. 
He also assumes that the wind does not act symmetrically on the windward and 
opposite side of the wave, but simplifies the process by assuming the effect 
to be simply proportional to the kinetic energy of the gas flow relative to the 
wave crest. This results in that an unknown coefficient (s) whose physical 
meaning is not completely defined enters the relations obtaincd by him. The 
basic difference between our and Jeffreys’ considerations lies in that he 
concentrates attention on a detailed analysis of processes occurring in the fluid 
medium near the boundary with a gas; it seems to us that he lost sight of the 
physical meaning of his approximate result. In consequence the work exerted. 
by the wind for maintaining the undulatory state, calculated by him in terms of 
the surface friction, is for the same wind many (about twenty) times lower 
than that calculated by us in terms of the difference in the wind pressure on 
the two sides of the wave crest. It is because the work transferred by wind is 
small that Jeffreys’ results contradict experimental data. The picture proposed 
by us reveals a more powerful mechanism of wave formation by wind and 
leads to results which correspond quantitatively better to reality. 
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45. DYNAMICAL STABILITY OF A PENDULUM 
WHEN ITS POINT OF SUSPENSION 
VIBRATES 


The motion of a pendulum with an oscillating suspension point is investi- 
gated under the following conditions: (1) the amplitude a of the oscillations 
of the suspension point is small in comparison with the length L of the pen- 
dulum, and (2) the angular frequency of the oscillations of the suspension 
point of the pendulum is large in comparison with the angular velocity of 
the oscillations of the pendulum. It is shown that the suspension-point oscil- 
lations give rise to a torque whose magnitude does not depend explicitly 
on the time and pendulum length and is determined by the pendulum mass 
and the square of the velocity of the suspension-point oscillations. This 
torque is called the vibrational moment, and its effect consists in that it tends 
to set the rod of the pendulum in the direction of the axis of the suspension- 
point oscillations. It is shown that in operating with the vibrational moment 
as with an ordinary force the mechanical problems of the motion of a pen- 
dulum of this type are solved in a simple way, while the accuracy of the 
results obtained is basically determined O(a?/L?). 

Conditions necessary for producing the stability when the pendulum 
centre of gravity is above the suspension point are found. The value of the 
vibrational moment is given for the case when the suspension point is per- 
forming non-harmonic oscillations. A device is described for demonstrating 
mechanical phenomena caused by the action of the vibrational moment. 
It is shown that vertical oscillations of the suspension point with a period 
lower than that of the pendulum oscillations will always make the clock 
fast. The question is raised about the possibility for observing the aligning 
effect of the vibrational moment on colloidal particles and molecules. 


Ir 1s well known that for a body at rest the most stable state is the one in 
which the centre of gravity of the body is in the lowest position (corresponding 
to the minimum potential energy), whereas in a dynamical equilibrium the 
most stable is a state in which the centre of gravity is in the highest position 
(corresponding to the maximum potential energy). 

An ordinary top is the most striking example of this principle. As is known, 
the force caused by the friction of the top foot against a surface makes the top 
axis rise and assume the most vertical postition, the precession is damped 
and the top is as if being led to a standstill. But besides classical cases of 
dynamical stability arising from gyroscopic forces a number of other cases are 
analysed in the literature!. For instance, it has been pointed out that in a rapid 
motion of a man on stilts, on a bicycle, in a bus, train and so on, the most 
stable state is reached when the centre of gravity assumes as high as possible 
a position. 


I. JI. Kanuna, J[wnamugeckas ycrToiiunpocth MasATInKa pn Kotedaw elica TouKe 
nogpeca, Avypuas Incnepumenmanonot u Teopemurecxoti Ousunu, 21, 588 (1951). 
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One of the best examples of dynamical stability is the pendulum with the 
oscillating suspension point. In a demonstration this phenomenon is not less 
striking than the top, and a study of it is as instructive as that of the top. 
Nevertheless, this case is not only little investigated but usually it is mentioned 
neither in text-books nor in treatises on mechanics. In the present work we 
shall give a simple obvious method of analysing this phenomenon, and describe 
a device for demonstrating it. 

The essence of the phenomenon of this dynamical stability comes to the 
following. A mathematical pendulum of a length Z and mass m is moving 
freely in the suspension point / which is oscillating along the y-axis about 
the point O with an angular frequency w and an amplitude a. If the y-axis 
is directed vertically upward, as shown in Fig. 1, then it turns out that above 
a certain angular frequency of oscillations, defined by the condition 


ew? =2gL, (1) 
the vertical position of the pendulum, shown in Fig. 1, is completely stable. 


In practice, this stability is easy to observe: for example, if the pendulum is 
brought from the vertical position to a certain angle 6, then oscillations will 


Fic. 1 


arise about the plumb position, and owing to friction the oscillations will be 
damped, so that after a certain time the pendulum will come to a standstill 
in the vertical position. 
The equation of motion of the pendulum shown in Fig. 1 leads* for smal 
angles 0 to the expression 
6 = (gL —aLw? sino t) 0, (2) 
where g is gravitational acceleration, while 9 is the deflection angle of the 
pendulum with respect to the vertical. This is the Mathieu equation. Solving 
it by the method of infinite determinants, Jeffreys? has found an approximate 
periodic solution on the basis of which he has shown that, if the amplitude a 
is small in comparison with the pendulum length ZL, then the relation (1) 
appears to be the stability condition. 
I think that this method of solving the equations (2) is effective in studying 
the pendulum oscillations caused by the synchronous motion of the bearing 


* See the derivation of expression (1+). 
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(phenomenon of parametric resonance)*. However, for studying the stability 
this method is rather unsuitable, since its derivation is confined to the case of 
periodic conditions at small angles of @ and, moreover, it is much more complex 
than is required by the problem posed. We shall show that a simple method 
of successive approximations gives a more complete and obvious solution to 
this problem. 

The specific features of the studied motion of the pendulum with the rapidly 
oscillating suspension point consists, firstly, in that the angular frequency 
of the suspension-point oscillations is so high that for a period JT = 2%"! 
of a complete oscillations of the pendulum suspension point the angle 6 will 
deviate little from a certain mean q@; thus, if 

O=p +B, (3) 
then the angle f will be a periodic function of time, and for the basic period T 
its value will all the time remain low. The angle w may have any value, but 
over a period 7 it will change little. Secondly, in the motion under study 
the amplitude a of the suspension-point oscillations is small in comparison 
with the pendulum length L. In what follows we shall denote this ratio by «; 
then 
xo=afLb«l. (4) 
The study of the motion will show that the quantity « characterises the degree 
of approximation of the results obtained. 

These conditions lead to the fact for a period T of one complete oscillation 
of the suspension point the coordinates of the pendulum mass m do not obtain 
any relative increment larger than «. 

Such a character of the motion points to a possibility for a successful appli- 
cation of a method of successive approximation in powers of a. Let us first 
demonstrate this method for solving the already known problem of the sta- 
bility of pendulum at small angles 6. 

To solve the equation (2) we assume the following initial conditions: 


t=0, 0=9, O= ao. (5) 
Then in the first approximation, disregarding the quantity 6 and integrating (2), 
we obtain 
6=(1+49L1@ +a sino t)qg; (6) 
For the second approximation we substitute this expression into (2) and obtain 
6 = (gL — « w? sinw t)(1 + tgL 1? +asinwt)o. (7) 
In order that the position may be stable it is sufficient that for a period 7 
the increase in the angle 8 be equal to or less than zero. Consequently, 
1/2 
[dt { Odt= Or. — O07, <0. (8) 
-T/2 ~ 
On substituting 0 from expression (7) and integrating all of the terms, we get 
ae w? re g 


bg DP (1 — * W902 L 


)so. (9) 
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If the first two terms in the parentheses are equal to each other, then the order 
of the subsequent term will be that of «?, which according to (4) is a small 
quantity. Thus from expression (9) one obtains the relation for the stability (1) 
with an aecuracy of O(«?). 

The method to be applied in what follows makes it possible not only to solve 
the problem of stability of the considered pendulum with the oscillating 
suspension point, but also to calculate its free motion as well as that induced 
by external forces, the motion being not restricted by small values of the angle 0. 
As will be seen, this method of solving the problem allows one to get a simple 
concept of the physical essence of the process, since it shows that the oscillatory 
motion of the pendulum suspension point leads to the production of a torque 
which on average manifests itself as an ordinary force and resembles gyroscopic 
forces. 

Let us begin with the consideration of the mathematical pendulum and 
derive an equation of motion valid for any values of the angle 6. The orthogonal 
coordinates of the point where the pendulum mass m is concentrated will be 
denoted by x and y. Then in Fig. 1 we obtain 

x=Lsinb, y=U + Loosé, (10) 
where U is an instantaneous value of the amplitude of oscillations of pen- 
dulum’s suspension point, which depends on time in the following way: 

U/L = (a/L) sinwt = «sino t. (11) 
The components of forces, acting along the coordinates x and y, will be denoted 
by F, and F,, respectively. Differentiating (10) we obtain the following 
equation of motion: 


F,=mé= m L(6 cosé — §% sin8), 


F,=mg =m(U — L@sind + 02 cos6)]. (12) 
The pair of forces acting on the pendulum will be 
M, = L(F, cos6@ — F,sin@). (13) 
Substituting the values (12) and (11), we finally get 
M, =mL?(6 +aw?siné sino ¢). (14) 


Thus we obtain a non-linear equation. If the moment M, is produced by the 
gravitational force, then it can easily be seen that at small values of the angle 0 
the equation (14) goes over the already quoted Mathieu equation (2). 

Consider first the problem of “static” equilibrium, understanding the term 
‘‘static”? to mean the state in which the pendulum performs vibrations about 
a certain angle 6 under the action of the applied moment M, and dynamical 
forces due to the suspension-point oscillations. According to expression (3), 
we again assume 0 = y +, the angle B being a periodic quantity whose 
amplitude is small, and @ being a slowly varying quantity. In the considered 
problem of “static” equilibrium the value of the angle will be constant. 
Since B is a small quantity, on expanding sin(y + f) into a series in powers 
of B we obtain from (14) 


M,|/m LD? w? = (B/w?) + 0 sing sinw t + Bo cos¢ sina t 
— 1), 62x sing sinw t — 1/,6%« cosp sinwt -+ --- (15) 
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Consider first a simple case when the external applied moment M, = M, is 
a constant. Then from this expression we obtain # in the first approximation 
to be 
B, =o sing sinw ¢. (16) 
In order to rule out of the consideration forces which vary rapidly with the 
period of the suspension-point oscillations, we shall carry out an averaging over 
the period 7 of a complete oscillation of the suspension point. 
The averaging over the period will be denoted by a bar, so that, for example, 
_ te 
A=71{ Adt. (17) 
-F/2 
As is easy to see from (16), within averaging limits chosen in such a way, 
f, = 0 and 6 = @ correspond to ¢ = 0. On substituting the value f, into (15) 
and averaging out, since on the left there is the constant quantity M, = M, 
we obtain 
M,/m L? w? = x? cosy sing sin? tf — 403 sin’p sin%e ¢ (18) 
—tat sing cos sintw t + + 
Taking into account (4), we get 
M, =tma?o?* sin 2g[(1 — O(a?)], (19) 
whencc it follows up to terms O(a?) the constant moment 1/7, of external forces 
is in equilibrium with a moment equal to 


| M = —1m a ow? sin 29. (20) 


From this basic expression it is seen that when pendulum’s suspension point 
is oscillating there arises a dynamical moment which we shall lenceforth call 
the vibrational moment. It has a simple physical meaning, because relation (20) 
involves no time; M acts in the same way as the moment of ordinary forces 
tending to set the rod of the pendulum in the direction of the axis along which 
the suspension-point oscillations take place. The highest value of the vibra- 
tional moment M is reached when ¢ = 45°. From expression (20) it is also seen 
that the magnitude of the vibrational moment does not depend on the pendulum 
length, and is basically determined by the kinetic energy of the oscillations 
of the pendulum mass. Since for given amplitude a and angular frequency w 
of the oscillations of the suspension point of the considered pendulum it looks 
as if a moment of ordinary forces varying only with the angle g is produced, 
the solution of the mechanical problems assumes a simple and obvious form 
and reduces to finding the equilibrium of the vibrational moment M with 
applied forces of a static as well as an inertial nature. 

An estimation of the degree of approximation of the results obtained appears 
to be more complicated. From what follows it will be seen that in the usual 
problems of pendulum oscillations the accuracy of the vibrational moment M 
given by expression (20) will be to within O(a?). Since the quantity « is the 
ratio of the amplitude @ of the suspension-point oscillations to the pendulum 
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length LZ, in the cases that interest us this quantity is sufficiently small that 
the obtained approximate value of the vibrational moment M may give a 
sufficiently complete and accurate picture of dynamical processes arising 
when the pendulum’s suspension point is oscillating. 

If need be a second approximation can be found. For instance, in the already 
considered case of static equilibrium at a constant M g the second approx- 
imation for f? is obtained from (15): 

Bb, = &« sing sinw t — 3.0? sin 29 cos 2wt. (21) 

On substituting this value 8, into (15) and averaging out we obtain the value 
of M, with a relative accuracy of O(c‘): 

M, = 4ma’o* sin 29[] — a? sin?’m + O(a4)]. (22) 

The next problem to be considered by us is the case of “static” equilibrium, 
where M, is not a constant but a function of the angle 0. Introduce the 
notation 

[Melog= My; M,/m L? w* = p; 
[2 M1 ,/06|¢_,/m L? w? = pw’ and so on 
whence we obtain the following series: 
M,|m L? wo = p+ By! + oP pl + -. (24) 
Substituting this valuc into (15) we obtain for determining the value of u 
the following series: 


(23) 


b= (B/w?) + «sing sinw t + B(« cos sinw t — p’) — 95 
— 42 (a singsinw t + pw") + +. (25) 


In the first approximation we get 


6, = 1 a sing sinw ¢. (26) 


On substituting this value into (25), averaging out and making use of the 
notations adopted in (25) and (20), we find 


M, = —M(1 4+ pw’) [1 — dy" tang — O(«2)]. (27) 


? 
In expression (23) the value M, /m L? is of the order of magnitude of the square 
of that angular velocity g which the pendulum would acquire under the action 
of the moment M,. In expression (3) for the angle 6 we confined ourselves 
to the consideration of cases in which the change in the angle » during the 
period 7 of the suspension-point oscillation is negligible; hence the angular 
velocity g@ will always be lower than the angular velocity w. Consequently, 
in expression (23) the dimensionless quantities yz, ze’, 4’, . . . are small in com- 
parison with unity. 

In what follows we shall confine ourselves to approximations to the values 
o, mw, pw’, we’, ... Consequently, to within this order of accuracy we obtain from 
expression (27) the previous value of the vibrational moment M. Thus, for 
any static equilibrium we have a simple relation 


M, + M =0. (28) 
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As an example of ‘‘static’’ equilibrium let us consider the case when the 
vibrational moment M gets balanced by the force of gravity. In this case 
we assume that the y-axis, in whose direction the suspension-point oscillations 
are performed, is inclined to the vertical at an angle y. Then, if the rod of 
the pendulum makes with the y-axis the angle y, the moment of the force 
of gravity will be equal to 


M, =mgLsin(p + y). (29) 
From expression (28) and (20) we obtain 
4g Lsin(y + y) —o*? w* sin 2g = 0. (30) 


From this equality one can determine the angle » for given y. If equilibrium 
is possible, then we obtain four values of my, two of these corresponding to 
a stable equilibrium and the other two to an unstable one. The limiting value 
of p will take place at 45°. In a particular case when the y-axis is in the vertical 
position and, consequently, when y = 0, we obtain from expression (30) 

y =0, cosp = 2g Lia* ow’. (31) 
In this expression the angle m determines the limit of the region in which the 
pendulum is stable in the turned position. This expression defines more pre- 
cisely and extends the already known stability condition (1). 

From expressions (29) and (30) we obtain 
fe = fo* sin 29, (32) 

whence it follows that in the problem considered the values “, uw’ and pl” 
quoted in expression (23) are of the order of smallness of «?. Therefore the 
value of the vibrational moment given by expression (20) has in this problem, 
according to (27), a relative accuracy of O(«?). 

Let us now proceed to the case of “static” equilibrium when the angle 
varies with time, and when the moment of inertia m LZ? ¢ mnst be taken into 
account. 

If the vibrational moment M is considered as the moment of ordinary forces, 
then in the case of “dynamical” equilibrium the equation of motion can 
formally be written in the following way, adding to expression (28) for static 
equilibrium also the moment of inertia: 


mL? ¢=M,+M. (33) 
Upon substituting the value M from (20) the first integration of this equation 
gives 
(p/w)? = (4m L? w?)-! | My dp + 40% cos 2p. (34) 
Introduce the notation 
6 = glo. (35) 
From (34) and (23) we obtain 
= fu dg + ia? cos 29, (36) 
whence it follows that the quantity 6? is of the same order of smallness as ys 


and «a2: 


& = O(u) + O(a2). (37) 
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To estimate the degree of approximation of expression (33) we shall assume 
that for the averaging period T' the angle @ is not a constant but a variable: 

Y=Fot+ Pl, Hy =const., —T/2 <t < 7/2. (38) 
In this case the index of @ will be retained only in averaging operations. Whence 
making use of expression (35) we obtain the angle 6 to be 


G6=%+(B+6ot), —T/2 <t <TI2. (39) 


The quantity in the parentheses is small for a time from — 7/2 to 1/2, hence 
in analogy with (25) we obtain the series 


be = (p/m?) + (B/e?) + a sing, sinw t + (B + dm t)(« cosy, sinw t — p') — 
— (8B + dwt)*(« sing sinw tf + w’) + +. (40) 


The first approximation for B, gives 
B,= Ty [sing, sinwt + 6(2 coswt + wtsinw t) cos@o]. (41) 


Substituting 8, into (40) and carrying out the averaging, we obtain 
mE? Gg = M, — ma?o*sin 2p[] + O(u" dfx) + 

+ O(u 67/0?) + O(6?) + O(u') + O(a*)). 
This expression takes into account the effect of the quantity 6 on the accuracy 


(42) 


of the value of the vibrational moment M for the case of dynamical equi- 
librium. Expression (37) gives the relationship between 6?, u and «?, from which 
it follows that in cases when a? and uw are of the same order of magnitude the 
vibrational moment M in dynamical processes is of the order of relative 
accuracy of «?. 

As an example let us solve a problem of oscillation in the presence of the 
force of gravity. 

Substituting the value (29) into (34) and integrating we obtain 

(p/m)? = $07 {cos*y — cos*p, — (4.Lg/a*w*) [cos (p + y) — cos(g, +y)]}, (43) 
where @,, is the constant of integration. A further integration of this equation 
leads to elliptic functions and oscillatory motions about the angle of static 
equilibrium given by expression (30). 

In a particular case, M, = 0, which takes place either when oscillations 
are horizontal or when a? w? is considerably larger than g L. Then expression (43) 
elves (p/w)? = 4a? (cos*y — cos*y,). (44) 
This simple oscillatory equation also leads to elliptic functions. From this 
expression it is also seen that the ratio of the period of the suspension-point 
oscillations to that of the pendulum oscillations, which is equal to 6?, is of 
the order of «?. 

In a particular case when y = 2 and y = 0 while @ is small, proceeding 
from (33) we come to the expression 


? = — 085 f)o. (45) 
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In this as well as subsequent expressions the plus sign is put when the centre 
of gravity is below the bearing, whereas the minus sign is put when the centre 
of gravity is above the bearing. Expression (45) gives a harmonic motion 
whose period is equal to 


7 l g LDL \-h 
r=072 (5435) . (46) 
The period of a conic pendulum is calculated in the simple way: 
1 gL \~s 
—y-l pf A . 47 
T=a4 (5 cosp = =) V(cosg) (47) 


This expression is valid also for large values of the angle g. It is interesting 
to note that for the vibrational moment M considerably larger than the moment 
of gravitational force the period t does not depend on the angle y, and we have 
the simple relation: 
> 4a?T?, gLla® wt 0. (48) 
If the stability condition (30) is maintained, then in all of the last expressions 
the quantity in the parentheses is less than unity. In the case of such a motion, 
62 and according to (32) w, w’, w”’ are of the order of «?. Thus in various cases 
of the static as well as dynamic character the value of the vibrational moment 
MM given by expression (20) will be determined with a relative accuracy of 
the order of a?/Z? and, consequently, the values of the angular velocities and 
periods of oscillations are calculated with the same order of accuracy. 
Analysing in the same way the case of a physical pendulum the equation of 
motion of it, disregarding quantities of the order of O(’), O(u’’) and O(a?), 
can be shown to be 
pm? (L? + hk?) = My — 3f4(1 + k?/L?)- m a? w* sin 29 
x [1 + O(u! k?/L?) + O(a? k?/L*)], 
where k is the radius of inertia. From this expression it is seen that the vibra- 
tional moment of a physical pendulum is less by a factor of 1 + (A?/Z*) than that 
of a mathematical pendulum. The expression for the vibrational moment will, 
consequently, read 
M = —4(1 + 22/L*)-1 m a? w* sin 29. (50) 
It turns out that it is possible to find the value of the vibrational moment 
also in the case when the suspension point of the pendulum is performing more 
complex periodic oscillations than harmonic ones. In this case for the ampli- 
tude U we can instcad of expression (11) take the sum of harmonics. 


U = 3d) a, sin(w, | + 6). (51) 


Then the basic equation of motion of the physical pendulum will, instead of (14), 
be 


(49) 


M, = m(L2 + k2)0 + mL sino D>) Gn 2 sin(w* t + G,). (52) 


Solving the problem by the method described, we come to the following 
expression for the vibrational moment: 


—4(1 + k/L?)-1 m sin 29 5} a3, wi. (53) 
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Substituting this value of Jf into expression (33) we obtain a more general 
equation of motion for the type of pendulum under consideration. 
Demonstration of the vibrational moment M and of the stability of a pen- 
dulum with the oscillating suspension point due to this moment is not less 
effective than the phenomenon of gyroscopic stability of a top. Although 
experiments with a pendulum with the oscillatory suspension point are simple, 


Fria. 2 


they are nevertheless associated with greater difficulties than are those with 
a top, because a special devicc is needed to impart rapid oscillations to the 
suspension point of the pendulum. 

We carried this out by mean of a simple device presented schematically in 
Fig. 2. The ball-bearing 2 is set eccentrically at the axis of asmall electromotor 1 
with a high number of revolutions (we used the motor of a sewing-machine). The 
traction 3, which sets the lever 4 in oscillation, is connected to the ball race. 
One end of the lever #4 is moving in a fixed bearing, while the rod 5 of the pen- 
dulum is suspended on the other end of the lever in such a way that it may 
freely oscillate. As shown by expression (31), the following values of the con- 
stants provide the stability of the pendulum in the turned position. For a 
pendulum with a length £ of 15 cm and the number of revolutions from 4000 
to 6000 the amplitude a of the suspension-point oscillations lies in the range 
of 3-4 mm. It is easy to calculate that in the presence of such oscillations 
there arises a considerable inertial load on the lever 4. Therefore the lever 4 
must be made of the lightest and strongest material, for example, of duralu- 
minium. In the rod 4 of the pendulum thcre arise considerable stresses of 
variable sign, which can produce in the rod a longitudinal stress and a resonance 
phenomenon. Therefore the rod should be made more stable; for example, 
of a thin-wall tube. 

When the device is put in operation, then the rod of the pendulum behaves 
as if it were acted upon by a particular force directed along the axis of the 
suspension-point oscillations. Since the frequency of the suspension-point 
oscillations is large, the picture of the rod of the pendulum visually to be 
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somewhat diffuse, and the oscillatory motion is imperceptible. Therefore the 
phenomenon of stability produces an unexpected impression. If the pendulum 
is pushed suddenly on one side, then it begins to oscillate as an ordinary pen- 
dulum with a period given by expression (46). These oscillations are damped, 
and the pendulum comes to the vertical position. If the axis of the suspension- 
point oscillations is inclined at an angle y with respect to the vertical position, 
then under the action of gravitational force the pendulum will assume an in- 
clined position of stability at an angle of m + y with respect to the vertical, 
as derived from expression (30), and if the pendulum mass is pushed, then the 
pendulum will begin to oscillate at this angle. 

By imparting oscillations to the suspension point of the pendulum when 
this last is suspended in the usual stable position one can observe a decrease in 
the periods of oscillation. If the period of free oscillations of mathematical 
pendulum is ty, then if its suspension point is oscillating the period will de- 
crease by an amount of 47, and from (46) one can in a simple way obtain 


At/to =» —ta*(r,/T)*. (54) 


This inference is of practical importance in studying causes affecting the 
accuracy of pendulum clocks. Vertical oscillations of the support on which 
the clock is standing will give rise to the suspension-point oscillations which 
will produce a vibrational moment (53) additional to the force of gravity, and 
the clock will always be somewhat fast. 

Thus any vertical vibrations transferred to the clock, which have a period 
less than that of the pendulum, will always make the clock fast. If the spectrum 
of oscillations (51) of the support of the clock is known, then making use of 
expression (53) for the vibrational moment and in the same way in which 
expression (46) was obtained one can calculate the small acceleration of the 
clock run. It will amount to 


At ke \-2/ 7G ap 
— = 1/1} 9) ya. 
~=-t(+s2) (BIH (55) 


The reverse problem can also be solved, namely on the basis of the measure- 
ment of the clock stroke one can determine the value 5/a2/T? of scismic 
oscillations averaged over a definite time interval. This can be carried out by 
comparing the stroke of two identical clocks under the same conditions, pro- 
viding that one of the clocks is insulated from ground oscillations while the 
other one is not. 

In the beginning of the paper we have already pointed out that the aligning 
moment of forces arising in oscillatory processes has escaped the attention of 
physicists ; hence it is of intcrest to state more broadly the question on a possible 
manifestation of this clfect in nature. If one end of any particle, be it a 
colloidal particle or simply a molecule, is performing rapid oscillations, then 


there ariscs a pair of forces duc to the vibrational moment J/, which is deter- 
mined by expression (53). This pair of forces will tend to oricnt the major 
axis of the particle in the direction of oscillations. From the expression of the 
ellipse of inertia (53) it is seen that for sufficiently high frequences of oscillations 
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even for small amplitudes this pair of forces may have a sufficiently large 
value to cause substantial changes in the oricntation of the particles. Of physical 
processes which, probably, are able to give rise to rapid oscillations necessary 


for observing the effect, it is in the first place ultrasound vibrations that are 
drawing attention. 
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46. PENDULUM WITH A VIBRATING 
SUSPENSION 


THE DEVELOPMENT of mechanics is undoubtedly associated with the study of 
the pendulum. After Galilei drew attention to the fact that the pendulum 
oscillations are isochronous, a possibility arose to produce a perfect device 
for the measurement of time, i.e. the pendulum clock, whose accuracy has 
only of late been surpassed by that of the quartz clock. Owing to the study 
of the pendulum there were found methods of measuring time as accurate 
as those of measuring length and mass, which was necessary in order that 
the development of mechanics might proceed properly. It is natural that no 
mechanical system has been the object of so much attention and compre- 
hensive theoretical study as various forms of the pendulum motion. One would 
think that in the course of 300 years since the time of Galilei this problem 
must have been settled and that. if anything of the sort remained to be studied, 
then it should have the character of improving results found earlier. But, 
obviously, insufficient attention was paid to the type of pendulum motion 
to which the present article is devoted, and so one very peculiar and in- 
teresting form of the pendulum oscillations remained almost completely un- 
investigated. The purpose of this article is to draw attention to this type of 
motion and to possibilities revealed in studying it. 

Figure 1 shows a mathematical pendulum in two positions, which can oscillate 
in the suspension point /; the mass m is concentrated at the end of the rod L. 

The position of the pendulum on the left side (a) of the drawing, when the 
suspension point is above the centre of gravity, will be called the normal 
position. On the right side (b) of the drawing the suspension point of the pen- 
dulum is below the centre of gravity; this position will be called the turned 
position of the pendulum. 

A pendulum of the type we are going to consider has a peculiarity consisting 
in that the suspension point / is moving along the y-axis about the origin O, 
the distance Ol being a periodic function of time. We also assume that the 
amplitude a of the suspension-point oscillations is small in comparison with 
the pendulum length L. This is the well-known pendulum with the oscillating 
suspension point. 

In studying such pendulums the entire attention was paid to that form of 
motion when the period 7’ of the suspension-point oscillations was differing little 
from the period t of theoscillations of the very pendulum. In this case it was found 
that when 27’ or its multiple are close to the period t there arises the pheno- 
menon of parametric resonance. These investigations came to an analysis of 
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the properties of the solutions of the Mathieu equation describing this motion 
for small amplitudes of the oscillations. Further, it was found that for the values 
of T which are small in comparison with t the pendulum can acquire a particular 
form of stability—it can assume the turned position without falling down. 
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The character.of the pendulum motion in this position and the degree of its 
stability at high frequencies of the suspension-point oscillations obviously 
remained completely uninvestigated. Thus the striking and instructive pheno- 
menon of dynamical stability of the turned pendulum not only entered no 
contemporary handbook on mechanics, but also is nearly unknown to the wide 
circle of specialists. 

It can be assumed that such an undeserved attitude toward this phenomenon 
is a consequence of the fact that the study of it is associated with the solution 
of the Mathieu equation. This last was carried out by infinite determinants 
(the Hill method) or by special functions, which led to a solution of the formal 
character not allowing the motion to be described in an obvious way. 

In studying this problem I paid attention to the fact that, in the case when 
the amplitude a of the suspension-point oscillations is small in comparison with 
the pendulum length Z, there is a method of approximately solving the problem 
of the motion, which describes the phenomenon in a simple and obvious 
manner. 

The ratio of the amplitude of the suspension-point oscillations to the pen- 
dulum length will in what follows be denoted by «: 


a =a/LD<l. (1) 


The quantity « will play a very important role in the method given, because 
the accuracy of the results obtained for the types of motion that interest us 
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is basically determined by «. We shall mainly study those forms of the pen- 
dulum motion in which the frequency of the suspension-point oscillations is 
large in comparison with that of the pendulum oscillations and, moreover, 
is not at all connected with it by any phase relations, while the spectrum of 
the suspension-point oscillations may represent the sum of spectra of different 
frequencies. Therefore, in order to distinguish between the motion that we 
are studying and the motion of the pendulum with an oscillating suspension 
point, we shall call it the motion of the pendulum with the vibrating suspension 
point. 

The method applied by us for solving the problem is based on successive 
approximations and the introduction of coordinates averaged over time. We 
have presented it in detail and investigated the accuracy of the results 
obtained elsewhere?. 

Here we shall confine ourselves to the description of the basic results ob- 
tained and to a possibility of applying them in practice. 

The method of successive approximations already in the first stage reduces 
the problem of the effect of the vibrating suspension point on the pendulum 
motion to a very simple physical picture: it turns out that this effect is equi- 
valent to the moment of forces which behaves completely as a pair of ordinary 
forces and tends to set the pendulum in such a way that its mass may always 
be in the direction of the suspension-point vibrations. We called this moment 


the vibrational one and denoted it by M. As will be seen from what follows, 
the introduction of the vibrational moment makes the solution of the problem 
of motion of such pendulums not more complex than that of ordinary pen- 
dulums. We shall later describe also a method of simply designing a pendulum 
with the vibrating suspension point by means of which one can demonstrate 
the theoretical results obtained. 

Let us write an equation for the general case of motion of a mathematical 
pendulum of the considered type. If, as is shown in Fig. 1, the angle between 
the rod of the pendulum and y-axis is denoted by 6, then the coordinates x 
and y of the pendulum mass will be 


x= Lsin0; y= U+ Lcosé, (2) 
where U represents the distance (along the y-axis) of the suspension point | 
of the pendulum from the origin O. 


Forces acting on the mass m along axes x and y will be denoted by F, and F,,; 
then we obtain 


F, =m# =m L(6 cosé — 6? sin6), > 

F, =miy =m[U — L(6sinO + 6? cos6)). (9) 

The moment of the pair of external forces acting on the pendulum mass 
will be denoted by AZ,, and will be equal to 

Me, = L(F,cos@ — F, sin@). (4) 


Substituting the values F, and F,, we obtain 


My =m L20 —mLU sind. (5) 
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This equation is easy to generalise to the case of a physical pendulum. For this 
one should consider m as an elementary mass and integrate the right side of 
equation (5) over the entire volume of the pendulum mass. Then instead of (5) 


we get x “ 
ad M, = m(L? + K?)6 —mLUsinO, (6) 
where @ and ZL are the coordinates of the centre of gravity of the pendulum 
mass, while K is the radius of inertia of the pendulum. 
Let the suspension point of the pendulum be performing simple harmonic 
oscillations with an amplitude a and angular frequency w. Then we have 
U =asinot. (7) 
On differentiating this expression twice with respect to the time and sub- 
stituting the value U into (6), we obtain 
My, = m(L? + K2)6 + mLae?sinw t sind. (8) 


In the particular case when the moment of external forces is produced by the 
force of gravity, M, will be equal to 


M,=mgJLsiné, (9) 
and the equation of motion will assume the form of 
. L 
Fl . 
6 (PR (g —aqm*sing é) siné. (10) 


This equation is usually made simpler by confining the problem to the con- 
sideration of small angles 6 and replacing their value by sin 6. In this restriction 
one obtains the Mathieu equation by means of which we have so far studied 
the problem of motion of the pendulum with the oscillating suspension point. 
In applying the method of successive approximations the consideration of 
the problem is not confined to small angles 0. The basic idea of this method 
consists in assuming 6 to change little for a period of the rapid suspension-point 
oscillations and to remain close to a certain value gy. We assume 
6=gp+Ff. (11) 
The angle f is a periodic quantity, but its value for the period T of oscillations 
remains always small. The angle g may have any value, but for the same 
time 7' it will change little. If we average out these quantities over the time 
for the period 7' and denote this averaging by a bar, then we have 


=o, Pod. (12) 

In studying the motion of the pendulum with the vibrating suspension point 
we are mainly interested in the change of the angle ¢ representing that position 
about which small vibrations take place. 

Therefore the method of solving is devised in such a way that one may 
through averaging out eliminate the angle 6 from the equation and replace 0 
by the angle gy. It turns out that this can be carried out if the problem is 
reduced to a motion in which a vibrational moment equal to (for a physical 
pendulum) 


we + (L + K2/L2)-1 m a? wo? sin 2p (13) 
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is involved. Then it can be shown? that in most of the types of motion in which 
we are interested there is in the first approximation (for the determination 
of the quantities with an accuracy of the order of «*) the following simple 
equation of motion: 


m(? + K*)¢=M,+ M, (14) 


where the moment J, of external forces is obtained from M, by the simple 
replacement of the angle 6 by gy. Thus we obtain the same equations as if the 
suspension point were at rest and as if besides the external moment IM, there 


were acting also an additional moment I. It is easy to see that the integration 
of the equation obtained in such a way for the angle y presents no greater 
difficulties than in the case of motion of ordinary pendulums with the motion- 
less suspension point. This is a consequence of the fact that the vibrational 
moment J, since it involves no time, acts in the same way as a moment of 
ordinary forces. From expression (13) it is seen that the vibrational moment 
tends to set the rod of the pendulum in the direction of the y-axis, i.e. in the 
direction of that axis along which the suspension-point oscillations are being 
performed. The highest value of M is attained at gy = 45°. Further, from (13) 
it follows that the magnitude of the vibrational moment does not depend on 
the pendulum length, and is basically determined by the kinetic energy 
imparted to the pendulum mass in the course of the suspension-point vibration. 

For a given and constant vibration of the suspension point the magnitude 
of the vibrational moment M depends only on the angle m. Hence the obtained 
solutions to the mechanical problems of the pendulum oscillation, as will be 
seen from what follows, assume an obvious form. 

The simplification of solving the problem of the pendulum by introducing 
the vibrational moment resembles those of the problems of motion of tops and 
gyroscopes of various types by introducing the concept of a gyroscopic moment. 
In this respect there is a certain analogy between the gyroscopic and vibrational 
moment. 

We shall present a number of examples of the solution of equation (14) which 
are of practical interest. 

Let us analyse first the problem of ‘“‘static”’ equilibrium between the applied 
moment M, and the vibrational moment M. The solution of these problems 
is obtained from equation (14); taking m = const., we get 

M,+M=0. (15) 
Assume that I, is produced by the force of gravity and that the y-axis along 
which the vibrations take place makes an angle y with the plumb line. Then 
the moment of the gravitational force is equal to 


M,=mgLsin(@p + y). (16) 
Substituting into (14) the above and also the value for M of (13), we obtain 


the following equation: 


ie . . 
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From this expression one can determine those values of the angle gy, for which 
the equilibrium position of the pendulum is possible. 

A graphic analysis of the equation shows that, depending on the value of the 
parametcrs, gy, may have four or two values which appear to be the roots of 
the equation. In the case when there are two roots, then only for one of these 
the pendulum is in a stable equilibrium corresponding to its normal position. 
In the case when there are four roots the pendulum is in a stable equilibrium 
at two values of the angle @,,: one of these corresponds to the normal position, 
while the other one corresponds to the turned position. The four roots are 
possible only when the magnitude of a? w? is sufficiently large, i.e. when the 
vibrations are sufficiently intense. 

The two equilibrium positions found can be demonstrated on the pendulum 
shown in Plate 44 (a) and (b). At the end of a vibrating small lever there are 
suspended symmetrically two identical pendulums. When the vibrations are 
sufficiently intense these pendulums assume positions corresponding to each 
of the two angles y,, determining the stability of the equilibrium. Giving light 
pushes to the pendulum one can see experimentally that these positions actu- 
ally correspond to a stable equilibrium. 

In the particular case when the vibration of the suspension point takes place 
in the vertical position, i.e. y = 0, it is seen that the equation is satisfied always 
when g, = x and ¢, = 0. The value g, = 0, i.e. when the pendulum is in the 
turned position, becomes steady only in the case when there are two more values 
of the angle y, = 9, and y, = gy, for unstable equilibrium. Equation (17), if 
one puts in it y = 0, gives 


20 ( , Ke) 
a? w? PP 
Whence we obtain that 9, = 2, mg. = 0 and g, = 2% — gy. This last angle 
determines the aperture of that cone from which the pendulum will go over to 
the stable turned position at mp, = 0. If the initial position of the pendulum is 
at an angle larger than ¢,, the pendulum will go over to the stable equilibrium 
at the angle y, = 2, i.e. to the normal position. The lower the value of cosg,, 
the larger the range in the turned position in which the pendulum is stable. 
The initial condition necessary for obtaining the stable position of the turned. 
pendulum is obtained. from (18) and is of the form of 


sing, = 0; cosp, = (18) 


2 

soot 2g D(I +7): (19) 
This condition has already been obtained for the mathematical pendulum and, 
obviously, this is the only result for characterising the behaviour of the pen- 
dulum in the turned position which has so far been obtained from the considera- 
tion of the Mathieu equation. This result obtained the following physical inter- 
pretation’. For the turned position to be stable the value of the kinetic energy 
of the pendulum mass, produced in the oscillation of the suspension point, must 
be larger than the potential energy of the pendulum mass above the suspension 
point. As is seen from our analysis, this interpretation is valid only for the 
mathematical pendulum and not for a physical one. 
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Proceed now to the consideration of dynamical problems. Then in equation 
(14) the angle » should be considered as a variable. Let us analyse the simplest 
case when the pair of external forces M, is absent. Assuming it to be zero, from 
expression (14) we obtain the following equation of motion: 


2\2 
(3 +75) e= — Lat w*sin 2p. (20) 
This equation is integrated in a simple way and leads to elliptic integrals of 
the first kind; when the suspension point is vibrating the pendulum even in the 
absence of external forces will perform periodic oscillations. If the period of 
oscillations with which the angle ~ varies is denoted as before by 7, while that 
of the suspension-point oscillations is denoted by 7, then from the solved 
equation (20) we obtain 
Tt Ke 
pave (i + 
Here F(k) is the total elliptic integral of the first kind, and k = sin g,, where 
Qo is the angular amplitude of the pendulum oscillations. For constant or small 
values of the amplitude gy, there is a simple proportionality between the period 
of the pendulum oscillations and that of the suspension-point vibrations. Since 
« is a small quantity, the period t will be considerably larger than 7. Such 
oscillations can be produced on the pendulum shown in Plate 45. In these experi- 
ments the effect of the force of gravity will be excluded if the pendulum is set 
horizontally. If the period t is sufficiently large that it may be determined by 
a simple count of the oscillations, then knowing from expression (21) the coef- 
ficient of proportionality one can also determine the period 7 of the vibrations. 
The phenomenon described can be used as an original and simple tachometer. 
Consider now oscillations of a conical pendulum in the absence of the force 
of gravity. Assume the motion of the pendulum mass to take place about the 
y-axis with a constant angular velocity 2. Then for the moment produced by the 
centrifugal force we obtain the following expression: 


) FQ). (21) 


] 
M, = gm 2 L?sin 29. (22) 


‘The value of M, depends on @ in the same way as does the vibrational moment 
M (13). Therefore the equilibrium between Jf, and M does not depend on the 
magnitude of the angle g, and we obtain the following simple relation: 
Q? 1 a(p 4X -1 93 
mt 8 oa ( iz) : (23) 


Whence it follows that the angular velocity 2 of the motion of the conic pen- 
dulum with the vibrating suspension point does not depend on the angle . 
This form of motion is somewhat difficult to produce experimentally, because 
the effect of the force of gravity should be excluded. One can approach it by 
imparting intense vibrations to the suspension point so that the vibrational 
moment may exceed considerably the moment of the force of gravity. 


PratH 44a. The normal position of the pendulum. 


Prater 44b. The turned position of the pendulum. 
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point oscillations of a character more complex than that of the simple har- 
monic motion assumed in expression (7). If the suspension-point vibration 
is restricted only by the condition of periodicity, then in general the suspen- 
sion-point oscillations can be presented in the form of a sum of harmonic 


frequencies U = Sa, sin(@,t + On). (26) 
n 


In this case we impose a restriction upon the values of the amplitudes of 
oscillations : ot = L? Sab <i. (27) 
n 


The previous condition (1) restricting the magnitude of the vibrations is a 
particular case of this. By the same method as in the preceding case it can be 
shown that the motion proceeds as if the pendulum were acted upon by a 
vibrational moment equal to 
2\-1 

M = — vat + i) m. sin 2p 5) an wi. (28) 
Whence it is seen that the magnitude of the vibrational moment is as before 
proportional to the mean kinetic energy imparted to the pendulum mass by 
the suspension-point vibration. 

The solution of problems in this case is as simple as in the preceding one, 
and usually leads to an accuracy of the order of «?. 

As a further development of this method of solving the problems of the 
pendulum with the vibrating suspension point one can suggest the introduction 
of dissipation forces, for instance, dependent on the velocity ¢, into the basic 
equation of motion (14). This is possible because forces due to the vibrational 
moment can produce work which goes over to the oscillatory energy of the 
pendulum and, consequently, can be absorbed in the motion with friction. 

The concept of the vibrational moment can be applied to any body, be it a 
colloidal particle or a molecule. If a force equivalent to those applied to the 
body is not passing through the body’s centre of gravity, then in their vibration 
there arises a vibrational moment tending to set the body in such a position 
in which its centre of gravity would be on the axis of the oscillation. Since the 
nature of the vibrational moment has so far escaped notice of theoretical 
physics, one has neither experimentally sought for the aligning effect on 
colloidal and molecular particles, which in the case of a particle’s asymmetric 
shape could be caused, for example, by the application of ultrasound vibra- 
tions or oscillations of an electric nature. It is interesting to note that the 
anisotropy of the amplitudes of thermal vibrations of molecules, which takes 
place in a crystal lattice, will produce by itself no vibrational moment, since 
by virtue of the law of uniform thermal-energy distribution the mean kinetic 
energy of the molecular vibrations will be the same in all directions. Conse- 
quently, according to (28) the mean value of the vibrational moment will also 
be equal to zero. 

We shall point to some practical possibilities revealed owing to the dis- 
closure of a simple relation existing between the suspension-point vibrations 
and the vibrational moment acting on the body. 
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The horizontal pendulum, whose motion is described by expression (20), 
in the case of horizontal vibrations of its suspension point gives according to 
expression (26) and under the conditions (27) for «? the following relation 
between the kinetic energy of the vibrations and the angular frequency 
Q2 = 2x77! of the pendulum oscillations: 


aa (29) 
Recording the period t of the pendulum oscillations one can determine the 
energy of the horizontal vibrations of a body connected with the horizontal 
pendulum. 

Expressions (24) and (25) make it possible to establish the effect of the 
vertical component of the suspension-point vibration on the period of oscilla- 
tions of the normal pendulum. Let in the absence of the vibrations the period 
of oscillations of this pendulum be t), whereas in the presence of the vibra- 
tions let t = t, + At. Assuming that A7 is small in comparison with t, and 
disregarding A t?, we get 


1 2\2 
y Sabot = OTA 4% 
n 


At a® w? 
5 . 
. 4(1 +7) no (30) 
We obtain an important result, about which we have already spoken, that the 
suspension-point vibrations always reduce the period of the pendulum oscil- 
lations. The practical importance of this phenomenon consists in that any light 
shaking transferred to the suspension-point of a pendulum clock will always 
make the clock fast if the shaking has a period shorter than that of the pendu- 
lum oscillations. 

This is valid not only when the vibration of the suspension point has only 
one frequency. Making use of expression (28) for the vibrational moment it 
can be shown that expression (30) can be generalised for the sum of the kine- 
tic energy to the frequencies of the entire vibration spectrum: 

22 
At 2 An On 
— = — ——__* ______. (31) 
“0 4(1 ! 7a) Be 
T T2 


If there is a pair of identical clocks in identical conditions but differing from 
each other by the fact that the ground vibrations are transferred to one of the 
clocks whereas the other one is insulated from the vibrations and is at rest, 
then from the gain of the first clock one can calculate by means of (31) the 
mean energy of the spectrum of the ground vibrations for a time interval 
during which a difference in the stroke of the clocks has accumulated. 

A possibility is revealed for studying in a simple way on the basis of the 
measurement of the period of the pendulum the mean energy of vibration 
of various grounds in both horizontal and vertical directions. It should be 
noted that the quoted effect is not large, and this may hamper a practical 
application of it to ordinary seismic observations. 
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Demonstration of the vibrational moment of the pendulum as well as of 
phenomena due to it does not require any particularly complex apparatus 
and can be carried out by simple laboratory facilities. Two simple devices are 
shown in Plates 44 and 45. As is seen from the photographs, the devices consist 
of a vibrating suspension point to which pendulums are fastened freely on a 
hinge. In constructing this device special attention should be paid to the manu- 
facture of the pendulum itself. 

Ordinary pendulums for demonstration arc made in such a way that they 
should reproduce as closely as possible a mathematical pendulum. Therefore 
they consist of a thin rod with a heavy load at the end. A pendulum of such a 
type is completely unsuitable for the given case. If one imparts to such a 
pendulum vibrations of an intensity needed for the pendulum to be stable in 
the turned position, then from expression (19) it can be shown that in the rod 
there will act a variable tension more than L/a times larger than that caused 
by the force of gravity of the load at the end of the rod. Such a force will pro- 
duce a longitudinal tension in the rod, which will give rise near the resonance 
points to transverse oscillations of the rod with an amplitude exceeding ad- 
missible limits. Therefore one has to take rods with a cross-section which resists 
well the longitudinal stresses. We found a thin-wall tube with a diameter of 
4-8 mm and a wall thickness of 0-1-0-5 mm to be suitable when the pendulum 
is 15-30 cm long. As to the load, it is better not to give it at all, but for con- 
venience of a demonstration in a large hall a ring of a thin metal foil should be 
attached to the end of the tube. The hinge at the other end can be made in the 
form of a fork with a steel pin (1-5mm), allowing the pendulum to oscillate freely 
in the suspension point only in one plane. For the demonstration of the pheno- 
menon of stability in the turned position when the pendulum rod is 15-30 cm long 
while the amplitude amounts to a few millimetres the frequency of the suspen- 
sion-point vibrations should lie within a range of 2-7 thousand r.p.m. An 
ordinary small electromotor of a sewing-machine is quite suitable for obtaining 
these frequencies. The revolutions of the motor can be regulated con- 
veniently by a small variator. We produced in two ways the mechanism for the 
vibration of the suspension point. Plate 44 shows the simplest one. At the axis 
of the motor there is put eccentrically a small ball-bearing which by means of 
a connecting-rod vibrates a small cylinder of a round cross-section (the 
diameter being 5 mm and tlie length 5 cnt) gliding in a motionless guider with 
a cylindric opening. All of these constituent parts should be well fitted and 
lubricated so that they may move with a small clearance. At the external end 
of the vibrating cylinder there is the hinge to which the rod of the pendulum 
is fastened. The amplitude of the suspension-point vibrations is established 
by the degree of eccentricity of the ball-bearing at the axis of the motor; in 
our experiments we set it usually within the range of 2-4 mm. In order to reduce 
the trembling of the overall device it is desirable to balance the load witli re- 
spect to the axis of the motor. For springing it is good to fasten to the support 
small rubber cushions of a rubber tube. On such a pendulum it is casy to 
reproduce all of the described phenomena and to carry out an approximate 
quantitative verification of the described relations. 
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While it is desirable to fix the two pendulums in order to compare their 
behaviour in the two stable positions, the vibration of the suspension point is 
more convenient to produce by means of a small lever, as shown in Plate 45. 
Here the connecting-rod is also placed at the axis of the motor, but in this 
case the oscillations are transferred to the lever whose one end is oscillating 
at the motionless point, while two identical pendulums are fastened sym- 
metrically to the other end on hinges. To avoid vibrations the lever should 
be made light and firm. The best material for it proves to be duraluminium. It 
is important to ensure the firmness of the oscillating end of the lever in the 
direction perpendicular to that of the vibrations. This can be achieved by 
means of additional spreaders. In demonstrating the device one can hold the 
motor in the hand and, by turning it, observe the oscillations of both pendu- 
lums at once at various directions of the vibrations. 

Demonstration of the phenomenon of the oscillation of the turned pendu- 
lum is very effective: rapid and fine displacements caused by the vibrations 
are not perceptible visually, and so the behaviour of the pendulum in the 
turned position produces an unexpected impression on the observer. If the 
device is turned in such a way that the pendulum may oscillate in the horizon- 
tal plane, then the effect of the force of gravity on the motion is excluded. If 
one touches cautiously with a finger the rod of the pendulum and draws it aside, 
then the finger feels a pressure exerted by the vibrational moment, and it can 
easily be seen that its highest magnitude corresponds to a turn angle of 45°. 
After seeing experimentally the dynamical stability of the pendulum in the 
turned position it is difficult not to come to the conclusion than it is as instruc- 
tive as that of a top, and that it is bound to take a distinguished place in 
demonstrations on mechanics. 
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47. EVALUATION OF THE SUM OF NEGATIVE 
EVEN POWERS OF ROOTS OF BESSEL 
FUNCTIONS 


For a calculation of the values of the roots of Bessel functions and for some 
problems on mathematical physics it is necessary to calculate the sum of the 
negative even powers of the roots of the Bessel functions. 

Euler devised for the calculation of these sums a direct method consisting 
in that the Bessel function is expanded in powers of the variable and equated 
to the same function presented in the form of an infinite product including 
the values of the roots. In this identity the coefficients of the same powers of 
the variable are the same, and this makes it possible to calculate the sums 
sought for. In practice this method leads to complex computations. In order 
to facilitate them, Rayleigh! took the logarithms of both sides of the identity 
applying the expansion of In(1 + x) and presenting them in the form of a 
series. Thus he was able to calculate the sum up to the tenth power. We are 
giving here a method of calculating these sums which is less direct but leads 
to a possibility of calculating them in a considerably simpler way. Moreover, 
one can calculate in the same way the sums of the roots of some simple equa- 
tions containing Bessel functions. 

Let 4,,4,, ... be the successive values of the roots of a Bessel function. The 
sums sought for will be denoted as follows: 


k=0o0 
oo = SA; Sy (Ax) = 0. (1) 
r= 1 
Expand the Bessel function J,_, (8 x) in a Dini series in terms of the functions 
J,-1(A, x). The series will assume the following form: 


k=o 


J,-1(B 2) = ax’) + Ste Jy (Ay, 2). (2) 


In the given problem the role of the term with a, which, as is known, is 
necessary in this expansion, is essential. The coefficient a, is determined as 
1 


dy = 2v [ J,\(B x) 2” dx = 2v BJ, (8). (3) 
0 


The coefficient a, will be 
1 1 
a, = 2 i Jy-4(B x) Jy, (Ay ve) v da | | J?_ (A, vada. (4) 
0 0 


* I. JI. Rama, Borunenenue cyMM orpuiareibubix YeTlux creneueii kopueli dec- 
celenbex dyunnuit, Joxsadu Axademun Hayx CCCP, 77, 561 (1951). 
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The recurrence formula for J,_,(A,) using (1) will read 


Tuas) = "> Tyan) (5) 


Taking into account this expression and making use of usual recurrence 
relations, we finally obtain 
9 -1 a’-1 k= 00 1 J,- 1 (Ax @) 
Jy-1(B &) = 2v BJ, (B) 2’ — 2BJ,(B) SY = POR Tay (6) 
ear Ag — BP S,-1 (Ax) 
Assuming that in this expression « = 1 and f > 0, after a simple transfor- 
mation we obtain the already known expression! 
1 
(1) — __ 
Bo Fy’ ") 
To obtain sums of a higher order we shall multiply the terms of expansion 
(6) by x’ da, integrate from 0 to x, then again multiply by x dz and also 
integrate from 0 to x, and so on. Upon performing the integration m + 1 
times, we shall assume x = 1. We get 


-1 
prag rem (B) = mi ae 
1 ST yam (Ax) 
1 AR (AE — B?) Tyan) 
Since 4), is the root of the vth order Bessel function, using Lommel poly- 


nomials? one can write 


J 4m (An) = Jy-4 (A;,) B Ym-1> y- (Ax) - (9) 


Substituting this value into the series, after a certain transformation and 
the assumption 8 > 0 we obtain 


~ 2BF,(B) ) = (8) 


‘mI(y +1) 
Bm FIT +m +2) 
k—oo ] nS tale 1) (m —l]— ni Ly +m — n) jon (10) 
de . 


= 2 Air Zo (— 1)" Salm — 1 —2n)l\T@ tn bi) 


This expression is suitable for values m = 1 and, giving to m successively 
the values 1, 2,3,... we find o” for all even powers beginning with four. 
Thus we obtain in a simple way all the values obtained already by Rayleigh. 
Moreover, one can calculate the following ones, which were not computed by 
the previous method: 
21y3 + 1810? + 513y + 473 
2 (y + 1)8(» + 2)8(v + 3)2(v + 4)(v + 5)(y + 6)’ 
33 v3 + 32972 + 1081» 4+ 1145 
Q2(y + 1)?(v + 2)38(y + 3)2(v + 4)(v + 5)(» + 6)(M +7) 
The sumo) was calculated by Cayley? by a method allowing the calculation 
only in the case when r is a power of two. We reproduced the Cayley result 


(11) 


o(8) = 


8a* 
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by our method and in addition calculated 6 and of to be 


io) — TI + 105674 + 158508" + 798074" + 22170700 + S2iz8K7r + 1895046 
27 (y+ 18H + 2)» + 8° + 42H + 5)(H + CY +7 + B)H+ 9)? 
of) — (12) 
243104+ 804 250? +-11528519*-+-9315007*-+ 462405750" + 143917279 + 273583653r*-+ 289891557» + 130934438 
229 (v1) (vt 2)8(¥-+-38)°(P-+4)?(v-+5)?(¥ +6) (¥-+ 7) (¥ +8) (+9) (+10) 


A check of these values is carried out by assuming v = }; then our sums are 
expressed in terms of the Bernoulli numbers”. For a high exponent r the value 
of the sum is determined by the first root A, with an accuracy sufficient for 
a number of problems, and the first root can simply be calculated by finding 
the root under the radical index 2r of the overall sum. 

It is known? that the Dini expansion is possible in the roots 6, of the follow- 
ing equation: 

OJ, (6.) — HJ,(6,) =0, »+3/, 20. (13) 


Denote: 
k 
nf = = OR”. (14) 


These sums can be found in the same way by expanding in a series. In 
expanding in terms of the roots of equation (13) three cases are to be distin- 
guished; in the first and third one it is necessary to introduce different terms 
with a,. These cases are the following: 


a)v>H 20; b) vy =A; ec) vr <H. (15) 


We shall analyse the first case when » > H = 0; it is the simplest one, be- 
cause in expansion (2) there is no term with a, from (3). Expand the function 


J,(B x) in terms of J, (6, x); upon usual transformations the series will assume 
the form of 


J,(B x) = 2[8 Jy_1(B) — (v + H) J,(B)] 
k= 00 OF J, (On, x) 


> SS SOOO se oom. 16 
1 G-Ple-e@-) v.6) = 
Assume that « = 1 and 6 + 0. Then upon transformation we obtain 
k=00 1 ] 
% 2 Op — ( — H2) Qi — HH)" (17) 


Multiply expansion (16) by x’*! dx and integrate from 0 to 2, multiply again 


by x dz and integrate again from 0 to x, and so integrate m times. Assuming 
x = 1, we get 


Bo” Fyam(B) = 2[BI-4(B) (18) 


ce J yam (dx) 
K=1 OF 7 (0K — B?) a — ( — H*)] J, (dx) 


¥rom expression (13) by using a recurrence relation we obtain 


+H 
-1(6,) =— 


— (vy + H)J,(B)J 


J (Ox). (19) 
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Making use of this equality we obtain the following relation between Bessel 
functions of different orders, expressed in terms of Lommel polynomials: 


H 
J yam (dx) = [R.,, > Ox) _ * Rint, vt (0;,)] J, (6;:) . (20) 
k 


Substituting this value into (18) and assuming 8 — 0, upon transformation 
we obtain 


(vy +1) _'cs 1 n<Sml2 
my — A) EP (m tv +l) 2, OR — OAD) Xx, | lm — 4) 
(m—n —1)!I'(v +m —n) (6; \"" 
ni(m —2n)! I'v +n +1) (3) 


2n(H +m —n)] (21) 


From this expression we obtain by subsequent calculations a number of 
expressions of the type 


! == 00 1 
(7) _ ——— : 
2) SE oF — BD] @) 
The sums sought for are obtained in the following way: 
nf? = gf? — (0 — HP) (23) 
I am listing below several sums 7” calculated by this method: 
(aq) y+2—-—H ge  4%+1)+04+2 —H) (24) 


20410 — A)? ? ~ Bo +12 +2)0 — Hp’ 
72) = 4(44+3r—INY4+ Dw+ 204+ 3)—@+ A)(4 + 8v — AY 3)—@+ AO NY + 1 
y 2 + 1 + 27 + 3) — A 

A case of practical interest is when H = 0; then the roots 6, become those 
of the derivative of the Bessel function, and expressions for 7!" get con- 
siderably simplified. 

In the second case, presented in (15), of conditions for expansion when 
y = H, the roots 6, become those of the Bessel function of the order » + 1, 
which corresponds to the problem discussed in the beginning. 

In the third case (15) when » < H the equation (13) will have two more 
purely imaginary roots +106, (see ref. 2). From a theory of expansion it 
follows? that in this case the term a, is also not equal to zero and is expressed 
in terms of the quantity 6,. Proceeding in analogy with the preceding examples 
one can also here obtain the sums 7”. 

It is interesting to note that the sums o{” and 7" can also be obtained by 
expanding x” in a series in terms of the functions J,_,(A, x) and J,_,(0, 2), 
respectively. This is the way in which Rayleigh® found, in our notation, the 
value of yf in one of the problems on spherical resonators, while Lamb* 
generalised this result to @ of (17). These studies have not been further devel- 
oped, although calculations of the roots of transcendental equations of this 
kind lay in the range of interests of mathematical physics of that time. Ob- 
viously, the delay in the development of this method was associated with the 
fact that at that time there was not found the value of the additional term 
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with a, in expanding in a Dini series. Considerably, later, in 1908, Bridge- 
man pointed to the necessity of introducing these terms, but even in a number 
of more recent manuals this is not mentioned. The absence of the additional 
term had no effect on the restricted result of Lamb and Rayleigh. 
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48. HEAT CONDUCTIVITY AND DIFFUSION 
IN A LIQUID MEDIUM UNDER PERIODIC 
FLOW CONDITIONS 


I. Determination of the Wave-transfer Coefficient in a Tube, 
a Gap, or a Channel 


The increase in the heat transfer and diffusion transfer in a fluid in 
undulatory motion is characterised by a tensor y which is called the wave- 
transfer coefficient. A method is described for an approximate calculation of 
the wave-transfer coefficient, making it possible to determine the upper 
limit of this quantity if the velocity distribution in the flow is known. By 
means of this method there are investigated transfer phenomena in oscillatory 
processes in tubes, in gaps and in open channels when thcre is an undulatory 
viscous-fluid flow in thin Jayers. 

Accurate values are calculated for the wave-transfer coefficient in undu- 
latory fluid flow in tubes and gaps. 


1. In a study on the undulatory flow of thin viscous-fluid layers we drew 
attention to the fact that in a periodic fluid flow the phenomenon of diffusion 
transfer may strongly increase. The essence of the mechanism of this process 
was elucidated: on a simple model!, and comes to the fact that as a fluid is 
oscillating there takes place a periodic redistribution of the concentration gra- 
dients which increase the phenomenon of transfer. As will be seen from what 
follows, in some practically feasible cases of periodic motion, for example, the 
heat transfer in water can be made of the same order of magnitude as that in 
copper. In the present paper we give a quantitative theory of this pheno- 
menon, and describe also an experimental verification of it. For brevity, we 
shall henceforth consider only heat transfer but, of course, all the considera- 
tions and conclusions are completely applicable to diffusion transfer. 

If in a fluid there is a temperature gradient 7 while the fluid is flowing with 
a velocity w, then the density F of the heat flow at any fixed point of the 
space will be equal to the following vector sum: 


F =xgrad 7 +cdT'w, (1) 


where x is the thermal conductivity, c is the thermal capacity, and d is the 
density of the fluid medium. The first part of this sum is due to the general ther- 
mal conductivity, while the second one is due to the induced convection. In a 
periodic fluid flow the value of the second term averaged over time may differ 
from zero and, hence, the heat transfer can change considerably. If the value 


IL. JI. Kanuna, Tennonpopognocth u ANhhy3suA Bb wkuAKoit cpeqe UpM DepHonureckoM 
revennn, I. Oupesenenme nenuuiun koappunnenta womnonoro nepenoca B Tpybe, B 
mein up Kanase, Kypnas Incnepumenmannot u Teopemurecnot Ousuxu, 21, 964 (1951). 
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averaged over the period of oscillations is denoted by a bar, then the average 


heat-flow density F can be assumed as 


F = x(1 + y) grad T, (2) 
where y represents a dimensionless tensor which characterises equally both the 
increase in heat transfer and that in diffusion transfer which take place in 
the fluid owing to the periodic motion. Therefore we shall call y the wave-trans- 
fer coefficient. Thus, if the thermal conductivity is multiplied by y then we 
obtain an additional thermal conductivity arising from the oscillatory motion 
of the fluid. If the diffusion coefficient is multiplied by y, then we obtain an 
additional diffusion transfer produced by the oscillatory motion of the fluid. 
In this case it is obvious that this additional heat transfer and diffusion trans- 
fer can be of an anisotropic character. 


Fie. 1 


Our task is to calculate y as a function of the character of the fluid motion. 
A complete and exact solution of this problem, even in simple cases, leads 
to considerable mathematical difficulties. In what follows we give accurate 
solutions for the periodic fluid flow in tubes and gaps. But, for practical cases 
when one has to consider a rather complex type of periodic flow, there is a possi- 
bility to obtain in a simple way an approximate solution, if one confines one- 
self to the determination of the upper limit for y and to a two-dimensional 
case. We shall first present this approximate solution. 

Consider the heat transfer along the z-axis, as shown in the drawing. If the tem- 
perature in the section 1-1 is 7, and in 2-2 T,, while the distance between 
the sections is L, then we obtain the mean temperature gradient to be 

T =(T,— TL. (3) 
Consider the heat flow through any flow cross-section CC connected with the 
moving particles of the fluid. Since a periodic motion of the particles takes place 
in the fluid, the cross-section CC will change periodically its position. Take 
the cross-section CC such that in the instant ¢ = 0 it should coincide with a 
fluid cross-section taken at the y-axis (see the drawing). Let the fluid particles 
perform a periodic motion with an angular velocity w. If the coordinates of any 
of the considered particles in the instant t = 0 are y and z, then the displace- 
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ment of the particles from this point along these coordinates will be denoted 
respectively by 7 and ¢, 4 and ¢ being functions of y and z and periodic func- 
tions of the time t. In this motion the particles connected with the cross-sec- 
tion CC will displace during the time ¢, and the cross-section will assume a 
position C' C’. 

Take in the cross-section CC a rectangular element dy dz. At the time ¢ 
this element will not only change its position but may also get deformed, and 
its section may become a parallelogram. Denote the length of the side of the 
element along the section C’ C' by dl, and the height by dh. Since the size of 
the element will remain unchanged, we have 


dy dz = dldh. (4) 


From a simple geometric plot it follows that 


an\? ac\? 
di? =(14+—})} dy? = 2. 
[t+ ay) ave + (zy) ae 6 
If the heat flow through the considered element is denoted by dg, then, ob- 
viously, it will change in the course of deformation of the fluid medium, and 
will be equal to 

dg = x(dT/dh) dl. (6) 


In this expression d7' represents the difference in temperatures at the opposite 
sides of the element considered. We shall now make a basic simplifying assump- 
tion, namely that for the period of oscillations this difference d7' will so little 
depart from its mean value that one can assume it to be constant. This assump- 
tion is the more valid, the larger the thermal capacity of the fluid and the shor- 
ter the period of oscillations. It is also obvious that this assumption results in 
that the heat flow through the element so calculated will have the highest 
value, because in the process of heat transfer the temperature difference will 
be somewhat smoothed, while the temperature drive and, consequently, the 
heat flow will be smaller than the assumed ones. Further we shall assume that 
the initial position of the section CC corresponding to the instant { = 0 is 
chosen so that in it either there is no temperature gradient along the y-axis, or 
its effect may practically be disregraded. Therefore the heat flow through the 
element dy dz considered within the limits of our approximations will be 
determined by expression (6) and, if d7’ is a constant, then according to (3) 
one shall obtain dT /dh = T’ dz/dh. Substituting dl from (4) and d/l? from (5), 


we find 
an\? acy? 
= , —_ _—_ d e. 7 
dg=xT (+ 2) +(5) | y (7) 


Calculate the mean value of the heat flow through the element dy dz for the 
period of oscillations t = 27 w~!. In what follows such an averaging over time 
for any quantity will be denoted by a bar above the quantity. Performing 
this operation we obtain 


dg = «T" f + 2a + (2) + (32) | dy. (8) 
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Thus we obtain the value of heat flow through an element dy of the flow 
section, averaged over the time. The heat-flow density along the z-axis, 
averaged over the time, will be 

F, = dg/dy. (9) 


As already mentioned, the heat-flow density calculated in such a way has 
the highest possible value. The corresponding maximum value of the compo- 
nent of the tensor of the wave-transfer coefficient along the z-axis will be de- 
noted by J*,. Comparing (2), (8) and (9) we obtain 


an , (an\? aa 
PL, = 2—-4+(— —}). 10 
: out (a) +(5; ©) 
Usually an oscillating fluid motion can be presented so that the displacement 
coordinates 7 and € of the particles vary according to the expressions 
yn = A,sinwt+ A,cosat, a 
€¢ = B,sinwt + B,coseal, 
where the components of the amplitude A,, A,, B,, B, are functions of only 
y and z. If these values are substituted into the preceding expression, then 
upon averaging we obtain the following expression: 


1 //0A,\? /0A,\? /0B,\? /2B,\? 
rat (Cay CPEB). 
sr) + Gy) + Ga) + Ge “” 
Replacing dy in this expression by @z we obtain the wave coefficient I. 
If an oscillatory motion can be presented in the form of (11), then a number 
of important consequences arise from this last expression. For the periodic 
motion to have an effect on the process of transfer along the z-axis, it is neces- 
sary that one of the components of the amplitude 4,, A,, B,, B, in expression 
(11) should depend on y. The terms of (12) have necessarily a positive sign; 
hence if the considered type of periodic fluid motion has an effect on the heat 
transfer, then this can be only in the sense of increasing the heat transfer. 
By virtue of the continuity of the mcdium, div w = 0, there is the following 
relation between the coefficients A,, A,, B,, Bg: 
0A, OB, 0A, OB, 
+ = 0; >a UT 
oy oz oy dz 
If we consider an ideal fluid, then in view of the absence of vorticity, i.e. be- 
cause of the condition curl w = 0, we have 
dA, OB, 0A, CB, 


oz oy = 90; dz Oy = 0. (14) 


=0. (13) 


From these two conditions and expression (12) it is seen that the wave-trans- 
fer coefficient I’, calculated along the z-axis will be equal to the wave-transfer 
coefficient I), along the y-axis. Thus in periodic flow the two-dimensional ideal 
fluid in the plane of the flow will be isotropic for the heat transfer and diffusion 
transfer. 

By analogy with the plane case one can calculate an approximate value of 
the components of the wave-transfer coefficient also for a two-dimensional 
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case in the presence of symmetry with respect to the axis. The periodic dis- 
placement of a particle along the coordinates r and z will be denoted by @ 
and ¢, respectively. Considering the heat flow through a ring element of a 
radius r the components J°, and J’, are calculated by the same method as before. 
They are of a somewhat more complex form than for the plane case, namely: 


These values are of practical interest in considering heat transfers in tubes 
with variable section, in which a viscous fluid is pulsating along the z-axis. 
Usually the coordinates @ and ¢ can be expressed in a form analogous to that 
of (11): 


(15) 


o =f, sinwt+ R,cosaé, (16) 
¢ = 8B, sinwt + B,cosat, 

where B,, B,, R, and R, are functions of the coordinates. If the tube is a 
cylinder of a constant radius 9g = 0, then from (15) and also owing to the con- 
tinuity of the medium we obtain 


il 0B,\? 0 Bs \"] . _ a. _ 
r= 5S) + (SI: lr. =0; 0=0. (17) 


2. Consider heat transfer along the axis of a cylindric tube of a constant 
round section, in which a fluid is performing a longitudinal harmonic motion. 
Assume that this motion is produced by a piston which is performing har- 
monic oscillations according to the expression 


l= 1, sin(mt 4-0). (18) 
Let us first consider the case when the angular frequency w is sufficiently 
small, so that inertial forces arising in the periodic motion can be disregarded. 
Then at a sufficient distance from the piston a square velocity distribution 
will set in: w = C,(1 — P/a®) cos(w t +0), (19) 
where a is the radius of the tube, and w is the velocity along the tube. The 
constant C, is determined from the condition that the amount of fluid running 
through any section of the tube is equal to the change in the volume associated 
with the piston displacement: 


a 
atwl=2{wrdr. (20) 
0 
Substituting w, we determine C, and obtain an expression for the motion of 
fluid particles along z-axis: 
¢ = 21,(1 — r?/a?) sin(wt + 0). (21) 
Substituting the corresponding values B, and B, into (17), we obtain the 
following equation for the wave-transfer coefficient : 


T. = 82 Plat. (22) 
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Thus it is seen that the highest increase in the heat transfer will take place 
at the tube walls. In practice there is of interest a wave-transfer coefficient 
equal to the value of I’, averaged over the section of the flow. This value ave- 
raged over the flow section will be denoted by two bars above the quantity: 


_ 2 
Pao [ Prar. (23) 
a. 
0 


On averaging, we obtain for the wave-transfer coefficient 
P = 48/a?, (24) 


whence it is seen that the heat transfer along the tube depends only on the 
square of the ratio of the amplitude of fluid oscillations to the tube section. A 
simple calculation shows that for tubes of a radius of several millimetres it is 
possible, without passing to the range of critical Reynolds numbers corre- 
sponding to turbulent flow conditions, to reach ratios of [2 to a? such that the 
value of the wave-transfer coefficient [°, of the tube will be of the order of 
1000 and more. In this case, of course, the heat transfer will completely be 
determined by the amplitude of the oscillatory process. 

In spite of such a considerable increase in the heat transfer along the tube, 
from relation (7) it follows that I. = 0 and, therefore, the heat transfer in 
the radial direction will remain unchanged and equal to the one taking place 
in the absence of oscillatory motion. 

Proceed now to an accurate calculation of the wave-transfer coefficient y,. 
of the tube. Since y,, SI, y,, = 0 and, consequently, y,; = 0. The heat- 
flow density F, given by expression (1), for the general case of heat transfer 
in the case of a tube in which a fluid is oscillating along the z-axis is calculated 
as an average over the period of oscillations to be 


Fo=xT' ~cdwT, (25) 
where @ is the component of the velocity along the z-axis. Comparing this 
expression with (2), we obtain for the wave-transfer along the tube the follow- 
ing expression: 

v..=(7T) of, (26) 


where y = x/c d is the coefficient of thermal conductivity. The wave-transfer 
coefficient of the tube is calculated in the same way as expression (23), and is 
equal to the value y averaged over the scction: 

1 


= > —/r r 
.=— | wTl(—)a(-). 
Yes oF | ¥ (Z)a(Z) 
{) 


‘Thus for the calculation of y., it is necessary to know the distribution of the 
velocity 7 and the temperature 7' in the tube. In determining the velocity 
we shall take into account the effect of inertial forces arising in the fluid in 
oscillatory motion, so that for rapid oscillations the velocity distribution will 
differ from the simple square distribution (19). In order to find this velocity 


(27) 
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distribution, write down the Navier-Stokes equation for the considered case 
of flow with the corresponding boundary conditions: 


ow 10 dw. _0 28 
ot ror or?’ ©? 1% (28) 
where P’ is the gradient along the z-axis of the pressure produced by the piston, 
and yu is the viscosity of the fluid. Introduce the following notation: 


y=rla; FP =dwae lp; (29) 


Then the equation will be rewritten as follows: 


1, .léw 1106 ew 
od) ~ od Pais’ on? w=0, z=1. (30) 
By one of the usual methods one can find the solution of this equation corre- 
sponding to steady periodic flow conditions and satisfying given boundary con- 
ditions. The solution will be expressed in terms of zeroth-order Bessel func- 
tions of a complex variable. In order that @ may be expressed by a real 
quantity, the solution must be of the form of 


w =O {LTV i) #) — Jali) 2) on™ 


+ [o(V(— 4) &) — Jo(V(— 4) Ba] 4}. (31) 
The constant C is determined from the expression of continuity (20), since the 


piston motion is given as before by expression (18). On integrating and making 
use of recurrence relations we obtain 


C2 = w BLJ,(Y (4) &) Jo(V(— 4) &)]. (32) 


Determine now the temperature distribution in the tube. If one considers 
a fixed elementary volume in the tube and makes the balance of the heat 
brought to the elementary volume, then we obtain the following equation: 


ety 1a an 
cd(w 1") 4+ aor = 0, (33) 


where 7" is the temperature drive (1) along the tube. Owing to the independence 
of the process on the coordinate z, 7” is a constant. Since there is no heat 
transfer through the tube walls, the solution must satisfy the following boun- 
dary conditions: 

oT/dr =0, r=a. (34) 


Introduce the following notation: 
m* = x/@ a’, (35) 
With these notations the equation assumes the following form: 


re) le ef oT 
! — 2 eH 0: —=0, =]. 36 
T' w aT +om ; on” Ox ; aE x (36) 
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Denote by 4, the successive values of the roots of the Bessel function: 
Jy(An) = 0. (37) 


Then for steady periodic flow conditions the solution of equation satisfying 
the boundary conditions will read 


N=CO 
T= << {| 2o + os Dy, Ty (An s)fe ent 4. | Dé + Ps DET (An 2) om, (38) 
where D, and D, are complex constants, while Dg and Dy are their complex 
conjugate values. These coefficients are determined by the usual method 
applied in the Fourier—Bessel expansion. On substituting w from (31) and I’ 
into the basic equation (36), equating to zero the expression at e~'” and multi- 
plying it by Jo(A, x) « dw, we integrate from zero to unity and obtain 


ne py VOR, WO) 
Po=id(VOHs Pum ~ mB) 


Further we take the value w from (31) and T from (38) and substitute them into 
expression (26), average over the time and obtain for the wave-transfer 
coefficient the following value: 


Cc? 
Vis = vrata ot > D, J o(An °)| 


[yotV (- i) k) — Jo(¥(— 2) k x)| 4+ conj. compl. (40) 


For abbreviation we write only the first part of the integrand; the second part 
is its complex conjugate. 

Further we calculate according to expression (27) the wave-transfer coef- 
ficient of the tube to be 


= C2 
arr 


B — D,, aA ee + con. compl. (41) 


Substituting the values D, and C? from (32) and applying the notation (35), 
we finally obtain 


—_— CS ae 
ETM OMIM ADE 1 + ORS 1) 


This is the accurate value of the wave-transfer coefficient in the tube. The cal- 
culation of J,(Vik) J,(/—ik) is made somewhat difficult by the fact that 
only the values for the first order of these functions are given in available 
tables. ‘Therefore one may apply the known expansion? of the product of two 
conjugated Bessel functions of the argument 45°: 


TVOWIV(— )k) =berrk -be®k 


(42) 


ih 


(/2) 2°44 
21 To +s4+ 1) +2841) 7 


bai 
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According to this expression the coefficient of the sum (42) expanded in a 
series will read 


9 2B AV H AW(= 98) 
, J2(V(2) k) Jo(V(— 2) k) 

1 1/k\4 1 /k\8 
+ pls) + aga (5) + 
4 sa(s) + sos) 4 
~ 36\2/) ' 8640\ 2) ° 

This cxpansion is convenient for calculating Q when the valucs k are not 
large. At large values one can make use of recurrence relations and of the 
available tables of the imaginary and real parts of zeroth-order and first-order 
functions. 

Thus we have calculated Q for the values of & up to 10, which are given 
in Table 1. Values containing the roots 4, can easily be calculated because 
the sum is rapidly converging and the values of A, are well known. Moreover, 


for the sums of the negative even powers of the roots of the Bessel functions (37) 
the following values were found?: 


of) = "1/5; of) = i903 o®) = sore; of! = "asoso (45) 


and so on, where 


(44) 


— 


= 00 


a”) = >) Ane. 


n=1 
An examination of expression (42) shows that at constant values of the para- 
meters k? and m? the value of 7,, is always proportional to /2/a2. Thus the ratio 
of the squares of these quantities appears to be the basic characteristic of the 


TABLE 1 
zk] Q ze] @ | & Q i Q i Q 


58-419 : 108-198 . 174-160 
62-493 . 114.090 . 181-635 
66-814 : 120-134 . 189-271 
71-361 : 126-401 . 197-068 
76-111 . 132-688 . 205-027 
81.049 . 139-200 . 213-146 
86-161 . 145-871 . 221-268 
91-437 . 152-702 : 229-867 
96-871 : 159-694 : 238-468 
102.458 . 166-846 : 247-229 


wave-transfer coefficient. Practically, if k is small, i.e. of the order of unity, 

the velocity distribution in the fluid is similar to the ordinary square law (19). 

In this case, from expression (44) and from the table it is seen that the coef- 

ficient Q is equal to 32, and the expression for y,, assumes the following form: 
2 wae ] 


7. = 2 ——___—_; k->0. 46 
¥ a® %2 a A (mt A + 1) ° ( 
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If the value of m? also tends to zero, then according to expression (45) the 
sum will be equal to }, and then ¥,, will be equal to the value of J’, from (24) 
derived by the approximate method. A case of practical importance is when m 
has a large value; then from expressions (46) and (45) we have 
2 
Ven = fo x 0:1042 m4; k>0, Afmt>1. (47) 
a 


3. The problem of heat transfer along a two-dimensional opening is solved 
by the same method as that with a cylinder. Apply this method to the simple 
case analysed in our previous paper! as a simple model for explaining the me- 
chanism of wave transfer. The model consists of two parallel plates forming 
an opening filled by a fluid. The upper plate performs harmonic oscillations. 

In the case of small values of the angular frequency w, for which inertial 
forces can be disregarded, the displacement of fluid particles will be 

€ = (y/e)ljcoswt, 4 =0. (48) 

In this expression the coordinate y is counted from the motionless plate, e is 

the thickness of the opening, J, is the amplitude of oscillations of the plate. 

The wave-transfer coefficient along the gap in the direction of the oscillations 
is obtained from (12): 

I, = G/2e; LP, = 0. (49) 


In this case the wave-transfer coefficient I", does not depend on y and hence 
is equal to the wave-transfer coefficient J", of the opening. 

For fluid oscillations in an opening with motionless walls we shall consider 
the case when the oscillations arise owing to a harmonic variation of the 
pressure. If at: one end of the opening the pressure is p, and at the other end 
Py, While the length of the opening is L, then the pressure gradient is equal to 


P' = (p, — pp)/L = Po cos(wt +0). (50) 
The equation of the fluid flow will read 


' Ow ew 
Pocos(wt +o) d= — maa. (51) 


If the distance between the plates is 2h while the origin is assumed in the 
middle, then the boundary conditions will be 


w=0, y=HAa. (52) 
If for an approximate solution one neglects the term with inertial forces, then 


for the velocity distribution we shall obtain the square law and, accordingly, 
the displacement of particles will be 


Pon yy | 
= l —_ = 
¢ mrAl Fa) sin (cot +o), 7=0. (53) 


From this expression an approximate method of calculating the wave-transfer 
coefficient of the opening gives according to (12) 


= 1 Pik? 
aa f Teak = —: (54) 
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Calculation of the heat flow of the opening along the y-axis gives I, = 0. An 
accurate value for the wave-transfer coefficient y,. of the opening is obtained 
from expression (26) in the same way as in the case considered with a tube 
(there y,, and y,, are also equal to zero). Therefore we shall confine ourselves 
only to noting the basic stages of the calculation. Introduce the following 
notations: 

x=yfh; Mt=yloh*®, K* =wh'dly. (55) 


For steady periodic flow conditions the solution of equation (51) with the boun- 
dary conditions (52) gives 


w = 458 {[cos(|/(t) K) — cos()/(¢) K x)] e- + conj. compl.} (56) 


As before, for abbreviation we write in the sum no conjugated component. 
If there is given a pressure gradient P,, then by substituting (56) into equation 
(51) we obtain for the constant S the following value: 


S? = Pla? d? cos(/(¢) K) cos(/(— #4) K))}-1. (57) 


The temperature distribution 7' in the opening is derived from the equation 
which was obtained in the same way as the equation (33) for a tube. We are 
presenting it and the boundary conditions in the abbreviated notation: 
oT eT oT 
‘ —_—_ — 2 = . _—- = => ] . 8 
T'w ap 1 Fat 0; = 0, «=+ (58) 
The solution of the equation for steady periodic flow conditions which satisfies 
the boundary conditions reads 


i nm=co 
T= =| E, + 3» E, cos(an 2)| e@7t 
2@ n=l 


i, = 00 
+ & +- "y EX cos(a n »)| eth , (59) 
n=1 

where Ex is the conjugated value of E,. The values of the coefficients EZ, and 
E* are obtained by the method applied in the Fourier series. On substituting T' 
and w into equation (58) and equating to zero the expression at e~*” , we shall 
multiply its terms by cos(x n «) dx and integrate from —1 to +1. In such a 
way we obtain the following expression: 


2) (i) K sin(V (i) K) 


E, =tcos(/(i) K); £, =(—1) GK? — 72) (i — MP n? x2)" 


(60) 


From expression (26) we obtain the wave-transfer coefficient. Averaging its 
value over the opening, we get 


ez = (24 T')} fot da. (61) 


Substituting the values w and 7’, we obtain 


= §2 [n=00 wV(= 1) K sin(/(— 1) K 
Vis = {> — E,(— 1) 4K? +n? 7? 


) + conj. compl. (62) 
4yw 
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Substituting the values of the coefficients of H, and M*, upon a simple transfor- 
mation we obtain 
n= 00 nen 


= S2 . 
Yee = aq KP sin(V (6) K) sin(V(—) K) YS Cae aay (3) 


In the case of an oscillatory process caused by a harmonic variation of the 
pressure, the constant § is given by expression (57). It can be shown that 


sin(/ (2) K) sin(V(— 7) K) = 4[cosh() (2) K) — cos(// (2) K)], (64) 
cos(J/(i) K) cos(y(— 1) K) = 4[cosh(//(2) K) + cos(/(2) K)]; 
Then for the wave-transfer coefficient of the opening we finally obtain 
=  _—P?_—~«K*[eosh(\/(2) K) — cos()/(2) K)] 
Pes OB [cosh (j/ (2) K) + cos(V (2) K)] 
n=00 n? 72 


2 Gent +E) 4 Pa (65) 


x 


Calculation of this expression presents no difficulty. At small values of K cor- 
responding to a square distribution of the velocities w the expression after 
simple transformations goes over to the following: 

= PER n=O 1 

Yes = wtp? 1 n'x(1 + Mi n'nt) 
In calculating the sum one can apply the known expression for the Bernoulli 
numbers: 


Dd) (nm)? =e, DS) (mm)-4* = 1g, Dd; (n 70)-§ = 1o45, ete. (67) 


Making use of these values we obtain that for Jf = 0 the wave-transfer coef- 


; kK>0. (66) 


ficient 7,, is equal to T. of (54) already obtained by the approximate method. 


4, Consider the wave-transfer in an oscillatory motion in a fluid medium 
having a free surface in which waves can be formed. From the derivation 
presented in the beginning for approximate methods of calculating the wave- 
transfer coefficient it is seen that it is applicable also for such a case of oscilla- 
tory fluid motion. 

Consider first the classical undulatory motion of an ideal fluid, taking place 
in a channel of a depth £7. As is known, the motion of fluid particles is described 
by the following expression‘: 


cosh (7 y) 
cosh (n H) 


= pene”) nine —ot) C= 


sinh (7 H) cos (2 z— wt). (68) 


The origin of the vertical y-axis is assumed to be at the bottom of the channel, 
b is the amplitude of oscillations, w is the ferquency of oscillations, and n is 
the wave number: 


n = 2nd, (69) 


where A is the wavelength. From these expressions the components of the 
amplitudes A,,A,, B,, B,in (11) can be obtained. It is by substituting them into 
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expression (12) that we obtain for the wave-transfer coefficient I", along the 
channel the following expression: 


r _ n®b® cosh(2 ny) 
* "2 sinh? (n H) * 


The wave-transfer coefficient of the entire section of the channel will be 


(70) 


H 
= 1 b? A 
0 


From this expression it follows that, on the one hand, for given channel 
depth H and the wave amplitude b the wave-transfer coefficient r. of the 
channel will increase as the wavelength decreases, and the limiting values 


of I, will be T. = 0°/2H?, A>, (72) 


Pr,=nb/AH, 2-0. (73) 
On the other hand, the magnitude of the amplitude 6 will be restricted, firstly, 
by the fact that it cannot be larger than the channel depth // and, secondly, 
by the steepness of the wave profile. If the highest possible inclination of the 
wave is assumed to be 30°, then we have 
b<H, b <Afda. (74) 
Using these values in (72) and (73) we find that the highest possible value for 
I’, differs little from one half and is obtained for wavelengths several times 
larger than the channel depth. As the wavelength decreases so does J’,. 

To find the wave-transfer coefficient perpendicular to the channel bottom 
(along the y-axis) we differentiate the components of the amplitudes obtained 
from (68) with respect to z. Then we obtain for J{, the samc expression (70) 
as for the wave-transfer coefficient along the channel. This result can be obtained 
also without calculation, because expression (68) represents the ideal fluid 
flow and the coefficients A,, 4,, B,, B, satisfy expressions (13) and (14); under 
these conditions in the y,z plane the fluid is isotropic for the heat transfer 
and I’, = I’,. Since the wave-transfer coefficient depends on y, it will change 
with the depth and will have the highest value at the surface. The value 
of ., averaged over the depth will be equal to T’,; hence all the consideration 
of the magnitude of the coefficient referring to the transfer along the channel 
will remain valid also for the transfer across the channel. 

It can be shown that the picture of the mechanism of heat transfer at wave- 
lengths considerably larger than the channel section (A > H) is of a somewhat 
trivial character. Calculate the heat flow in the dircction of the y-axis, 1.e. 
across the channel, independently of the character of the fluid flow. The 
temperature at two opposite surfaces will be denoted by 7, and 7',, and the 
thermal conductivity of the medium by x. Let the layer thickness be a variable 
equal to H +, where 7 has the meaning given by expression (68). Under the 
condition that y = H we obtain 


T,—T b “1 


Fy =*%— > , 1 + Zsin(nz — wt) . (75) 
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On averaging this expression over the time we obtain 
Fy = T' (1 — BH?) Ch aw x T'(1 + 07/2 H?). (76) 
Comparing (76) and (2) we find 
LD, = B/2H?, (77) 


which corresponds to the expression (72) already obtained. This agreement 
shows that in this case the mechanism increasing the heat transfer determines 
basically the wave character of the external boundaries of the fluid. 

From the cases analysed there appeared two mechanisms of the increase of 
heat transfer, taking place in a periodic fluid flow. One mechanism is due to 
the wave form of the external boundaries, while the other one arises in the 
periodic fluid flow, when an increase in the heat transfer occurs also in the 
absence of any change in the external boundaries, for example, in a cylindric 
tube or a parallel opening. This effect is due to the character itself of the flow, 
and the essence of its mechanism was shown on a simple model in which the 
wave transfer took place in a layer of a viscous fluid between a motionless 
and an oscillating plate (ref. 1, p. 17). The method of approximately calcu- 
lating presented in the beginning takes into account both mechanisms. 

Analyse now a more complex case of viscous-fluid flow. This case takes 
place when there is an undulatory flow of a viscous fluid in thin layers on a 
wall. The hydrodynamic aspect of this fluid flow is analysed theoretically in 
ref. 1 and investigated experimentally in our earlier studies®. 

It is usually assumed that in the viscous-fluid flow in a thin layer on a wall 
the distribution of velocities w, obeys square law: 


w, = 3/, w(1 — y?/a?), (78) 


where w is the mean velocity in the section, a is the layer thickness, y is the 
coordinate which is counted from the free surface of the fluid. (Here we are 
adopting notations differing from those in the work cited!.) 

Our investigations have shown that a flow of such a form takes place only in 
very thin layers and appears to be more stable in a very wide range of velocities. 
The peculiar character of the flow in thin layers has already been noted earlier, 
but we succeeded in establishing its undulatory character and the laws of its 
flowing®. It turned out that the waves are propagating with a phase velocity k 
which has the direction of the fluid flow and a velocity two times larger than 
the mean velocity w. 

For a theoretical study of the flow of such a kind we have assumed that also 
in undulatory flow conditions the square velocity distribution given by ex- 
pression (78) is preserved in the sections of the flow, with the only difference 
that the section a is a variable. It has been shown that in the first approx- 
imation the value of a is equal to 


a= H{] + (6/H)-sinn(z — kt)]. (79) 
In this expression H is the mean section of the layer, n is the wave number (69), 


and b is the amplitude. We have denoted the ratio 6/H by «, and this value, 
as shown by experiment*, is close to the theoretically found a? = 0-21, When 
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a fluid is flowing under undulatory flow conditions, then the mean scction I 
of the flow proves to be smaller than the section H, of the same amount of 
the fluid flowing as an ordinary laminar flow. The ratio of these quantitics 
shall be denoted by £, and is equal to 8 = 0-93.) Consequently, we have 


o? — 8/H?=0.21: H/H, =p =0-93. (80) 


An investigation of the mechanism of heat transfer across the flow by means 
of expression (10) shows that, since in the given case the wavelength is larger 
than the cross-section of the flow, an appreciable increase will be caused only 
by the presence of an external wave profile. In analogy with (75), with the same 
notations we have for the heat flow along the y-axis from expression (79) 
the following value: 


Fy, = «(T, — T))/(A(1 + « sinn(z — k 6). (81) 
On averaging, we get 
FB, x x(T,— T,)/H(1 + Yoa?). (82) 


Comparing this expression with (2), we obtain I’, = 402. Compare the heat 
transfer across a fluid layer under undulatory flow conditions with that under 
ordinary laminar flow conditions. For this we calculate the ratio of the heat 
flow at the same temperature difference; then we obtain 

F,/Fo, = (H/Ho) (1 + "/20°) = B-Y(1 + *_0?). (33) 
Making use of the numerical data (80) we find that the heat transfer increases 
1-2 times under undulatory flow conditions. This result has already been ob- 
tained by us in a preceding paper (ref. 1, p. 27). 

The wave transfer coefficient along the axis of the fluid stream, ie., in a 
running flow, has no clear physical meaning. 

As pointed out, the rapid spread of a coloured edge observed in experiments! 
is explained simply by thc undulatory mechanism of the transfer, giving for 
the spread of the coloured edge a velocity equal to the phase velocity k. Such 
an explanation is confirmed quantitatively by experiment. The very spread 
of the dye along the flow occurs owing to the wave transfer through the same 
mechanism as for a pulsating viscous fluid in a tube or an opening, the diffusion 
coefficient being as if increased by a factor of many thousand. 

A more detailed study of this problem is, apparently, as yet of no interest. 
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49. THE HYDRODYNAMIC THEORY OF 
LUBRICATION IN THE PRESENCE 
OF ROLLING 


Hydrodynamical equations are derived for the flow of a viscous layer 
when a cylinder or a ball is rolling on it. Formulae are obtained for the 
pressure distribution in the lubricating layer when the viscosity depends ex- 
ponentially on the pressure. It is shown that in this case, in the presence of 
a rolling cylinder or ball, the layer has a limiting thickness down to which 
it can be compressed. The lifting force is calculated, losses due to friction are 
determined, and the values of the friction coefficient in the presence of a 
rolling cylinder or ball are found. It is shown that in the antifriction bearing, 
owing to the formation of the lubricating layer, the pressure at the spot 
of contact is distributed over a larger area than in the case of a static load; 
hence in the presence of rolling the stress of the metal is considerably re- 
duced. 


1. INTRODUCTION 


The purpose of the present work is to elucidate the role of lubrication in 
antifriction bearings. As is known, ball-bearings and roller-bearings are widely 
used in contemporary technology, and they are always filled by a lubricant. 
In the literature available on antifriction bearings!” the necessity of lubrication 
is justified by the fact that it represents a means for a reduction of the friction 
between the ball or roller and the separator, a protection from corrosion, and 
so on. Although all of the factors quoted are essential to the operation of bearing, 
they are not directly associated with the process of rolling of a roller or ball 
on a slide surface. Undoubtedly, in the course of the bearing motion the lubri- 
cating medium must get under the ball or roller and as a result of this the 
rolling will take place not directly on the metal surface but on a lubricating 
layer. The formation of such a lubricating layer in ball-bearings is confirmed 
experimentally by the fact that in their motion the electric conductivity 
between the moving and fixed part of the bearing is perturbed. This pheno- 
menon can best be observed in bearings with plastic separators. 

In this work it will be shown that the lubricating layer has a very essential 
effect on the process of rolling in the operation of a bearing. Such a layer not 
only prevents the ball or roller from a direct contact with the slide surface 
and thus preserves them from sticking and smooths out the ruggedness of 
the surface, thus reducing wear and tear, but also reduces substantially the 
stress of the metal at the spot of contact. It is well known that in contemporary 
antifriction bearings very large values are allowed for stresses at the spot of 
contact. The appearance of such high stresses is accounted for by the fact that 


U1. JI. Kanima, Tngpoqnuamnueckan reopna cmaski mp Kayennn, ypuan Ternu- 
uecnott Duauxu, 25, 747 (1955). 
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the contact surface between roller and support, calculated on the basis of the 
theory of the elasticity”, is very small, which leads to large concentrations of 
forces. For example, in ordinary steel bearings stresses up to 50,000 kg/cm? 
are allowed. Such stresses are beyond the limits of elastic deformation and, 
one would think, they should lead necessarily to a rapid destruction of the slide 
surface. As will be shown in this work, the presence of a lubricating layer 
at the spot of contact leads to an increase in the contact surface and to a more 
uniform pressure distribution, and thus reduces considerably the stress in 
the metal. Thus, in reality as a lubricated bearing is rolling the stress is lower 
than the calculated static stress, and this explains why contact surfaces are 
not deteriorated. 

These considerations point to the extraordinary importance of lubrication and 
to the necessity of understanding the physical picture of the process of forma- 
tion of a lubricating film under a ball or roller in rolling. To our knowledge 
these problems have never been discussed, although, as will be seen from the 
present paper, the solution of the hydrodynamical problem is here not much 
more complex than in the well-known theory of plane bearings. The compli- 
cations consist in that in the present case the lubricating layer is under a 
considerable pressure and, therefore, the dependence of the viscosity on the 
pressure should be taken into account. 

For the rolling of a cylinder it turns out that it is possible to find the total 
solution of the problem. For a ball we find a partial solution which allows one 
to give a quantitative description of the process, which corresponds sufficiently 
closely to real conditions of rolling in a ball-bearing. 


29. THe THEORY OF LUBRICATION IN THE PRESENCE OF A ROLLING 
CYLINDER 


We shall confine ourselves to the solution of a two-dimensional problem 
when a cylinder of infinite length is rolling. Calculations will be carried out 
per unit length of the cylinder. The notation adopted is shown in Fig. 1 which 
represents the cross-section of the cylinder and of the slide surface. The variable 


Zz 


Fia. 1. The cross-section of the cylinder rolling on a viscous layer. 
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height of the gap filled by a lubricant will be denoted by h. The coordinate x 
determines the length of the gap and is counted from the point O where the 
centre of the rolling cylinder is at the smallest distance from the slide surface. 
The coordinates of the ends of the lubricating layer will by be denoted /, and /,, 
and the hydraulic pressure in the lubricant by p. Our task consists in find- 
ing the pressure distribution in the lubricating layer filling the gap as a 
function of x under the conditions that the pressure at both external ends 
of the layer is equal to zero. 

Since the flow of lubricant is determined by the forces of viscosity, inertial 
and volume forces are ruled out of the consideration. Then the basic equation 
of hydrodynamics gives 


— PL pty, (1) 


where wu is the velocity of the fluid flow with respect to the walls of the gap 
in the direction of the z-axis, and yu is the viscosity. If it is assumed that the 
channel height A varies slowly over the length z, then it can be taken that 
only the dependence of u on the transverse coordinate x is essential. Then we 
obtain 

1 dp Ou 


pb Ou 


Since p does not depend on z, u has a quadratic distribution in z. In order 
that u at the walls of the gap may be equal to zero, we assume 


u = 6Q,(hz — 2?)/h3, (3) 
where Q, is the linear flow rate through the gap: 


h 
Qr = fudz. (4) 
6 
On substituting (3) into (2) we differentiate and obtain 
lép | 3 


Consider a sector of length da, taken along the cross-section of the gap, 
and write down the conditions of the flow continuity. For this we equate to 
zero the amount of fluid flowing into the sector through its sides. Then we 
obtain 

30 Q, oh 


ox Tea =o, (6) 


where o is the fluid density, while ¢ is the time. The first term is due to the 
flow of the fluid into the sector along the gap, while the second term is due 
to a decrease in the gap occurring owing to the rolling of the cylinder. From 
the drawing it is seen that the rate of decrease in the gap is 

Oh dh du oh 


Ot dnt Oa’ (7) 
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where v = — 0x/dt is the velocity of the longitudinal displacement of the point 
of contact as the cylinder is rolling. If a cylinder of radius R is rolling on a ring 
or cylinder of radius R,, then we have 


v=o B Rey 8 
where w is the angular velocity of the motion of the cylinder with respect 
to the slide surface. The plus sign holds when the rolling proceeds on a cylinder, 


whercas the minus sign holds when the rolling proceeds on a ring. Substituting 
expression (7) into the initial one (6), we obtain from (5) 


a 
5, =~ eve. (9) 


This is just the hydrodynamical equation sought for, which is to be solved. 

The x-dependence of h is given by the profile of the cross-section of the 
lubricating gap. In general, the viscosity 4 and density 9 may depend on the 
hydrostatical pressure p. Since the density is relatively little dependent on the 
pressure, we shall henceforth consider g to be constant. Then expression (9) 
gets simplified, and can be integrated. We obtain 


1 op h—-h, 
a an 12v 3B = const. (10) 
From expressions (6) and (7) we obtain 
Q, = v(h — hy), (11) 


where h, is a constant of integration whose physical meaning corresponds to 
those points in a gap of height h, where the fluid flow rate Q, relative to the 
slide surface is equal to zero. 

For a further solution of the problem it is necessary to know the form of 
the x-dependence of h. In the case that we are considering the length of the 
lubricating layer is small in comparison with the radius of curvature of the 
slide surface. Then it can be assumed that the z-dependence of h can be ex- 
pressed in a quadratic form: 


h=h+a2*; 1—-l<R. (12) 

From elementary geometric considerations we find for « the following 
value: l/l 1 

= —{_7-—_ 13 

* 2 (x Rk, ), ( ) 


where R, is the radius of curvature of the cylinder surface at the point O, 
while R, is the radius of curvature of the slide surface at the same point. 
In determining « we take in the parentheses the minus sign if the centres of 
the circles R, and R, lie at one side of the point of tangency O, whereas 
the plus sign is taken if the centres lie at different sides. 

Tf the contact surfaces are deformed, then R, and FR, are to be considered 
as the radii of curvature of the deformed surfaces at the point O. If the surface 
is not deformed, then R, and R, are respectively equal to the radius R, of the 
cylinder and to the radius R of the slide surface. 


OPK 9 
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On introducing the value of h from (12) into (10) we obtain 


1 ap a — ft 
Lop _ a 14 
pox 1200 Tw a (14) 


Pass on now to dimensionless coordinates. For this we introduce a new 
variable y and the corresponding values a and 6 at the boundaries of the gap: 


4 = Vel), a= V(c[ho) ty, 8 = V(o]ho) le: (15) 
From (12) we obtain 
h =ho(l +92), by = ho(l +42), hy = ho(l + 0%). (16) 
Instead of (14) we get 
1 op _ l2v y-—a@ 


— oP (17) 
dy V(hoor) (? + 1) 

Integrate this expression for the case when the viscosity 4 does not depend 
on p. The dimensionless integral in expression (17) will be called the reduced 
pressure; we shall denote it by p’. Then we have 


a 
i= — | 4+{——d, 18 
P ices, oa ©) 
and the pressure sought for will be 
l2upu 
=~ p’ = const. (19) 
Pe Vea) PF 

Integration gives for p’ the following expression: 

1 d 2 24 
p = ~ =| {01 — 32%) (arctan y +a) — @ + Nop te , (20) 


where a and C arc constants of integration, which are determined from the 
boundary conditions according to which the pressure is equal to zero at both 
ends of the lubricating layer: 


r= le, X = b, 
p=0 for (for yaa. (21) 
The first condition is satisfied for the following values of the constant C: 
b 2b 
C= -— (1 _ 3a?) (arctan b + wo) + (a? + yap: (22) 


The numerical values of the constant a are determined by the solution of a 
transcendental equation. The values of a for a number of values of 5 are given 
in the table accompanying Fig.2. The dependences of p’ on y for the values 
0-5, 1, 2, 3 and o of b are presented by curves in the same drawing. The max- 
imum pressure p,, will be at the value y = — a. 

An examination of the curves of Fig. 2 shows that the major part of the 
pressure in the lubricating layer is concentrated at intervals from y = 0 to 
x = 2,and at values b > 3 the curve of the pressure distribution in this interval 
differs little from the limiting one which occurs for 6 = oo. This will later 
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make it possible:to study the process of lubrication without knowing accurately 
the boundaries of the lubricating laycr. 

The maximum value of the reduced pressure, calculated for b = oo, is equal 
to p,, = 0-127 and, accordingly, from expression (19) we obtain 


Pn = 1-520 pw ; 

V (46 &) 
Consider now the case when the viscosity depends on the pressure. For this 
it is necessary to know quantitatively this relationship. Experiment shows? 


Lm = 0-475 | (Ag/x) (23) 


b=@ 


-O'5 fe) 0-5 10 5 2:0 25 3-0 35 4-0 4-5 50 


Fig. 2. The curve of the distribution of reduced pressure in the presence of 
a rolling cylinder. 


that in a wide range of pressures one can assuine for the inercasce in viscosity 
the exponential law 
[t= fly &’?, (24) 
wherc y is called the piezo-coefficient of the lubricant. 
Substituting the value (24) into (17), we obtain 
-y _ _ Rv Gu 
Jerran = ay | gee >) 
Thus, on the right there is the previous integral (18) for p’. Hence, in inte- 
grating it turns out that it is convenient to choose the constant of integration 
such that the expression may be brought to the following form: 
1 L2vyuo |, 
p= —sin(. age), ") 
Since the limiting values for p’ will be the previous ones (21), it is easy to 
sce that the constants C and a in expression (20) will have the previous values, 
and when the coefficient of p’ decreases then in the limit the expression (26) 
goes over the expression (19). When the quantity in the parentheses is close 
to unity, then p may become very large. If under these conditions the curve 
of the dependence of p on x is plotted, then the pressure will get more concen- 
trated about the maximum than in the curve of Fig. 2. In order that the pressure 


9* 
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may have a real value, the quantity under the logarithm must have a positive 
sign; hence we have the following condition: 


jae > LEP Y Mo ay (27) 
Voc 
From this condition we obtain the important consequence: when the visco- 
sity depends exponentially on the pressure there is a limiting thickness for the 
lubricating layer, which is determined by expression (27); the layer at the 
point O cannot have a thickness lower than the limiting one. 
Knowing the distribution of pressure p along the lubricating layer one can 
calculate the magnitude of the lifting force per unit length of the cylinder. 
We shall denote it by F and, obviously, it will be equal to 


l 
F = | pdz. (28) 
i 


Carry out calculations for the case when the viscosity does not depend on 
the pressure. Introduce a dimensionless lifting force F’ equal to 


Flo= f pdy. (29) 
b 
Then we have 
120 us 
F => fF vas ml. 
Troe pe = const (30) 


On substituting the value (20) into (29) and integrating we get 


1 a? + 1 xe? 
Fas (1 _ 3a?) y arctan ¥ + 2 — + Cy yea (31) 


The values of F’ for various values of b are given in the table of Fig. 2. 
The maximum value F,,, = 0-204 will be for b— oo. Substituting it into 
expression (30) we obtain 
2-450 4 yu = const., 


F = 
m hyo a> hy. 


(32) 

The power consumed in rolling friction in the lubricating layer per unit 
length of the cylinder is determined in the following way. An element dz of 
the cylinder surface touching the lubricant performs a work pdh dz in dis- 
placing during the rolling to a distance dh. The power consumed by the entire 
cylinder surface will be equal to 


and, accordingly, the coefficient of friction will be 


_w 
rs 


(34) 
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Taking into account expression (7), we get 
1) 
oh 
W=c i oO ae. 
| Pay ot (35) 


A 


If k depends on « according to expression (12), then we obtain 
ly 
W = 2vaf pa da. (36) 
b 


Calculate W for the case when the viscosity yz is considered to be a constant. 
Pass on to dimensionless quantities 


_ 242 


W Mw - = const., 37 
V(hox) é ey) 
where 
b 
W' = [py dy. (38) 
On carrying out calculations for W’ we obtain 
1 
W' = <2] (1 — 8a%)ly + (2 — 1) are tang] + 
x x= b 
+ 2(a@ + 1) (a4 — aretan7] + C7? yea (39) 


As b > co we obtain the maximum value W,, = 0-27 and, accordingly, 


6-5u? uw 
V,=——_; «ab<h,. 40 
V(2oe) ° ° eo) 
Eliminating hy from expressions (32) and (40) we obtain the following 
dependeuce of W,, on the load: 


W,, = loth Fl, (41) 


It is interesting to note that losses do not depend on the form of the con- 
tiguous surfaces. 
The coefficient of friction according to expression (33) reads 


gm = 41. (42) 
Whence it follows that the cocfficient of friction decreases with increasing 
load. This is in fact observed!’ in antifriction bearings in the starting range 
of loads, where the viscosity can be considered to be independent of the pressure 
and where expression (42) is applicable. 
Calculation of F and W when the viscosity depends on the pressure is dif- 
ficult to carry out in an analytical way. It is simpler to carry out graphically 
the integration of expressions (28) and (36) for each concrete case. 
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3.TuEe THEORY OF LUBRICATION IN THE PRESENCE OF A ROLLING 
BAL 


The problem of the rolling of a ball on a lubricating layer is solved in the 
same way as in the case of a cylinder, but is somewhat more complex because 
of its being three-dimensional. As before, we assume the origin at the point O 
at the slide surface to which the centre of the ball is nearest, as shown in Fig. 1. 
The length of the gap with the lubricating layer is measured along the direction 
of rolling from the point O by the coordinate 7, and perpendicularly by the 
coordinate y. The linear flow rates in these two directions will be denoted 
respectively by Q, and Q,. Then in a way analogous to that applied in the 
preceding section we obtain instead of (5) the two expressions: 


| 

bh Ox 

I op (43) 
12? _ _ qin, | 

je oy d 


where h is the layer thickness, and » is the pressure. The condition of the flow 
continuity, calculated for an element dx dy of the gap, will now instead of (6) 
give 
200,  20Q, oh 
0% , 20% 


—=0. 44 
Ox oy ~ ot 0 (4) 


Expression (7) for dh/0¢ remains valid, and then from the two preceding 
expressions we obtain the hydrodynamical equation for the pressure distri- 
bution in the lubricating layer when a ball is rolling on it: 


+2 fps _ 1 


Ox Ox oy mb oy O° Fx (45) 


To solve this equation it is necessary to know the dependence of the height h 
of the gap on the coordinates x and y. Assume, as in the case of cylinder, 
a quadratic dependence 

h=hy tau + B y?. (46) 

Further we assume that the lubricant is incompressible (9 = const.); then 
expression (45) gets simplified, and we have 

d0hRdp 0 hap | 


— = — 2Lvar. 7 
daw da Dy m dy fvax (47) 


The total solution of this equation consists of two parts: (1) the solution 


of the equation without the right-hand side—we shall call it f(x, y)— 
OM er 8 MM oF 48 
Ox uw Ox oy pm oy a (48) 


and (2) a particular solution of equation (47). As can easily be seen, in the case 
when the viscosity 4 is a constant, the particular solution will be simply 
proportional to #/h?. On detcrmining by substitution the value of the constant 
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factor, we obtain the following solution of the basic equation: 


p= I2uun x 
DB +30 (tae pye thy): ”) 
In order to satisfy the condition p = 0 at a given boundary for the external 
end of the lubricating layer one has to find the function f(z, y) and for this 
purpose to solve equation (48). Equation (48) has no solution that can be 


2 


-2 
Fra. 3. The isobars in the lubricating layer in dimensionless coordinates 
in the presence of a rolling ball. 


found in a simple way, with the exception of the trivial one when f is constant. 
As will be seen, for the constant value of f the expression (49) gives the con- 
figuration of the lubricating layer boundary at which p = 0 in the form of 
closed fourth-order curves resembling deformed ellipses. From what follows 
it will be seen that, if the area of the lubricating layer is sufficiently large, 
the pressure distribution near the point of rolling depends little on the form 
of the boundaries. Hence the boundaries obtained for constant f will for prac- 
tical purposes describe the phenomenon of lubrication studied here in a satis- 
factory way, and we shall not make the problem more complex by searching 
for the total solution. 

In order to investigate the pressure distribution in the z, y plane, we shall 
pass on to dimensionless coordinates y and 4. Assume them to be 


a V(a[ho) a, n = V(Blho)y, (50) 
41 V(o/ho) Ly Xo = V(c/ho) le, No = V(B/Po) m, 
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where 1,, 1, and m are the boundary coordinates of the lubricating layer. 
Introduce also the dimensionless reduced pressure p’ 


12 v w Vo ; 


_ na 51 
P (2B + 3a) yhi P (51) 

Denoting by d a constant quantity, we obtain 
pf =——_+—_.. - d. (52) 


+7 +7)? 

Investigate the behaviour of the quantity p’ in the > 7 plane. From expres- 
sion (52) we obtain that in this plane the isobars p’ = const. will be closed 
fourth-order curves which are symmetric with respect to the y axis, 7 = 0. 
The maximum value p,, = 0-325 — d will be reached at the point y = 1 /V3, 
y = 0. 

A number of isobars calculated for the case when the boundary of the layer 
is sufficiently large and when the constant d = 0 are plotted in Fig. 3. The 
limiting isobar p’ = 0 in this case coincides with the 7 axis, y = 0. For this 
case Fig. 4 shows the curve corresponding to the distribution of the reduced 


0-4 
O-2 
p' 
0-1 
) 1 20° 3 4 
x 
Fia. 4. The curve of the distribution of Fig. 5. The curve of the distribution 
reduced pressure in the direction of the of reduced pressure perpendicularly 
rolling of the ball. to the direction of the rolling of the ball. 


pressure p’ along the y axis, 7 = 0, while Fig. 5 presents the pressure distri- 
bution along the 7-axis passing through the point y = 1//3 in which p’ has 
the maximum value. From the curves given in Figs. 4 and 5 for the case when 
d = 0 the pressure distribution for other values of d can easily be obtained. For 
this it is necessary only to count p’ not from the y or 7 axis but from the 
abscissa which is parallel with respect to these axes and is drawn above it 
at a distance p’ = d. Accordingly, the isobars of Fig. 3 will then refer to a 
pressure p’ — d. The boundary of the lubricating layer will be determined 
by an isobar p’ — d. 

The flow rates Q, and Q, can be calculated from expressions (43) and (49). 
Introduce reduced flow rates Q, and Q, according to the expressions 


Vhgox 


Or = 354 Ba 


ho 
QQ = SelePa,. (58) 
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For Q, and Q, in dimensionless coordinates we obtain the following values: 
Q = —(L— 34 +77), Q, = 447. (54) 

The directions of the lubricant flow with respect to the gap surface can be 
imagined according to Fig. 3. It is obvious that the directions of the flow 
will diverge from the centre toward the periphery, and the flow lines will be 
perpendicular to the isobars. Making use of expression (50) one can transform 
the isobars of Fig. 3 from y, 7 to the physical coordinates 2, y and obtain a 
curve representing the real boundaries of the lubricating layer. 

From the curves of Figs. 4 and 5 of the pressure distribution over the y and y 
axes it is seen that the main pressure is concentrated at a small area about the 
point where p’ reaches its maximum value. As in the case of a cylinder, for 
lubrication phenomena taking place when a ball is rolling the pressure distri- 
bution near the point of rolling is essential. Therefore for a sufficiently large 
size of the lubricating-layer surface the pressure distribution depends little 
on the form of the boundaries, and one can assume it to be the same as for the 
constant d = 0. 

The calculation of the particular solution of equation (47) presents no dif- 
ficulties in the case when the viscosity w is not a constant but a function of 
the pressure. Assuming the same exponential law for the dependence of the 
viscosity on the pressure as that given in the preceding section by expres- 
sion (24), we obtain for the pressure p in reduced coordinates the following ex- 


pression: 
I 12 vy fo Vox ( x ) 
— inf ered (egg 
? Y n| (2B + 3x) Vhe \ (1 + 7? + 77)? (55) 


As in expression (26), we have chosen the values of the constant such that 
for the reduced pressure p’ the previous value (52) may be preserved. The 
relationship between the real and reduced presure will be 


_ 1 _ 12 vy Mo Vo ' 


The boundaries for the lubricating layer, determined by the condition 
p' = 0, and the isobars are as before closed curves also distributed in the 
y, n plane as shown in Fig. 3. The curves of reduced pressure in Figs. 4 and 5 
also remain valid. The actual pressure p is obtained from expression (56) by 
substituting the value p’ into it. But again, as in the case of a cylinder rolling 
on a lubricating layer with the viscosity depending exponentially on the pres- 
sure, there is a limiting thickness (27) for the lubricating gap, which results 
from the requirement that the logarithm should have a real value and, con- 
sequently, that the following inequality should be satisfied: 

gt > 12 ?Y Ho Voy (57) 
2B + 3a 

Knowing the pressure distribution in the lubricating layer one can calculate 
the magnitude of the lifting force L and the power U consumed by friction. 
On integrating the pressure p over the surface of the lubricating layer, we obtain 


CPK 9a 


770 CoLLEctED Papers or P. L. Kaprrza 


the lifting force to be 
L=f [paxdy. (58) 

The limits of the area of integration are determined by the isobar p = 0. 
Calculate LZ in the case when the viscosity does not depend on the pressure 
and when p is given by expression (51). The lifting force, written in dimen- 
sionless coordinates, will be 
_ l2uyu 

(28 + 3a) Vo B) 
where the reduced lifting force L’ will be 


Li = ff (pe - tan. (60) 


Confine ourselves to the case when the size of the lubricating layer is large 
in comparison with its thickness, when one can assume d = 0. Upon perform- 
ing integration over 7 and y over the right half-surface, we obtain L,, = 2/2. 
The maximum lifting force for a rolling ball will be 


67 vu a > hy, 
QB +30) VioB) Bm > ho. 
To determine the power losses due to friction we shall reason in the same way 


as in deriving the expression (36) for cylinder. Denote by U the power consumed 
for the rolling of the ball. We obtain 


U=2vaf {padady, (62) 


L L' yw = const., (59) 


Lin = (61) 


where the integrals are taken to the limit of the isobar p = 0. The coefficient 
of friction will accordingly be 
U 


In the case of a constant viscosity we obtain 


2h You ; 
(2B +30) /8 0 4) 


where the reduced power U’ is equal to 


0 =f fle 7 extn. (65) 


In the case d = 0, when integration over the y axis is carried out from 0 
to oo, we find for U’ the maximum value 


Ui, = - arc sinh np. (66) 


Passing on to physical coordinates, according to expressions (50) we obtain 


12x v? ‘ . 
Um = ap sinh(mY(Blho)) «> ho, (67) 
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where 2m is the width of the lubricating layer. If the ball is rolling on a ditch 
whose minor radius of curvature is close to the radius of curvature of the 
ball, then # is small and we obtain approximately 


U,, ~ 2avu2m neB<hg, 
Vig a pKa. 
Comparing this expression with (40) we see that we obtain for the power 


a value close to the one which must be consumed in order that a cylinder of 
a length 2m may roll. If f is large, then we have 


(68) 


6 v8 w Yo 4m? B 5 
Un =e gl (Fe) 4m? B > ho- (69) 


Under these conditions the power consumed for friction will depend loga- 
rithmically on the width of the lubricating layer, hence it is little sensitive 
to a change in the values of m and hg. 

In the calculations presented we do not specify any values of « and f, 
considering them in expression (46) as coefficients of the terms 2? and y?. If in 
the (z, 2) plane passing through the point O (Fig. 1) the radius of curvature 
of the ball is R,,, while the radius of curvature of the slide surfacc is R,, then « 
has the same value as the one given in expression (13). If in the (z, y) plane 
perpendicular to the direction of the rolling the radii of curvature have the 
values R, and R,, respectively, then for B we obtain an analogous expression. 


Hence we have 
_1lfi_ ily, ol Li) 70 
s=35(g Fz): 6=sleF x): (70) 


Here the plus or minus signs are taken according to the same rule as in ex- 
pression (13). Lf the surface of the ball is not deformed, then it is obvious 
that R, as well as R, are equal to the radius # of the ball. The radii R, and R, 
in the absence of deformation are equal to the initial curvature of the slide 
surface. If in the point of contact of the ball a deformation of the surface takes 
place, then the radii in the preceding expressions will depend on the load. 

It is obvious that the theory expounded is completely applicable to the rolling 
of a barrel-like cylinder which is used in some types of antifriction bearings. 
For this it is only necessary to take appropriate values of « and . 


4. LUBRICATION IN ANTIFRICTION BEARINGS 


On the basis of the theory expounded here the process of lubrication in 
antifriction bearings can be described sufficiently completely. One would think 
that the absence of data determining the boundaries of the lubricating layer 
may make this problem insoluble. But, as we have already noted, when a 
ball as well as a roller is rolling the basic pressure in the lubricating layer is 
concentrated at a small area; just this reveals a possibility to describe quanti- 
tatively the phenomenon that interests us without knowing accurate boun- 
daries of the lubricating layer. Quantitative calculations show that, if under 
ordinary practical conditions the working surfaces of the bearing are coated 


9 a* 
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by a lubricating film a few microns thick, then this is quite sufficient to produce 
a lubricating layer with the dimensions 13 > h,/a« and m? > h,/B in order that 
the pressure distribution may be assumed to be the same as in the expressions 
derived for layers with boundaries at infinity. Therefore in what follows we 
shall make use of the limiting expression for the pressure distribution. 

We are going to present a number of expressions for a cylinder and for a ball, 
which can be used in the calculations. 

The maximum pressure in lubricating layer with a constant viscosity accord- 
ing to expressions (23) and (51) reads 
for a cylinder 


1520p 
Pin V (3 x) > 
for a ball (71) 
3:90 u Vo 
Pm = 75RD an) VAD 
(28 + 30) /hg 


The maximum pressure in a lubricating layer with a viscosity depending on 
the pressure is obtained from expressions (26) and (56): 
for a cylinder 


I 1-52 v 
Pn = - In (1 _ Ee) = bo e"?, | 
for a ball (72) 
1 3:9 vy Uy Vo 
= —-——_— 1 l SS = x a 
Pim ( (28 7 3x) yas va Mo & f 


Accordingly we obtain the limiting layer thickness to be 


for a cylinder 
hyn = (= vY Ho )" 
tie Va 2 


h -(- opeteley" | 


26 + 30 


The maximum lifting force for a cylinder per unit length and for a ball will 
according to expressions (32) and (71) be 
for a cylinder 


for a ball (73) 


2:45 vu 
F,= _ 
m. hy & bb const. , | 
for a ball (74) 
270 v Ub 
Ly, == = const. 
(28 + 3a) Vio) © | 


The maximum power losses due to friction and the corresponding coefficients 
of friction have already been given for a cylinder by expressions (40) and (42), 
and for a ball by (67) and (63). 

In order that one may picture to oneself the process of lubrication we shall 
consider the rolling of a cylinder of unit length. The picture of lubrication of 
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a ball will be the same, hence we shall not consider it separately. We shall 
consider only such cylinder loads F,,, for which the viscosity can be assumed 
to be practically constant. 

According to expression (74) the thickness h, of the lubricating layer cannot 
be lower than h,,. On inserting this quantity into expression (73) we have 


3 


ot y 


Accordingly for the pressure we obtain from (71) 


Pm <I/y. (76) 
Consider a numerical example close to actual conditions in roller bearings. 
A cylinder of a diameter 2R = 1 emis rolling with a velocity v = 500 cm/sec 
on a lubricating layer of a viscosity 49 = 0-4 poise and y = 3-10-® bar}. 
Assuming « = 1cm=}, we obtain F,,~53kg/em, p,», < 330 kg/cm? and 
h»~10-4cm. According to expression (47) the coefficient of friction is 
Pm = 9-026. If there were no lubricating layer, then the corresponding pres- 
sure in the metal would be calculated from the known expression? of the 
theory elasticity for a cylinder, which gives for the surface 


Ps = 0-58 Va vj F») > (77) 


where EH is Young’s modulus. For steel we assume H = 2-12 x 10° kg/cm?; then 
at a load F,,, = 5-3 kg/cm? we obtain p, = 1800 kg/em?. Thus, owing to 
lubrication the stress will be lower by a factor of p,/p,, = 5-4 than in the static 
case. This numerical example illustrates the large unloading resulting from the 
presence of a lubricating layer. 

For loads larger than the F,,, and L,,, of (74) it is necessary to take into ac- 
count the variation of the viscosity of the lubricating layer with the pressure. 
Owing to the exponential dependence, after a definite interval the viscosity of 
the lubricant increases sharply with increasing pressure. The train of the cal- 
culations is here the same, but gcts more complex through the fact that in the 
integral for F (28) and L (58), as well as for W (36) and U (62), one has to take 
for p the logarithmic expressions (26) and (53); this makes the calculations 
cumbersome and, as already pointed out, it is better to carry them out numeri- 
cally or graphically. 

The greatest complication in solving the problem arises for large loads, when 
the deformation of the slide surfaces should be taken into account. The effect 
of the deformation reduces to the fact that the radii of curvature of both slide 
surfaces will approach a common value. Then, as is seen from expression (13) 
and (70), the coefficients « and f will decrease, approaching zero. The decrease 
in the valucs of « and f will, according to expressions (73) and (75), lead to 
an increase in h,,, F,, and L,, and, for the same load, to a decrease in the 
maximum pressure in the lubricating layer. 

A quantitative solution of the problem of lubrication by taking into account 
the deformation of the slide surfaces represents a complex problem of compu- 
tation. Apparently, it is best to solve by a method of successive approximations. 
First the pressure distribution in the absence of deformations is calculated, and 
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then by means of expressions known from the theory of elasticity and on the 
basis of the distribution found for the pressure p the radii of curvature of the 
deformed surfaces and the corresponding « and # are determined. By means 
of these values the pressure distribution is again calculated and so forth, till 
the necessary approximation is reached. 

The determination of the stress in an experimental way making use of a me- 
thod of modelling is also of interest. By constructing of glass or a transparent 
plastic a model of the surface and of the roller that is rolling on it one can 
determine the stress at the point of contact by means of the method of photo- 
elasticity. As lubricant one has to take a very viscous substance, for example 
pitch, so that the quantity vu involved in our formulae may have already 
at very low velocities v a value that is interesting for us. 

Such a deeper investigation of the rolling in the presence of lubrication 
is expected to extend our knowledge of this process. From the theory ex- 
pounded in any given stage of its development we are able not only to caleu- 
late reliably the value of the lifting force, coefficient of friction, and stresses in 
the metal for relatively little loaded and rapidly rolling antifriction bearings, 
but in the case when the bearing is strongly loaded and slowly rolling we can 
also infer a number of general considerations determining the conditions 
necessary for an effective operation of the bearing. 

Firstly, from the relations derived it is evident that the thicker the limiting 
lubricating layer h,, in (73) the larger the area in which the load is distributed 
and, consequently, the less the stress in the metal. Therefore it is necessary 
to choose for lubrication a kind of lubricant which has a large piezo-coefficient. 
Experiment’ shows that for mineral oils the piezo-coefficient y cm?/kg has a 
value ranging from 0-002 to 0-003, whereas for glycerine (0-0005) and castor 
oil (0-0015) its value is much lower. Whence it follows that, from the standpoint 
of the theory of lubrication, a heavy mincral oil is the most suitable lubricant for 
strongly loaded antifriction bearings. This conclusion has also already been 
derived empirically, since in manuals? it is such oils that are recommended for 
lubrication of bearings. 

The second important inference consists in that a free gap between the roller 
or ball and the slide surface is necessary for the formation of the lubricating 
layer. If this gap is absent or small, then a lubricating film is formed all the 
same because its magnitude cannot be lower than the limiting valuc h,,, but 
in this case there will arise a deformation of the bearing, associated with addi- 
tional stresses and losses due to friction. Since in expression (73) the quantity 
h,, depends on the velocity, it is, of course, difficult to provide for such ad- 
mittances in bearings which would ensure the necessary free gap and, con- 
sequently, an efficient operation at all velocities. In order to ensure satisfactory 
operation conditions at all velocitics a design in which the outer ring of the 
bearing has a small cross-section so that it can without a particular effort be 
extended by 1 or 2 yw, is obviously a correct one. It is well known that in con- 
temporary antifriction bearings the outer ring is usually made light, so that 
its resistance against extension is low. Undoubtedly, such a design inferred 
empirically is completely justified by the given theory, since it is favourable 
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to the formation of the lubricating layer. But if such a light ring is placed 
too tightly, than the conditions of the bearing operation become worse. Thus, 
a correct choice of admittances and elasticity for the outer ring in antifriction 
bearings as well as admittances in placing the bearing play, according to the 
hydrodynamical theory of lubrication, an important role in the efficiency and 
longevity of the bearing operation. 

In ball-bearings operating at a large number of turns and at a small load the 
thickness hy of the lubricating layer can reach several microns, so that it is 
difficult to compensate by admittances and elasticity of the outer ring. There- 
fore it becomes understandable why nowadays in such conditions preference 
is given to the application of a sytems of two semi-thrust bearings placed oppo- 
site to each other at the ends of a shaft. In this case a free motion of one of the 
bearings is ensured, since in spring pulling this bearing is constructed to slide 
freely. Such a construction allows a free formation of a lubricating layer of 
different thicknesses varying with the possible change in the number of turns 
and the viscosity of the lubricant. 

In conclusion it should be pointed out that the theory given here of lubri- 
cation in the presence of rolling can be extended also to toothed clutches. Here 
the lubricating layer not only prevents the surfaces from sticking together but 
also reduces the stress at the points of contact. The conclusions that we 
derived for the choice of lubricant and admittances are also here applicable. 
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50. ON THE NATURE OF BALL-LIGHTNING 


Tue nature of ball-lightning has so far remained unclucidated. This is ac- 
counted for by the fact that ball-lightning is an infrequent phenomenon and, 
since there are as yet no indications that anybody succeeded in reproducing 
this phenomenon under laboratory conditions, ball-lightning does not lend it- 
self to a systematic study. Many hypotheses have been put forward about the 
nature of ball-lightning but the one with which we are going to deal in this 
note has apparently so far not been suggested. The main reason why attention 
should be drawn to our hypothesis is that verification of it leads to a definite 
trend of experimental investigations. 

It appears to us that the earlier suggested hypotheses on the nature of ball 
lightning are unacceptable, since they contradict the energy conservation law. 
This is due to the fact that the luminescence of ball-lightning is usually ac- 
counted for by energy released in some molecular or chemical transformation 
and, thus, the source of energy providing the luminescence of ball-lightning 
is assumed to be in the ball-lightning itself. This encounters the following diffi- 
culty of principle. From fundamental concepts of contemporary physics it 
follows that the potential energy of the molecules of a gas in any chemical 
or active state is less than the one which must be spent for dissociation and 
ionisation of the molecules. This makes it possible to determine quantitatively 
the upper limit of the energy that can be stored in a gas sphere, filled by air, 
of the same size as the ball-lightning. On the other hand, one can estimate quan- 
titatively the intensity of radiation of its surface. Such estimates show that the 
upper limit of the time of luminescence proves to be much less than that actu- 
ally observed in ball-lightnings. This conclusion is at present confirmed also 
experimentally on the basis of published data? on the time of luminescence 
of the cloud after a nuclear explosion. Such a cloud immediately after the 
explosion represents undoubtedly a completely ionised gas and, hence, can 
be considered to contain a limiting reserve of potential energy. Therefore, one 
would think that its luminescence should last for a time less than the lifetime 
of the most long-lived ball-lightning, but as a matter of fact this is not so. 
Since the stored energy of a cloud is proportional to the volume (d), while 
the radiation of the surface is proportional to ~ d?, the time of energy emission 
by the sphcre will be proportional to its linear dimension d. The cloud of a 
nuclear explosion with a diameter of 150m will be de-excited completely in a 
time less than 10 sec, so that the luminescence of a sphere of 10 cm radius will 
last for a time less than 0-01 scc. But as a matter of fact, as pointed out in the 
literature, ball-lightning of such a size is most likely to exist for several seconds, 
and sometimes even for a minutc!:?. 


Il. JI. Ranma, O mpmpoge maposoti moan, Joxsadu Axademun Hayx CCCP, 
101, 245 (1955). 
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Thus, unless there are unknown energy sources in nature, on the basis of the 
energy conservation law one has to assume that the energy is being continuously 
supplied to the ball-lightning during its luminescence, and so we are forced to 
search for this source of energy outside the space of the ball-lightning. Since 
ball-lightning is usually observed to be “‘suspended” in air without touching 
directly a conductor, the most natural and, apparently, the only way of 
supplying the energy appears to be the absorption by the ball-lightning of 
intense radiowaves coming from outside. 

Let us adopt this assumption as a working hypothesis and see how it 
agrees with the most characteristic phenomena accompanying ball-light- 
ning 1.24, 

If the behaviour of ball-lightning is compared with that of a luminescent 
cloud remaining after a nuclear explosion, then the following essential differ- 
ence arrests attention. A cloud arising after a nuclear explosion increases 
continuously and goes out noiselessly. Ball-lightning remains of the same size 
during its time of luminescence, and often disappears with an explosion. Being 
filled by hot gases of a small density, the cloud of a nuclear explosion moves 
only upward. Ball-lightning remains sometimes at rest, and sometimes moves, 
but this motion has no preferential direction with respect to earth and is not 
determined by the wind direction. We shall show now that this characteristic 
difference is well accounted for by the hypothesis suggested. 

It is known that an effective absorption of electromagnetic oscillations by 
an ionised gas cloud (plasma) can take place only at the resonance when the 
characteristic period of the electromagnetic oscillations of the plasma is the 
same as the period of the radiation to be absorbed. At those ionisation inten- 
sities which are responsible for the bright luminescence of ball-lightning the 
resonance conditions are determined completely by its external dimensions. 
If it is assumed that the frequency to be absorbed corresponds to the charac- 
teristic oscillations of the sphere, then it is necessary that the wavelength 7 
of the wave to be absorbed should be approximately equal to four times the 
diameter of the ball-lightning (more precisely, 12 = 3-65d). If in the same 
volume the gas ionisation is weak then, as is known, the period of the plasma 
oscillations is determined basically by the degree of ionisation, the correspond- 
ing resonant wavelength being always larger than the one determined by the 
size of the ionised space and, as we have already mentioned, amounting to 
3-65d. When ball-lightning occurs the mechanism of absorption can be ima- 
gined as follows. In the beginning there is a plasma small in comparison with 
(x/6) d3, but if its ionisation is weak then resonance with the wavelength 
A = 3-65d will be possible all the same, and an effective absorption of radio- 
waves will take place. Owing to this the ionisation will increase and so will the 
initial volume of the sphere until it reaches a diameter d. Then the resonant 
character of the absorption will be determined only by the form, and this will 
lead to the fact that the size of the ball-lightning will become constant. Indeed, 
assume that the intensity of the oscillations to be absorbed increases ; then the 
temperature of the ionised gas will somewhat rise and the sphere will increase, 
but this increase will bring it out of resonance, and the absorption of electro- 
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magnetic oscillations will decrease, so that the sphere will cool down and come 
back to a size close to the resonant one. Thus it can be explained why the ob- 
served diameter of ball-lightning remains constant in the course of its lumines- 
cence. 

The size of observed ball-lightnings ranges from 1 cm to 27 m+. According 
to our hypothesis, these values multiplied by four will give the range of wave- 
lengths which is responsible for production of ball-lightnings in nature. To 
the most frequently observed ball-lightning diameter of 10-20 cm! correspond 
wavelengths from 35 to 70 cm. 

The most favourable loci for production of ball-lightnings will obviously 
be regions where radiowaves reach the highest intensity. Such loci will cor- 
respond to potential antinodes obtained in various possible interference phe- 
nomena. Owing to the increased strength of the electric field in the antinodes 
the position of these last will fix the possible loci of ball-lightning. Such a 
mechanism leads to the fact that ball-lightning will move as does the anti- 
node, independently of the direction of wind or convection air flows!?. As 
a possible example of such a fixed locus of ball-lightning we shall consider the 
case when radiowaves are falling on the conductive earth surface and are 
reflected. Then owing to interference there are formed standing waves, while at 
distances equal to the wavelength 4 multiplied by 0-25, 0-75, 1-25, 1-75 and 
so on there will be formed motionless antinodes in which the potential of the 
electric field is double that of the incident wave. Near the planes, owing to the 
increased potential, there are favourable conditions for the production of the 
initial breakdown as well as for a further development and maintaining of 
ionisation in the cloud forming the ball-lightning. Thus, the absorption of 
electromagnetic oscillations by the ionised gas can take place only in definite 
planes parallel to the earth relief. It is this that will fix in space the position 
of the ball-lightning. Such a mechanism explains why ball-lightning is usually 
produced at a small distance from the ground and often is moving in horizon- 
tal planes. The least distance of the ball-ightning centre from the conducting 
surface is equal to } of the wavelength and, consequently, the gap between 
the reflecting surface and the edge of the ball-lightning must be approximately 
equal to its radius. 

At intense oscillations it is quite possible that individual ball-lightnings may 
be formed at a distance of a half wavelength from one another in a series of 
antinodes. Such chains of ball-lightnings have been observed; they are called 
“coupled” lightnings and have been photographed??, 

Our hypothesis can also explain why ball-lightning sometimes disappears 
with an explosion which causes no destruction’. When the power supply 
is suddenly stopped, then for a small size the cooling of the sphcre proceeds 
so rapidly that there may be formed a sphere of rarefied air and, as this sphere 
is being filled there arises a shock wave of a not very great strength. However, 
when the cnergy is being slowly emitted the quenching is a calm and noiseless 
process. 

The hypothesis suggested by us can give a satisfactory explanation to per- 
haps the most incomprehensible property of ball-lightning—to its penetration 
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into a room through windows, openings and frequently through chimneys. Get- 
ting into a room the ball-lightning either soars or runs along conductors }+2)4, 
So many of such cases have been described that their existence is beyond 
doubt. From our standpoint the case® when a ball-lightning flew into an aero- 
plane crossing a storm-cloud at the altitude of 2800 m is of great interest. In 
terms of our hypothesis all of these phenomena are explained by the fact that 
the penetration of ball-lightnings into a closed room is due to their following 
the path of high-frequency electromagnetic oscillations propagating through 
openings, chimneys or conductors as over wave-guides. Usually the size of a 
chimney corresponds just to the critical cross-section of a waveguide in which 
waves of a wavelength up to 30-40 cm may propagate freely, which is in 
agreement with the observed size of ball-lightnings penetrating a room!. 

Thus, the hypothesis that ball-lightning is due to the high-frequency elec- 
tromagnetic oscillations can not only resolve the basic contradiction with the 
energy conservation law, but can also account for a number of othcr known 
and incomprehensible phenomena associated with the phenomenon of ball- 
lightning, such as: its fixed size, immobile position, existence of the chains, 
blast-shock accompanying its disappearance, and also its penetration into a room. 

Here a question should be raised whcther the phenomenon of a clustery glow 
called “St. Elmo’s fire’, which has been observed long ago in nature, is also 
due to electromagnetic oscillations, but of a weaker intensity. Up to now® 
this luminescence has been explained by the flow of charge out of a spike, 
taking place owing to a constant voltage arising at large potential differences 
between earth and the cloud. Such an explanation has been quite natural as 
long as this luminescence has been observed on earth where a closed path of 
continuous current can be shown, but at present there are described cases 
when “St. Elmo’s fires” have been observed for a long time at the fuselage 
of aeroplanes in flight’. Therefore it is possible that our hypothesis may also 
here be of help in solving the difficulty. 

Although the hypothesis resolves successfully a number of basic difficulties 
in understanding the process of ball-lightning, it should nevertheless be pointed 
out that the problem is not as yet solved completely by this, because it is 
necessary also to give evidence on the existence in nature of electromagnetic 
oscillations feeding ball-lightning. Here in the first place one has to answer 
the naturally arising question: why has an emission of electromagnetic oscilla- 
tions in the wavelength range necessary for the production of ball-lightning 
during a storm not as yet been described in the literature. While no attention 
has for the present been drawn to a detection of these waves during a storm, 
it appears to us that the following can be assumed. Since ball-lightning is an 
infrequent phenomenon, it is logical to assume that the corresponding radio- 
waves are to be expected to be caught even more seldom by receivers in a 
microwave range of radiowaves from 35 to 70 cm which is for the present rela- 
tively little used. Therefore as the next step in checking the assumptions made 
it is necessary to work out an appropriate experimental method of observing 
such waves and to try during a storm to detect an emission of radiowaves in 
the microwave range, given here. 
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As to the source of these radiowaves, there are apparently two facts in 
observations on ball-lightnings which may be of help in elucidating the mechan- 
ism of the ball-lightning production. One of these is that ball-lightning arises 
most frequently toward the end of a storm; the second one is that an ordinary 
lightning immediately precedes a ball-lightning. The first fact shows that the 
presence of ionised air helps the production of radiowaves, while the second one 
points out that the exciting mechanism of these oscillations is a thunderstorm 
discharge. This leads to the natural assumption that the source of the radio- 
waves is an oscillatory process taking place in an ionised atmosphere either in 
the cloud or near the ground. In this last case, if the source is on the ground, 
then the region comprised by an intense irradiation of radiowaves will be 
restricted and will closely border upon the locus of ball-lightning. The inten- 
sity of the radiowaves may decrease rapidly with increasing distance from this 
spot and, hence, a sensitive apparatus is needed for observations at consider- 
able distances. If the radiowaves are emitted by the storm-cloud itself, then 
they will comprise larger regions and their detection even by means of a re- 
ceiver of a low sensitivity will not present difficulties. Finally, as another pos- 
sible trend of experimental verification of the suggested hypothesis we should 
point to a possibility to produce under laboratory conditions a discharge simi- 
lar to ball-lightning. For this, obviously, one has to dispose of a strong source 
of radiowaves of a continuous intensity in the decimetre range, and to be able 
to focus them in a small space. At a sufficient strength of the electrical field 
there should arise conditions necessary for a breakdown without electrodes 
which by means of the ionisation resonant absorption by the plasma should 
develop into a luminescent sphere of a diameter approximately equal to } of 
the wavelength. 


REFERENCES 


. W. Brann, Der Kugelblitz, Hamburg, 1923. 

.I.S. Srexounixov, The Physics of Lightning and Protection from Thunderstorms, Acad. 
Sei. USSR, 1943, p. 145. 

. The Effects of Atomic Weapons, § 2.15, London, 1950. 

. F. Rossmany, Uber den Kugelblitz, Wetter und Klima, March-April, 1949, p. 75. 

. J. Durwarp, Nature, 563, April (1952). 

. G. BENNDoRY, Atmospheric Electricity (in German), 1934. 

. B. F. J. Scuonuanp, The Flight of Thunderbolts, Oxford, 1950, p. 47. 


Noe 


TD OR Ww 


51. DESIGN OF A HELIUM-LIQUEFYING 
CYCLE WITH EXPANSION ENGINES 
CONNECTED IN CASCADE 


The problem of the most effective cascade connection of expansion 
engines in a cryogenic cycle is solved. General expressions are derived for 
the determination of the temperature levels at which the expansion engines 
operate effectively. It is shown that if the efficiencies of the expansion 
engines differ only slightly, the most favourable conditions of operation are 
those in which the same amount of gas enters each of the engines. An ex- 
pression is derived for determining the optimum number of expansion 
engines in the cycle. A quantitative analysis is made of a cycle for cooling 
a stream of helium from room temperature to a temperature close to that 
at which it liquefies. 


THE use of a piston expansion engine with gaseous lubrication, which was deve- 
loped twenty-five years ago! has made it possible to simplify considerably 
the cycle for liquefaction of helium. The main simplification was that the lique- 
faction could be achieved without the use of preliminary cooling with liquid 
hydrogen. The practicality of such a liquefaction system is shown by the fact 
that the Arthur D. Little Company?* manufactures liquefiers that employ 
this kind of expansion engine, and they have come into widespread use. A 
detailed experimental study of this type of piston expansion engine with an 
improved valve system has now made it possible to construct engincs with 
high efficiency, greater than 80-90 per cent. Experience with the use of the 
expansion engine of the helium liquefier* at the Institute for Physical Prob- 
lems over a period of twenty years has shown that it is a reliable machine 
and that with gaseous lubrication there is no perceptible wear of the cylinder 
and piston, so that this machine has worked all these years with the same 
piston and cylinder. 

The problem now arises of the wider use of liquid helium in scientific research 
and in practical applications, so that there is a need for liquefiers of larger out- 
put; these can be made by using a cycle composed of cascades of several 
expansion engines. It is well known that such a cycle not only will be thermo- 
dynamically more efficient, but will also make it possible to liquefy helium, 
starting from room temperature, without the use of cooling agents such as 
liquid hydrogen or air, and this simplifies the cycle itself. Owing to the reliabi- 
lity and efficiency of piston expansion engines, their operation in a cascade 
does not give rise to any practical difficulties. In connection with the develop- 
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ment of such cascade installations, which is going forward not only in our 
country but also abroad 5°, it is of interest to solve the problem of the most 
favourable choice of the number of expansion engines and the most rational 
way of connecting them in a cycle. 

In this paper a general method is given for designing such cascade cycles; 
this method is based on the fact that over a wide range of temperatures helium 
can be regarded as an ideal gas. 

Let us consider the problem in its general form. According to the diagram 
of Fig. 1, a quantity v of gas is cooled from the absolute temperature T 
to T,,. The cooling is produced by n expansion engines. The ith of these engines 

Pir Pi pe 


Th 
Fic. 1. Diagram of cascade connection of expansion engines. 


receives the amount V; of gas at pressure p; and discharges it at pressure 7;. 
The temperature of the gas at the intake of the engine is ¢;, and at its out- 
put 7;. Since we are treating the gas as an ideal gas, it expands from the tem- 
perature ¢, along an adiabatic and reaches the temperature 
8 
Pi 
Trt, (F) () 
Cy a: . 
where 6 = 1] — 7 Since there are losses in the expansion engine, such a low 
p 
tempcrature will not be reached; instead the gas emerges at the somewhat 
higher tempcrature 7’; pi? 
T; =H fl — if) - (3) |}. (2) 
where 7; is the efficicney of the engine, which we agree to define as the ratio 
of the actual temperature drop to the idcal value ° 


Ni = t; — TF . (3) 
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At this stage of the calculation we neglect losses, from incomplete recupera- 
tion and into the external medium, so that the cold imparted to the refrigerated 
gas from the ith engine will be 

Qi = Cy Vi(t; — Ti). (4) 

Substituting ¢; from (2), we get 

Q: = Cp V; T 5 X;, (5) 


where 


(6) 


Furthermore, the temperature of the amount of gas v being cooled falls 
from 7;_, to T;: consequently, 


Qi = cp v(T,-, — T)). (7) 
Equating the values from equations (7) and (5), we get 
1 /T,- 
¥; =v (= - 1). (8) 
The quantity of gas being supplied to all the expansion engines will be 
Sv, = 03+ (= ~1) (9) 
i 14; \ T; 


(hereafter, to shorten the writing we shall omit the'limits of the sums). The prob- 
lem of the most rational choice of the quantities of gas V, supplied to the 
various engines now reduces to that of choosing the temperature levels 7, 
at which cold is imparted to the gas, for specified initial temperature 7’, and 
final temperature T,, so that the total amount of gas 5 V; entering all the 
engines shall be a minimum. To do this we differentiate (9) with respect to 
all the 7; in turn, and equate each of the resulting expressions to zero 


aap V,=0. (10) 


On carrying out this process we find a number of expressions all equal to the 
same constant A 
Tj-y _ T; 


= ——___— = A = const. ll 
OT;  Wiga Tiga my 


According to (8) the amount of gas supplied to cach engine is 
1 
Oj 
Since the initial temperature 7’, and the final temperature 7’, of the stream 
of gas being cooled are prescribed. A must be expressed in terms of them. If 
we multiply together all 2 members of (11), we get 
Py 
Oy Kye Xn Th 


— An. (13) 
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Substituting the value of A from this expression in (12), we get the required 


amounts of gas V; 
n 
Vi = of |__"»__ _—). (14) 
Oy Hy hy Ty OF 


To determine the temperature level 7; of the operation of the engine, we 
multiply together the first 7 members of (11), and get 
Po = Ai, (15) 
Oy Og; Ti; 
and eliminating A from (13) and (15) we get finally 


qT, = (erent Oy Op," “ — Te 1%). (16) 
(04 Xp" 
Equations (14) and (16) are the ee we require. 

From the expression (14) or (12) it can be seen that the quantities V; differ 
for the different engines by the quantity l/a;. The quantity «; is determined 
from the expression (6), from which it can be seen that if all the engines operate 
with the same pressure drop P;/p; and the same efficiency 7;, then all the x; are 
equal. In this case the expressions (16) and (15) take the simple forms 


Ma Pers or (V8) -») comma men | (17) 
1; = (TR Ti). 


In practice the condition of equality of the «; is sufficiently well realised, 
and therefore, in first approximation, we can suppose that in cascade operation 
the same amount of gas should enter each of the expansion engines. 

It must be remembered that the expressions that have been obtained are 
valid only for cases in which the temperature-drops on the engines do not 
overlap each other, so that. the conditions 


T;, 2b; (18) 
must hold, where the f; are determined from (2). 


Substituting this in (4) and comparing the results with (5), we get the limit- 
ing possible value for a; 


T 
a, < im —l. (19) 


Comparing this expression with (8), we get the following condition 

This means that the amount of gas flowing through each expansion engine 
must be larger than that in the stream being cooled. 

For prescribed values x; the condition (18) determines the limiting number 
of engines that must be included in the cascade, after which a further increase 


will not increase the productivity of the cycle. We denote this limiting number 
by ny. In order to determine this quantity, we substitute in (19) the value of 
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A from (11) and then use the expression (13) for A; we then get 


1+ s)(— oa 7): (21) 


The largest value of » that satisfies this inequality determines the quan- 
tity v), the limiting and optimal number of stages. We shall solve this equation 
for the case of equality of all the ~;, as was assumed in the derivation of the 
expression (17). Then we get for the limiting value n, 


In +1 ) Oy = hy os = Hy, (22) 


We can also determine the smallest relative quantity of gas with which one 
can obtain cooling in the cascade cycle. It can be seen from (22) that in the 
limiting case the amount of gas in an engine is equal to the amount in the 
stream undergoing cooling; thus we simply write 


For convenience in using the expressions (14) and (16) we present them for 
one, two, three and four expansion engines, these being the cases of the 
greatest practical interest: 


1 


T 1 
n=2, V,=v Vi) — —) etc. 
XX Ty Oy 


3 T } 
= 7 — ——__2_ _ | — —_} etc. 
” 3M (Ve OH Xy 7) Oy ene 
3 2 
—. Oe % m2 _— o%3 T 78) 
My ~ (ee at 7 505), Ms Ves on ep? 


4 


Oy Xo %y Hq T, Oy 
4 
r, = (as %4 peop i) T,= ( a =a TT 7) ; 


t. —\/ 28 7. 
3 Oy Xe Ky ove 


We shall apply this method to the study of a cascade cycle for cooling a 
flow of helium from room temperature 7’, = 300°K to the temperature T,, in 
the range 15 to 6°K, i.e. the range in which further cooling can be produced. 
by throttling. We assume that all the expansion engines operate with the same 
pressure drop P;/p; = 20 and have the same efficiency 7; = 0-75; theng = 1-1. 


(24) 


n=A, M, = of 
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The relative helium consumption of all the engines, 5'V,/v, for various final 
temperatures J’, is shown graphically in Fig. 2 for one, two, three, and four 
engines operating in cascade; the values are computed by (17). It can be 
seen from these curves that such a cycle cannot be realised economically with 


rVi/v 


T (°K) 


Fic. 2. Relative quantity of helium passing through the expansion engines 
assumed to operate at pressure drop P/p = 20 and with efficiency 7 = 0-75 
(initial temperature 7, = 300°R). 


less than two engines (x = 2). When we go from two to three engines there is 
an improvement by a factor of ~ three-halves. The further improvement on 
raising ” to four engines is only by a factor 1-25. Figure 2 also shows the limit- 
ing minimum value of the flow through the number of engines that we have 
called n,, calculated from the expression (23); from this it can be seen that for 
the given « a cascade of four engines is the limiting case, and further extension 
of the cascade would only make the performance poorer. 

The distributions of the temperatures at the outputs of the engines have 
been calculated from (17) and are given in the table. 

In the further calculations on an actual helium liquefier operating with a 
final cycle of throttling, the temperature levels T; we have found here do not 
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require correction, but there are corrections on the amount of helium V; 
entering the expansion engines. This is due to the fact that in the last expan- 
sion-engine stage the cooling of the current v of compressed helium going to 
the throttling process is affected by the departure from the properties of an 
ideal gas, and the specific heat c, in the expression (7) cannot be regarded 
as independent of the pressure and temperature. This can be taken into account 
by the usual method of detailed thermal balance; this has been done for the 
last stage, and shows that V, is larger than the value calculated from the 
expression (14). 

In calculations on actual machines one must also take into account losses of 
cold to the external medium, and losses through incomplete recuperation. The 
effect of these losses is that not all the cold Q; produced by the expansion 
engines and given by the expression (5) goes to cool the advancing stream of 
gas v; part of the cold is lost. 

These losses can be taken into account in a simple way by using in the cal- 
culation a value of «; somewhat smaller than that given by (6). Since it is 
hard to determine the losses to the external medium and those from incom- 
plete recuperation exactly, we include them with sufficient accuracy for prac- 
tical purposes by reducing the values «; by 10-20 per cent. Since the method 
of calculating throttling cycles is well known in engineering practice, it would 
be of no interest to discuss them here. 
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52. STATIC BOUNDARY PROBLEM FORA 
HOLLOW CYLINDER OF FINITE LENGTH 


In this work an analysis is given for the potential of a simple layer made 
up of charges distributed with a given surface density on a hollow cylinder 
of finite length (a section of a circular tube). We consider the methods of 
solving the integral equations which relate the surface charge with the 
potential; equations of this type appear in a number of important problems 
in mathematical physics. 

By representing the potential at the surface of the cylinder and the 
charge density in the form of appropriate series the problem is reduced to 
an infinite system of linear equations; the numerical solution of this system 
can be obtained by iteration methods. The matrix elements for this system 
are calculated by integration of linear differential equations of fourth order 
and, for short cylinders, by summation of the series. 


1. EXPANSION OF THE FUNDAMENTAL SOLUTION 
OF THE LapLacE EQUATION 


The notation used in this problem is given in the figure. The radius of the 
cylinder is denoted by a and the height by 2 Z. The solution is to be determined 
in cylindrical coordinates z, r, and g. We assume that 


R= (ze — 2)? + @ + 7? — 2arcos(y — ¢')) (1) 


is the distance from some point 2’, a. ¢' on the cylinder to an arbitrary point z, 
r, p. The following expansion for the reciprocal of R in a Fourier series ing — g' 
is well known 


—_ 
2 


R = =, Es Is coss(¢ _ ¢’), (2) 


where e, is the Neumann factor 


&=l. gH=ae=- = 2, (3) 
and 
2 r ay fis (wr) Ky (way). 
Is = = | eos (=) ti a) K,(wr) de, (4) 
0 


where the upper line in the braces is taken for r < a and the lower for r < a; 
I, is the modified Bessel funetion and A, is the Macdonald function. On the 
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other hand, from the Fourier series (2), we have 


2x 
i, = all cos s p dy 
. 20 Vie-2yP+a+r— 2arcosp) — (5) 
We take 
1 
w= SMe 2) + (@ +) + We — 2 +e — 9, | 
i (6) 
v=Zs(@ —2F + @ +7) Ve -2 + @— mI, | 
in which case (5) assumes the form 
2n 
1 cos s gd 
t-s-lao (7) 
22 J V(u + v? — 2uv cosy) 
0 
whence 
1 
r(s 4 3) 
2 vs 1 1 v 
b= Taree an | Ta go 8 tt; =): (8) 
where F represents the hypergeometric series and 
1 1 
Fla, Bi yj; x) =1 + o B x oo + UAB + 1) 2a, (9) 


yel yy t+)-l-2 
All the functions f/, can be expressed in terms of total elliptic integrals by 
means of the recursion relation 


u v 
5 +1) fo + G8 —V for =28(= + 2) f, (10) 
and the following expressions for f, and /, 


ee ee 
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9 PoTENTIAL OF A SIMPLE LAYER FOR THE LAPLACE 
EQUATION 
We consider the potential of a simple layer on a cylinder 
Qn DL 
v=[ [SP aay ae. (12) 
R 
0 —L 


It follows from the properties of the surface layer that 


eV) 8Y | _ _ans, (13) 
Or |aso or la-o 
If we take the surface density S as 
S(z',g') = U,(z') cos so’, (14) 
the potential V is expressed in the form 
V = V,(r, 2) cos s g, (15) 
where 
L 
V(r, 2) = 2 a | f.(r,z — 2’) U, (2) dz’. (16) 
—L 


This expression is obtained as a result of substitution of the series (2) in the 
integral (12) and term-by-term integration, where we have written the argu- 
ment of the function /, explicitly. If we assume that the potential V,(r, z) is 
known, (16) can be considered an integral equation for the determination of 
U,(z). The kernel of this integral equation, i.e. f, depends on the absolute 
value of the difference z — z'. Whence it may be concluded that the parity of 
the functions U, and V, with respect to z is the same: if U, is an even function 
of z, then V, is also even, while if U, is odd, V, is also odd. 

The unique determination of the density by means of the potential is 
possible in practice only if the potential is given on the cylinder itself (r = a); 
we shall assume that this is the case in what follows. We will also write V,(z) 
and f,(z — z’), together with V,(a,z) and f,(a, z — z'), so that the pertinent 
solution of the integral equation (16) is of the form 

L 


V.(z) = 2a af fez — z') U,(z') dz’. (17) 
—1L 


The functions f,(z) have a logarithmic singularity at z = 0. Using the for- 
mulas in Section 4, it is easy to show that 


1 L ~ 
i.) ==5(ngry + 4) +h), (18) 


where A is a constant equal to 


d=] l6a 1 1 19 
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where f(z) is a function which vanishes together with its first derivative at 
z = 0 and which has no singularities at z + 0. The function y in (19) is the 
logarithmic derivative of the gamma function; the function y is governed by 
the following relations: 


1 
w(x + 1) = y(@) +, (20) 


p(1) = —C, v(5) = —¢ -2Ing, (21) 


where C = 0-5772 ... is the Euler constant. The difference which appears 
in (19) is equal to 


1 1 1 1 

v(s +5)-v(5)=20 +544 5-4): (22) 

The integral equation (17) can be reduced to an infinite system of linear 
equations if we expand the known function V,(z) on the interval -D <2 < ZL 
in terms of some system of functions while the function U,(z) is sought in the 
form of a similar series in terms of functions of some other system. The expres- 
sion in (18) indicates the most rational choice for these systems since when 
}; = 0 the integral equation (17) is solved in closed form. The point is that if 


we represent V, and U, as follows * 
V, (z) = » Eje Uk Tr (+) > | 
k=0 L ; 
; (23) 
°° Zz 
(2) = <u, T | = 
U,(z) nV 0 (3),| 
where 
T,.(z) = cos(k arc cos x) (24) 


are Chebyshev polynomials, which are not very different from zero, the un- 
known coefficients wu; are 


Uo 


Mu = a4” Uy. =kuy, (kh = 1,2, +). (25) 
As applied to the original equation (17) these formulae are valid if 
L «<l, (26) 
a 


(i.e., for a short cylinder) (narrow range). 

These formulas follow directly from the relations in Sections 3 and 4. We may 
note that according to (23) the density at the edges of the cylinder becomes 
infinite and that this singularity in the density is not a result of the poor con- 
vergence of the series but the divergence of each term individually. 


3. System oF LINEAR EQUATIONS 
We take 
z=Leosy, 2? =Leosy (0 S9,x% S22) (27) 


and use the notation 


Vy) = V.(Lcosy), Up) = U,(L cosy), (28) 
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whence the integral equation (17) assumes the form 
V (yw) = 2x aL f },(L(cosy — cosy)) U (yz) sing dy. (29) 
0 


Assuming that V,(z) and U,(z) are even functions of z we can write the 
expansions 


V (pw) = Dd) En Un COSNY, | 
1 | (30) 
Uy) = a Lsny ~ cos p; 


where the subscripts » and g and in what follows take on all even values, 
including zero 
n,q=0,2,4,---. (31) 
Substituting the expansion in (30) in (29), we obtain an infinite system of 
linear equations 


Un = Dd) Ang Uq (32) 
q 


for the unknown coefficients u,. We denote the coefficients of the system by 
A, where 


2a - 
Ay = = ff tL cosy — cosy)) cosu py cosy y dp dy. (33) 
0 0 


If, however, V,(z) and U,(z) are odd functions of z, in place of the expansions 
in (30) we must write 


Vip) = 2 S) vm, cos my, | 
m 
y l (34) 
) = ZTamp Ttecery, | 


where the subscripts m and p take on odd values 


m,p =1,3,--. (35) 
The coefficients u, must satisfy the equations 
Um = Dd; Amp Up; (36) 
p 


where the coefficients A,,, arc determined by the same formula (33). 

Thus, in (35) we may assume that the indices u and » take on any integral 
value including zero. However, for our purposes we require coefficients A,, 
with subscripts of the same parity so that the numbers 


_ ba? _ er? 
="3 , A= 5 


are also integral. By virtue of the relation 


w 


(37) 


Ayy = A (38) 


ue TP te 
we can also take uw 2 vandx 2 0. 
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If we now introduce the new variable of integration 


ptr Yp-x . 
a= yt, pot, (39) 
the integral in (33) can be transformed as follows: 
A 2a ff - , 
ne = =f [nex sin« sinf) cos 2x « cos 2A pdx df, (40) 
00 
which we will make usc of in Scetion 4. 
We now use the integral expression 
oO 
2 
fs(2) - z AG a) K,(wa)coswzdw, (41) 
0 


which follows from (4) and the well-known relations for the Bessel functions 


(— ])r-be . 
J,,,(w L) = 2 | singer cos my) cosmypdy, 
0 
1 (42) 
( _ 1)r/2 
J,,(0 L) = | cos (wv L cosy) cosn p dy. 
0 
By some elementary transformations we obtain the expression 
A, = 4(-1)*a f T,(wa) K,(wa) J, (w L) J,(w L) dw, (43) 
0 
since the factor (— 1)” in front of the intcgral sign is 
May Hi?iy 
(—1) 2 "= (-1) 2 = (—1)* for odd yp and », | 
wty wey, (44) 
(—1) 2 =(-—1)2 = (—1)* for even yz and 1. 
If we introduce the dimensionless parameter 
| _+ 45 
=> (45) 
which characterises the length-to-radius ratio, the coefficients 
Any» = 4(—1) f I,(x) K,(x) J, (Lx) J, (Lx) dx (46) 


0 


become functions of /. Equation (46) will be investigatcd in detail in Section 5. 


4. First METHOD or CoMPUTING THE COEFFICIENTS A,, 


Tn order to make usc of the system of equations in (32) and (36) we must be 
able to compute the A,,. In this section, we shall obtain serics which can be 
used to compute the A, under the eonditions 

O<l<l, (47) 
i.e. for relatively short cylinders. 


cPK 10 
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Since we have assumed that r = a, (6) and (8) assume the form 


1 
r(s +5] ys 


: Fls¢—, =: 14) (48) 
hE) = Tate ly we (s+5. yisth cay 
where 
n= dyer 4) +f = Ebtya — 9) 441, 
it z 
v= [V2 + 4a) —|2|]= ll iva —a)— I], (49) 
4a? 
v= — TS. 


o 


The following relations are found in the theory of hypergeometric functions 
(cf. ref. 2, pp. 63 and 113): 


1 ] 9 2s'1 
Pst sist yi a+b a)=(F> ay) 


i 
(50) 
x Fst. cae cease ). 
ya (s +5) ; 
26 P(s +1) Flot s Shy esr ds *) 
1 wl : 
oo] 0, (s+ 5) (8 | Z), In(—2) + hy (ol) 
(—2) s+t feo (k!)? ak 


where the function y is the logarithmic derivative of the gamma function and 
] 
l r(s + > + b| 
he . 
L 8 _ 
(+5) 


These relations allow us to represent the function f,(z) in the form of a scries 


(+B) (on 

$+ —s+— 

1 ey 2h 2). ze \k L 

bgt taal ye teea) | 


=~» : In 
i. (2) Hu id (eI da 2|2| 53) 
_| 4 hy. 
9: == nT + Oo? 


which converges as long as |z| < 2a. The & = 0 term in this series has a 
logarithmic singnlarity while the snm of all the other terms in the series is 
continuous as is that of the first derivatives. Hence, (18) follows directly 
from (53) where, by virtue of (21), we have gy = A. 
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Substituting the series in (53) it (40), we obtain integrals of the type 


a4 


{ (2 sina)* cosa de = zt cos Estee) , 
[ (2 sina) In Sin CO8N% da = — pont 
0 as ’ 4 f § — 7 
l (+ 1) 1 ( 5 +1) 
] ty 1 /(&—-y4 
p(é + ) —se(=34 +1) -S0(5 / +a)], (54) 


the first of which is well known (cf. ref. 2, p. 12); the second is obtained 
by differentiation of the first with respect to the parameter &. If we use the 
gamnia function and make usc of this relation we obtain the following scries 
for the coefficient A,, 


1 1 
r(s+z)r(-s +5] = (—1l)*a 


P+ 2k) 2 7] » 
(y+), 2a + 2h =v(5 +k) + yt +4) +in4, 


rth ya 
(cays 


ee ot ret ere 
\? 


“Pe tlt box 1+ has leh l(cidl eh (EY 
(oe +14 HT(-*-1+hlaF1+Hl(—-a41 eh") 


x 
b 


1 
‘ In pie tl+h)+yp(—-xe+1+h)+yQ414h) + 
1 1 ] 
+y(-aA+1+4) -2v(5+ t)—v(st+5+ t) —v(—s ryt &)], (55) 


which converge under the conditions given in (47) and are convenient for 
comparison with the result of Section 5. 
In order to coinpute this scries it is convenicut to make use of the expression 


(z),6+3),(-5+3) 
— s--— —s -— 
«© 2 / 2 / 2 hi 


(-1ye 3 
we (“1 2 Bad! 


where, when x S kandd< k, 


(—1)* 
(—x +h)! (—A +k)! 


1 
+y(A+tL +h) +y(-A+1+4)—- 20(5 -|- t) (57) 


1] 1 


A [ek NS, (56) 


Ne — [2+ +ypie +1+h)+y(-#-+ 14+) 


L 


1u* 
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When x > k or 2 > k these expressions yield indeterminate quantities such 
as 0+ co, which must be examined by making use of the relation 


y (x) d 1 ( 1)i-t +I j= eee 58 
TT =- 77 T7,, = (—- jt! G =0,1,2, ), (58) 
L(%) |a--j da P(x) |2--; 
so that 
sh _( —1—#)! Ls hs <h} 
Na (— DK ay b! for x>hkh, Ask, 
15k (A—1—&k)!, _, (59) 
N= (— Voy a <h, A> k, 
Ne 0 for *x>h, 4>hk. 
In particular, we have 
16 l ! 
Ni = 2 [n= T v(5] —v(s + 5)| = 24, | 
+50 A (60) 
N& =(-14(A—1)! for 2>0, 


N33 =0 for x>0, 
hence, when 1 « 1, and we can limit ourselves to the & = 0 term in (56) we 
obtain the diagonal matrix || 4,,|| with coefficients 

l . 
Ay = 24, Ay = FO (for 2 > 0), (61) 
so that the system of equations in (32) and (36) allows an explieit solution 
of (25). 
If we re-write (32) and (36) in the form 


_— u 7) 
ky = r (% MN ching Ma) (62) 
“finn q 
and 
1 
, yf ae 
Un “A. (m —_ » clip Up) (63) 
avn p 
f f . 
where the symbol 5” (or }/") denotes summation over all even (or odd) sub- 


U 

scripts with the exception of the term g = » (or p = m) at small values of L 
these systems are completely regular and can be solved by an iteration method 
(ef. ref. 3). If we start the solution of the problem with small values of / and 
as the original approximation take u,, and w,, for the preeeding (smaller) 
values of 1, we can aceclerate the convergence of the iteration proeess; hence, 
the regularity of the system (which we have shown cannot be achieved for 
finite and large values of /) is no longer necessary. 


5. SEconp Muriop or Comrutine Tuy CokFricrents 4,, 


We make use of the Mellin transformation and write the derivatives of J, (x) 
and A(x) in the form (ef. ref. 4) 
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where 
O<c<l. (65) 


Substituting this expression in (46) and changing the order of integration 
with respect to x and ¢ we arrive at the integral 


f J (a) J, (x) wt da _1. 2 2 
J Qt rast tyrerds dr 1 ¢ 
2°93 279 (-«+5+5) 
Wt\ fl. t\4, 1 ¢ 
Gest) 
— 2yn 1 ¢ 1 ¢ 1 ¢\’ 
Patsts)r(etg+s)r(-*+s+5) 


which is given by Watson! (p. 441). Finally, we have 


aoe p_ Doonan orasomtes riers +) ~ dt, 


27? i 
TP TA+L +0 @ +1 400(-2 +1 +00(s+z-1) 


(67) 
where the integration path Z goes from —i co to i oo intersecting the real axis 
at the point t), which satisfies the inequality 


1 
<b <0. (68) 


Hence, all poles of the functions /°(— é) and I"(A — 2) lie to the right of Z, 
while all poles of the functions (1 + #), 'C/,. + #) and I'(s + 1/, + #) lie to 
the left of LD. 

Using the generalised hypergeometric function given by Meijer? (p. 207) we 
can write (67) more conveniently 


1 0 1 1 sk 1 s+ 1 
Ayy = =" gat ef BB 2°52). (69) 
Tt 
0, A, —A, x, —H 
If the integral in (67) is transformed by means of the relations 
I z(—1)* 
7a 7 _- _ 1 _ _ 1 t) = —- 
P(i-) ra +4 cont? i 4 t)(-A+1+24 anal | 
1 1 1 1 _ a(—1) | 
! (s+5- i) (—s +5) ~ cosmt’ 
we have (70) 
A cou f cos 7 t 
w Oni J (sina t)? 
L 
1 1 ; 1 (71) 
Mmi>+t r(s+5 +) (— +5+1) 
2 2 2 de, 


In n-ne 
XT tl +or(—-x +l +o)ra+l+hl(-At1 + 
cepk 108 
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which can easily be reduced to a sum of residues (at the poles ¢ = 0,1, 2,...). 
Thus, we again return to the series (55). 

The integral in (67) can also be transformed to another series of residues, 
at the poles at £ = —}, —8,..., which converge more rapidly the higher 
the value of 1. However, these poles are three-fold, if s = 0, so that the terms 
in the series become more complicated. 

Denoting by 6 the differential operator 


Ld 
— a _ ¢ 2! 79 
i) 2 al (61 ) (72) 
and using the following relation for differentiation of the integral in (71) 
Pa@+1)=«I(2), (73) 


it can easily be shown that the coefficient A,, is a solution of the linear dif- 
ferential equation of the fourth order 
1\? 1 \? . . 
\P (0 + 5) (0 n 5) _ =| 4 (8 — ¥2)(8 — 73) A,,=0. (74) 

This equation can be used for computation of A,, when J > 1, if the series in 
(56) converges and also when / < 1. It is very convenient for machine calcu- 
lation. 

We may note that, in general form, the function GZ; should satisfy an equa- 
tion of the fifth order (ref. 2, p. 210). The reduction of the order of equation 
results from the fact that two parameters in (69) are equal to zero. 


6. SUMMARY 


The literature contains a number of analyses of electrostatic problems for 
finite conducting cyclinders (cf.,for example, refs. 5, 6); however, until the 
present time, there has been no general method for the solution of such 
problems. The present work should fill this gap for hollow cylinders (tubular 
conductors) which, for large values of J, in the electrical sense are equivalent 
to continuous cylindrical conductors. In the present work, we have been able 
to reduce the solution of any problem of this type to an infinite system of 
linear equations which can be solved by an iteration method in which the 
coefficients A,, appear as an expansion in a series and a differential equation. 

The relations which have been obtained make it possible to solve electro- 
static problems for cylinders by means of high-speed computing machines. 
The appropriate numerical results will be published by us in the near future. 
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53. SYMMETRIC ELECTRIC OSCILLATIONS 
OF A PERFECTLY CONDUCTING 
HOLLOW CYLINDER OF FINITE LENGTH 


Jn this work we consider the symmetric electric oscillations of a conducting 
cylinder, i.e. electromagnetic oscillations in which the current flows along 
the cylinder and is distributed uniformly over its periphery. An exact 
integral equation is formulated to relate the vector potential at the surface 
of the cylinder with the current for any method of excitation of the oscil- 
lations; techniques are derived for changing the integral equation to an 
infinite system of linear equations which relate the coefficient in the current 
expansion and the vector potential in trigonometric series. Formulas are 
given for computing the matrix elements of each of these systems and the 
possibility of solving by an iteration method is indicated. A comparison is 
made between the proposed method of calculation and the theory of thin 
antenna radiators. 


]. INTEGRAL EQUATION 


We consider the integral 
L 
giklt 
V= { S(z',9')adgq' dz’, (1) 
L 


which extends over the lateral surface of a cylinder of radius a and height 2 L, 
where 

R=y[e-2pP+a@+4+ r — 2arcos(p — ¢’)] (2) 
is the distance from some point 2’, a and g’ on the cylinder to an arbitrary 
point z, r, y, while k is the wave number (k = 22/4, where A is the wavelength). 
The function V satisfies the wave equation 


VeV+hV —0, (3) 
the boundary condition at the surface of the cylinder 
or r=a+0 Or | pa 


and the Sommerfeld radiation condition. 


Il. JI. Kannna, B. A. Box, JI. A. Baiinmreitu, Cummerpwuuiie ofextpnueckne konebann 
WealbHo MpoBoANWero UOROTO WHAARApa kKoneiwo9i AWK, Wypuas Texnurecnott 


@usuxu, 29, 1188 (1959). 
P. L. Kaprrza, V. A. Fox and L. A. VAINSHTEIN, Symmetric electric oscillations of a 


perfectly conducting hollow cylinder of finite length, Soviet Phys.-Tech. Phys., 4, 1088 
(1960). 
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The function e!*#/R, which is the fundamental solution of the wave equation, 
can be expanded in the form 
eikr 


Rp = 2) és}, cos s(p — 9’), (5) 


where é, is the Neumann factor 


f&Hl, yee = 2, (6) 
and Qn 
l elk R q , 7 
I= 37 zr cos s(p — 9') d(p — ¢’) (7) 
0 


or co 
2 ay {lel (ot — #8) r] KeLV (ot — #4) a] 
[=z | we rat al Kloet ie 


0 
where the upper line in the braces is taken when r < a and the lower one when 
r <a, J, is the modified Bessel function and K, is the Macdonald function. 
When w < k we make the substitution 


V(w? — #8) = i — wo) [YP — vw) > 0 (9) 


and use the relations 


-is 2/2 
I,(—ix) =e J, (x), | 
-isn/2 (10) 
K(-iz)=ife — HM(2x), | 
where Ao is a Hankel function of the first kind. Thus, when w < k, 
I,[Y (w? — k*) r] K, [V (w? — k) a] 
= iF FeV — wt) 9] HP [YU — w%) a, 
(11) 


I, V (w? — ) a] K, [Vw — B) 7] 
= iz J, [V (k2 — w®) a] AM [y (ke — w) 7]. 


In computing the integral in (7) we can use the expansion 


eikR iz co l a) 
z= > (» +5)# ee 2 EMP r(eosl = #°); (12) 
v 2 v - 


where the P, are Legendre polynomials [cf. ref.1, p. 399]. The parameters u 
and v are determined by the relations 


1 
w= ZIV —2 + © +0) + V(@ —2') +7 a, | 
(13) 

v= FEF +0 bar) We bea}, | 


so that 
R= |[w + v? — 2uvcos(p — g’)J. (14) 
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Substituting (12) in (7) and integrating term-by-term, we have 


ix © 
= oOo 9 yy 4 (1) a 
b= Tey 2 OF 2 Vem ore? (ku (0), (15) 
. Spots B+ 245 
where the coefficients a, are 
] 
I iC + 5) 
1 2 (16) 


© TOFD 

We may note that the individual terms in (15) are expressed in finite form. 
It is possible to write approximate expressions for the /, under the condition 
that 


kv<«l. (17) 
For example, when s = 0, we have 
eiku 
fo = (1 + O(4# o)]. (18) 


In addition to depending on the variable r, the function f, depends on the 
difference z — 2’, so that f, = f,(r, 2 — z'). We will write the expansion of this 
function in a Fourier series over the interval —2L <z—z' < 22 inthe form 


fs = 3) 6, F,, cos vg(z — z'), (19) 
i A »=0 
where 
n 


Only cosine terms appear in the expansion in (19) so that /, is an even func- 
tion of z — 2’; for this reason the coefficients F,, are given by 
21 


Fy, = [ felt, z) cos ygzdz. (21) 
0 
If we set the surface density § in the integral in (1) equal to 
S(z,9') = _ U,(2') cos s 9’, (22) 


the function V is expressed in the form 


V = JV,(r, 2) cos s @, (23) 
where 
ZL 
V(r, 2) = i f.(7,2 — 2’) U,(z') dz’. (24) 
<1 


Thus, the function /, is the kernel of an integration equation which relates 
the “density” U, to the “potential” V,. An equation of this type is found 
in a number of problems of mathematical physics (cf., for example, ref.2). In 
the present paper we consider the problem of electromagnetic oscillations of an 
ideally conducting cylinder (“antenna radiator”) in which we shall limit our- 
selves to the case of greatest interest, i.e. the case in which the surface 
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density of the current on a cylinder has only a longitudinal component j, which 
is independent of azimuth @; in the spirit of waveguide terminology we call these 
symmetric electric oscillations of a cylinder. 
In the problem of symmetric oscillations of a hollow cylinder the vector 
potential has a single component 
22 DL 


1 eikh 
A,=— [ j.(z)a dg’ dz’. (25) 


Cc R 
0 —L 


The non-vanishing components of the electromagnetic fields are 
1 (aA, 1 aA, oA, 
—(— 4 A.), FE, = —-— =~, 4, = - zs: 26 
(Ga vk A.), 7 TR Or 2? °° ar 8) 
where the following boundary conditions must be satisfied at the surface of 
the ideally conducting cylinder: 

H,+Eo=0 (-L<z<L,r=a), (27) 
where E% is the component of the transverse current which excites the cylinder. 

If we use the notation 
Vz) =cA.|rea, UH’) = 2n47.(2'), (28) 


the unknown function U (z), which is the total current through the cross-sec- 
tion z = const., satisfies an integral equation such as that given in (24) 


E,=—- 


. 


L 
Viey= f fe —2) UG) dz, (29) 
—L 


where f(z — 2’) = f,(@, z — 2’) is the kernel and 

V (z) = C°V®(z) + Ceoskz+C'sinkz (30) 
is a function which is expressed in terms of the given function V°(z), and 
which depends on the distribution of the component E% along the length of the 
cylinder; it contains a constant C°, which depends on the amplitude of the 
transverse field, and two undetermined constants C and C’. The function to 
be determined U(z) must satisfy the additional condition at the ends of the 
cylinder 


U(—L) = U(L) = 0 or, more precisely, U(— LE + 0) = U(L — 0) =0, (81) 


by virtue of which the problem becomes determined; in particular, find the 
undetermined constants C and C’. 


2. System or LINEAR EQUATIONS 


In this section, we shall reduce the integral equation (29) to an infinite system 
of linear equations. In this system an important role is played by the coef- 
ficients 


oL 
Fy, = { f(z) cos vg 2zdz, (32) 
0 


ELECTRIC OSCILLATIONS OF HoLLow CYLINDER 803 


which allow us to expand the function f(z — 2’) in a Fourier series 


fle—2) = 5S 6, F, cosy g(z ~ 2!) (—2L<z2-—2' <2L) (38) 
v=0 


[cf. (19) and (21)]. Writing F, in the form 
F, = [ f(z) cosvgzdz — f[ f@) cos vgzdz (34) 
i) 2L 


and applying (8) with s = 0 and r = a, we have 
Fy = Ip[V (0 g? — &*) a] Ko lV 0" gy? — W) a] + AF,. (35) 
The quantity 


AF, = — f f(z) cosvgzdz (36) 
21 


can be obtained easily by an approximate formula if the condition 


9 


a k a® 
zZ<! and OL 


<1 (37) 


is satisfied. 

The left sides in the last condition are the derivatives of the parameters 
ka and a/2Z, each of which is usually small in practice. Using (18), we can 
replace the function {(z) in the integral (36) by the approximate expression 


eikz 


f(z) = ; (2b <2 < o), (38) 
since the parameters u and v in the present case are 
1 a 
=> 2 2 wxwz+—, 

w= ZIV + 40%) +2] : 
1 2 

v=s[Vl@+4a) —qar, (39) 
2 z 

Lk ka < ka 

CON OL" 

Finally, we obtain the approximation formula 
AF, =5(BQ@kL +92) + BQkL —9x)], (40) 


in which the radius of the cylinder a does not appear; we use H(x) to denote 
the function 
La: Pet 

B(@) =Cie +i8ie= — f Sat for «>0, (41) 
Zz 

E(z) = E*(—2) = Ci(—2x) —i8i(—2) for «<0, 
which is expressed in terms of the cosine integral and the sine integral. 

In essence, the method given below allows us to solve the problem without 

the use of the approximation formula (40); however, an exact computation of 
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AF, involves complicated numerical quadratures whereas the calculation of 
A F, by means of (40) can be carried out without serious difficulty. 

The kernel of the integral equation (29), i.e. the function f(z — 2’), depends 
on the absolute value of the difference z — z’. Whence it may be concluded that 
the parities of the functions U and V, with respect to z, are the same: if U is 
an even function of z, then V is even; if U is odd, then V is also odd. 

Assuming that both functions are even, we expand in Fourier series 


V(z) = De Vizcosngz, 


U(z) = Dd} eg U, cos qgz, | (2) 
q 


where the subscripts » and qg here and in what follows take on even values, 
including zero 


2,9 = 0, 2, 4, aa) (43) 
assuming that the indices m and p take on odd values 
m,p =1,3,5, ---. (44) 


By the Fourier theorem we have 
L 
I 

V, =5, [ve cosngzdz, (45) 

—L 

and, as a consequence of the integral equation (29), 
L 
I 
V,, -5,{ [te — 2')cosngzU(z') dzdz’. (46) 
—L 


Now, substituting the Fourier series for the function U(z') everywhere, we 
obtain a system of equations 


Vn = > Dng U4, (47) 
qg 
where 


L 
€ ’ t t 
Dug = 5h { [ 1@ —2)cosngzeosag = dzdz’. (48) 
—L 


In order to compute this double integral, in place of f(z — 2! ) we substitute 
the series (33); from the integration, we have 


8 
Dna = F, Ong + 7 Eq 2 Onm Ngm FP, > (49) 


where dng is the Kronecker symbol (Ong = 0 when n+ q, dan = 1), while the 
coefficients a, » are given by 


L 


4 n+mt+) 
= 2 m 
Sim = GJ | cosngzcosmgzdz = (— 1) 5 =. (50) 
n® — m2 
0 
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In the present case, the function (30) is of the form 
V (z) = C° V°(z) + Cocos kz, (51) 
so that the coefficients V, are given by 
V, = C°Ve2 +CV;i, 
where 


snk DL 


= 


, 4 = 
Va = Gh bsinkL Sm = 2,4, -). (62) 


The quantity V,, contains one undetermined constant C. Equation (31) gives 
the additional relation 


2 
Se(-)" U,=0 or Uy=—-23"(— 1" Uy, (63) 
n n 


where, by »5,’ we mean summation over all even values of n with the exception 
n 


of the term n = 0. 
Jf we expand the unknown function U (z) in a series of another form 


U (z) = my Em Um cos m gz, (54) 
the coefficients U,, and U,, are related by the expression 
2 2 
Un = —_ » Onm En U2, U, = —_ D) Onm Em Un. (55) 
7 n I ™ 


Jt is easy to show that (31) and (53) impose certain limitations on the be- 
haviour of the odd coefficients U,, when m—> oo; it is difficult to take these 
limitations into account in numerical calculations in which, by necessity, we 
must take a finite number of U,,. 

If both functions V (z) and U (z) are odd, then by the same reasoning we can 
give then in the form of series 


V(z) = Di em Vn Sin M GZ, 
m 


. (56) 
U(z) = Dd) e, Upsin pg z 
p 
and arrive at the infinite system of equations 
Vin = a E np U,, (57) 
p 
where 
L 
Emp = 55 | | te _ 2') sin mg zsin pgz! dz dz’. (58) 
—L 


Using the series in (833) we can transform the coefficients #,,, to the form 


8 
Emp = F'n 6mp + we Bam Bnp En Fn, (59) 


cPK 10b 
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where 
L n+m+1 
. . z n 60) 
Bam = { sinngzsinmgz dz =(—1) Teme’ ( 
0 
The function V (z) is given in the form 
V(z) = C° V%(z) + Csinkz, (61) 
so that the coefficients 
4 (-1) "> 
Vn = C9 V9,4+ CV, where Vin = za & Ecos kL Cy (62) 
depend on the unknown constant C, which is determined from the relation 
S(-)"F Un = 0, (63) 


which follows from (31). 
Expanding the unknown function U (z) in the usual Fourier series 


U(z) = Dre, U,sinng z (64) 


and comparing this expansion with the expansion of the same function in (56) 
we obtain the following relations between U,, and U,,: 


2 2 
Um = » Bam En U,,, U,, = >» Bam Em Un, (65) 
n em 


MLA 


which are analogous to (55) for even U(z). Since each term in equation (64) 
satisfies (31), the limitation is now imposed in the behaviour of the even 
coefficients U,, when n — oo. 

Equation (55) applies for any even function U (z) while equation (65) applies 
for any odd function U(z). Hence, the coefficients a, and B,,,, satisfy the 
conditions 


4 4 
ay a Em EnOnmOnp = Ty Em a En Bum Bnp = Omp (66) 
A n It m 
and 
4 4 7 
“3 En S EmOnmAqm = a En a Em Bum Bam = Ong ’ (6 /) 
me me 


which may be called the orthogonality relations. 

We may note that if the functions H{ and V(z) are neither odd nor even 
they can always be given in the form of a sum of odd and even functions; 
each of these will contain odd and even U (z) and the sum then gives the cur- 
rent at the surface of the cylinder. 


3. TRANSFORMATION OF THE SYSTEM OF EQUATIONS 


The coefficients D,, and E,,,,, which are determined by (49) and (59), form 
infinite matrices. We now expand the matrices | Dg | and | E np | in the sum 
of a diagonal matrix (in which the only non-vanishing elements lie along the 
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main diagonal. i.e. for » = g or m = p) and a matrix of general form in such 
a way that the diagonal matrix predominates. We write the coefficients Dng 
and £,,, in the form 


Drag = 2 F, Ong +d 


ng> 
68 
Emp = 2 Fm Omp + Emp; ( 
where 


8 8 
dng = 53 &9 d) Xm Om F,, — F, Ong = Eq dD) Xrm gm (Fm — F,), | 
. m we m 
8 16 (69) 
emp = gals fn Bam Bnp F,, —_~ Pa Omp = qe 2 Brn Bap (Fn ~ F,), | 


where we have made use of the orthogonality relations and the fact that 
Bom = 0. 

Deferring an investigation of the relative smallness of the coefficients d 
and €,,p to Sections 4 and 5, we write the system of equations (47) and (57) in 
the f 

e form V, = 2F, Un + 31 dng U,, | 

70 
Vin = 2 Fm Um + 3} mp Up | (70} 
p 


and assume that these can be solved by an iteration method (cf. ref. 3). This 
means, that having written (70) in the form 


U, -sE|" ~ 3 an Ue} 


] 
On =—— _ mp Up), 
"BE, |! ~ ge ome 
in the zero-th approximation, in general, we can neglect the sums 5’ d,, U 
and 37 emp Up, Le. q 
P 


] ] 
OF. V, and U, = oF, 


then we substitute these values in the sums and obtain U,, and U,, in the 
first approximation; we then substitute the values of the first approximation 
in the right side of (71) to obtain U,, and U,,, in the second approximation and 
so on. It is clear that the convergence of this process is determined by the 
ratios d,,/2 F, and €mp/2 Fy. 

The direct application of the iteration method described above is prevented 
by the fact that, in accordance with (52) and (62), the coefficients V, and V,, 
contain undetermined constants. Hence, we seek the coefficient U,, in the form 


Un, = C°UL + CU, (73) 
and obtain the following systen of equations for U2 and U), 


(71) 


U, = Vins (72) 


Om ap [A Ba Oe | - 
ra ap [Pe Ba | 


10b* 
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which does not contain the unknown constant C. The latter ts determined from 
(53); in particular 
nr 
>} e,(— lye UE 
C= — 0° —___,—. (75) 
>} én(—1)e Un 
n 


In similar fashion, writing the coefficient U,, in the form 


Un = ce UY, + C Uns (76) 
we obtain the system of equations 
1 . 
Un = oF [Vm — 2: emp Up): 
1 v4) (77) 
Un = oF, [Vm — a Emp U>| 
and the unknown constant 
m+1 
SI(-1) "2 US, 
Si (-1l) = Un 


m 


The quantities Ug and Dg, occupy a special position amongst the U, and Dng 
(cf. Section 5); hence, U, may be regarded as an additional unknown constant 
and we can write the remaining coefficients U,, in the form 


U, = C°UZR+ CU, + U, Ux. (79) 
Writing the equations for the U, follows 
Vo =D Vot+ Dd" Dog Uy» 
q 


{ 
V,=2F, U,+ dno Uy +2) dig U, (n = 2,4, s+), | (89) 
q 


for the new quantities U2, Uj, and U;! we obtain the system of equations 


1 
0 _ oOo ! 0 
Un 2F., [Vm 2 dng U4] ’ 
f 1 ' ald f 
Un = oF, [Vn ~~ 2 Any Uq| ’ (81) 
a 1 ward " 
Un = 5) F, [- Ang —_ 4, Ang U, ’ 


while the unknown constants C and U, are determined from (53) and the first 
line of (80); we obtain a system consisting of two linear algebraic equations 


f2 0, nf2 l . 
6 SH N" U, + Us|" OF eS] = Sy) OR, (82) 
n n “ n 
O[S' Dasa ~ Vo} + Uy[B" Dor Us + Dol] = ~ Co| 3" Don UB ~ V8), 
n n n 


whence these constants aro easily determined. 
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Another transformation of the system in (70) is possible. For example, using 
the second relation in (53), the system of equations for the U,, can be written 
as follows: 


Vi = 2F, Un + 3) dng Ug (n = 2,4, +), (83) 
where , 


~ 12 
dig = Ing — 2(—1)" dng. (84) 


If we seek the coefficients U, (with n = 2,4,.. .) in the form given in (73), 
we obtain the following equations for U° and U;:: 


1 - 
_ q n= 2,4, 6, (85) 
U, = oR, [Pn — 2" deg U4): | 
while the constant C is given by 
oO yp7 0 
c= ole 2) Poa Ua (86) 
Vo — 3 Dug U; 
where q 
~ a2 
Duy = Dag — 2(-1) Do. (87) 


In Sections 4 and 5 we shall analyse the systems obtained above; in cal- 
culating the coefficients U, we will make use of the system in (81) and in cal- 
culating the coefficients U,,, we will make use of the system in (74). 


4, COMPARISON WITH THE THEORY OF THIN RADIATORS 
If the following conditions are satisfied: 
ka«l, ga«l (88) 


and if the index » is not too large, (35) can be written in the form 
2 21 


B= ee a tema tT 4 °) 
where 
y = 1-781, Ini= iF (90) 


and A F, is computed from (40) since the condition in (37) follows from (88). 

If use is made of (89) and (40) for any » we arrive at a system of linear equa- 
tions which are completely equivalent to the ‘‘linearised’’ integral equation 
obtained by Hallén4 and the integral-differential equation obtained by Leonto- 
vich and Levin! for a thin, cylindrical radiator. In all these equations the radius 
of the cylinder a appears in a logarithm so that, for very small values of a, 
we introduce the large logarithmic parameter 


1 
Q = 2In— (91) 
xa 
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and obtain a solution in the form of an expansion in inverse powers of 2, 
which determines the asymptotic properties of the radiator as a > 0. In this 
connection, we may note that Hallén has used the quantity x = 1/2, while 
Leontovich and Levin used x = k, whereas, from (89), it is apparent that for 
short radiators (& < g) it is convenient to use x ~g and for long radiators 
(k >g) it is more convenient to use x ~ k. 

In order to obtain an expansion in inverse powers of 2 in the framework 
of the system in (47) and (57), it is sufficient to write the coefficients (89) in 
the form 


1 
F,=In-— + G,=52 + G,, (92) 
where the term 


Qu 


G, =In ————— + 
y V (v2 g? — ke) 


AF, (93) 


does not depend on a. Then (68) and (69) yield the following expressions 


Dyg =2 Ong + dng | (94) 
Eny = Omp + Emp» 
where the terms 
5 8 
Ang = 2G, bng + Te &4 a Xnrm Xm (Ga _ G,) ? | 
It m ~ 
(95) 


| 16 _, 
emp = 26m Omp + 7 2 BumBap(Gn—- Gin)- | 


Transforming the system in (47) and (57) in accordance with (94), and carry- 
ing out a finite number of iterations, as described in Section 3, by virtue of 
(75) and (78) we obtain expressions for the coefficients U, and U,, in the form 
of rational functions in 1/{; in the zero-th approximation [ef. (72)] the current 
distribution along the radiator is the same as the current distribution in a uni- 
form transmission line which is open at the ends and which obeys the telegraph 
equations. 

These same expressions can be derived from the Hallen analysis so that we 
will not consider them further here. It is important to note that when a > 0 
the first terms predominate on the right side of (68), since the matrices || d,4|| 
and llem pl as well as the matrices ll droll and lem pll do not contain the large 
logarithmic parameter which appears in the diagonal matrices || 2 F, bngll and 
|| 2Fn Sm pl. 

Equation (68) is more flexible than (94) because in the former each coef- 
ficient U, and U,, is comparable with the large logarithmic parameter when 
a — 0 [cf. (89)] and no difficulty arises in the choice of the parameter x in (91). 
The iteration method outlined in Scction 3, in connection with the various sys- 
tcms of equations, is applicd both for (35) and (89) although the convergence 
of the iteration process requires additional investigation (cf. Section 5). 

If the conditions in (28) are satisfied, (89) can be used only if the following 
condition is satisfied: L 


1 
V<K—~—. (96) 
ga a 
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Assuming that this relation applies for all v, as is the case in the theory of 
thin radiators, we allow certain errors in the fine details in the current distri- 
bution: in particular, the accumulation of charge at the ends of the cylinder 
is not given accurately. On the other hand, (35), together with the approx- 
imation formula (40) [if the conditions in (37) are satisfied], give essentially the 
exact results so that the uncertainty of the calculations is determined basically 
by the replacement of the infinite series by finite sums. 

The behaviour of the matrix elements || D,,|| and || Zmp|| as a > 0 does not 
characterise the system of equations completely; in particular, this behaviour 
does not allow us to choose between (74), (81) and (85). Hence, in the next 
section we will consider the regularity of the system of equations given in 
Section 3. 


5. COMPLETELY REGULAR HQUATION SYSTEMS 


We consider (35) again. When vy > oo, the arguments of the functions J, 
and K, are large so that we have 
1 1 


ToL @ — #8) al KolV* g — aS So aa “Bega (97) 


(for vyga>l, vg>k). 


The A F, term in (35) falls off more rapidly as »y + co than the single term 
(97). We can easily convince ourselves of this by carrying out an integration 
by parts in (36) 


[ee] 


ar, HED Sntrg" 5 fr @sinygzde 
vg vg 
2L (98) 
_f CL) cos2yg b cost g fre (z) cos vg zdz 
vy 
veg OL 


and noting that sin2vg L = sin va = 0. Neglecting terms which fall off as 
1/v4, we have 


(=D) yp, rete @ikL = 1) 


A F, RS ye D y2 7 ? (99) 
if (38) is used. Hence, F, can be given by the expression 
eh, oo 
where 6, > 0 as y + 0. 7 
We substitute (100) in (69) and use the following identities 
n+@ 
8 Oram Xm 1 a (101 a) 
_ yet = —s,, —(-1 tna» 
me Pa mM Qn Brg —(—Y Ig 
m*p 
a 5 en ee Bap _ 1 —— np 4 (— 1) 2 Sinps (101 b) 
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where the quantities é,, are given by 


CF )-9(S") 
VW] “4 
lng = oe 2 = for n+4q, 

Eff nv — g 

(102) 
/(l+n 

mA 2 
tin = —> for n+0, 

It n 


= me 5 Pfor m =— Dp, 
P (103) 
(3) 2 
1 P\o) 7 We 
Smm = ~2.UCUCOC~C 
Mf 


By p(x) we mean the logarithmic derivative of the gamma function. All these 
relations can be proved by means of the summation formula 


PAC +a 7 v +A) = vO — (a), 


(104) 
where we have also made usc of the relation 


1 1 
v(s+4)=v(5-4) +2tanza, (105) 
which make it possible to express the value of the y function for an argument 
smaller than 1/, in terms of its value for arguments greater than 1/,. 
Finally, the quantities d,, and ¢,,, are transformed to 


é n+q Sn 
dng = zt |= (=) 2 tng — 57 


8 8m 
on Ong + _y 2 Onm Sqm 


(n = 2,4, +), 


(106) 
8 _, On 

om Omp + 7 2 Bam Bnp =| . | 

It is the purpose of the transformations given in Section 3 to make it possible 

to obtain a ‘“‘completcly regular” system of equations which can be solved by 


successive iterations (cf., for example, ref. 3). For the systems given in (71), 
(74) and (77), the criteria that these be completely regular are 


») |dng| S2F,(1 — 0), where 90 >0; n =0, 2,4, (107) 
q 
and 
>) |@mp|S2F,,(1 —e), where 9 >0; m=1,3,--, (108) 
D 
while in the case of (81) we have 
>! |dng| S2F,(1 —0), where 9 >0; n= 2,4, 
q 


(109) 
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We can verify these inequalities under the assumption that 6, = 0 when 
y > 0. Since 6, falls off with increasing », and is essentially a correction factor, 
one expects that the systems being considered remain completely regular ; 
without making this approximation, however, the proof of the last statement 
cannot be demonstrated. 
Since the quantities ¢,, and s,,, are positive, when 6, = 0, (106) yields 
Eq 1 


| Ang | = Ba? | Emp | = ——§mp: (110) 


ga 
From the definitions (101) of the quantities éng and s,,, and the orthogonality 
conditions (66) and (67) 


1 
os €q éng =— (n = 2,4, +), | 
7 n 


, (111) 
Hi mp = 2 mp 5 
4 Ep Smp 2! Smp m | 
whence the following relations are obtained for the quantities in (110) 
1 
SS = 9 eae 
Bldal=seay m= Ako | 
(112) 


2mga’ | 
so that, by virtue of (100), the inequalities in (107) and (108) may be assumed 
proved (for 6, = 0 and g = 4), with the exception of the inequality (107) for 
n = 0, since (100) has no meaning when » = 0. Because of this situation, 
we must go from (74) to the system given in (81) which, by virtue of the in- 


equality 2 | dng | S 2 | dng | (113) 


S| emp | = 
Dp 


may be taken as the proof of the condition of complete regularity (109) when 
=}. 
° Thus, the systems in (81) and (77), in which the quantities F, as computed 
from (35) and (46) are completely regular in two senses: first, in the asymptotic 
sense (when 6, -> 0), and second, for very thin cylinders (a — 0, cf. Section 4). 
This behaviour serves to distinguish the present systems from other systems 
which arise in an analysis of the problem since it allows us to use an iteration 
method in the solution. 
In conclusion, we may note that the system given in (85) is not regular; 
however, it is useful for investigating the behaviour of U9 and U,, when n > oo. 
When 6, = 0, from (84) and (106) we have 


E 
d,, =—lc a _ 1 (n+ q)]2 ° bh ) 
~ ] ] 4 
d,, = ——-(— ] (ntqg)/2. th —th = —(-1 (ntq) 2. — 
a Gg") Cro faa) = Gq 1) a (114) 


n® — 
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whence it is apparent that the series 5” dng U} and 5” dng U; fall off as 1/n? 


q q 
when n — oo. Since V2 and V,, fall off as 1/n?, while F, falls off as 1/n, the quan- 
tity U,, falls off as 1/n or faster. 


6. ELECTROSTATIC PROBLEMS. REMARKS 


In ref. 2, in which a solution was given for the electrostatic problems relating 
to a hollow conducting cylinder, a method was proposed which is especially 
effective in the case of relatively short cylinders. The electrostatic problems 
can also be solved by the method outlined in the present paper. In order to 
avoid a complicated digression we shall limit ourselves to electrostatic prob- 
lems which may be considered as limiting (for k — 0) cases of the electro- 
dynamic problems considered above. As an example, we shall choose the prob- 
lem of a cylinder in a uniform electric field H, directed along the axis of a 
cylinder. 

In electrostatics one derives an integral equation (cf. ref. 2) which relates 
the potential 0 —@(z) at the surface of the cylinder to the linear charge 
Q = Q(z). The functions ® and Q are related to the functions derived above 
(28) by the following expressions: 


@ = , Q=——. (115) 


When k - 0 the first equation in (26) assumes the form 


poe 1 eV he 
an @zti(i iw OR’ (116) 


so that the boundary condition (27) is rewritten as follows: 
eV 


Cz 


=iwHk$ for -Lez< DL. (117) 


The factor iw remains and we obtained a solution of the electrostatic prob- 
lem which corresponds to the frequency w = 0. 


If 
ig = E, = const. (118) 
(117) leads to the expression 
. 1 
V (z) -io(y He +), (119) 
where C’ is an undetcrmined constant. Then the coefficients V,, are 
Vi, = OVE, + COVi, (120) 
where 
— ])r/2 
Ve=l. V8 = _! ) for 2 = 2,4, ---, 


Co = —iw Ey fu | (121) 
TU 
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and C is a new undetermined constant. Expanding the functions U (z) and V (z) 
in series (42) and assuming that k = 0 in all the calculation for mulas, we arrive 
at the solution of the static problem. 
The quantities F’, are computed from the formula 
F,=I,(vga) K,(vga) +AF,, (122) 
where 
AF, =Ci(vx) for = <1. (123) 


77 


If we use the following formula for any y: 


-_ 


F,=I1n 


AF,, 
sepa tah (124) 
this is equivalent to making the transition from the exact integral equation 
which relates the potential ® and the charge density Q to the approximate 
integral equation 


W (z) - fntl= | seen (2 — 2')Q(2') dz’, (125) 


which applies for thin cylinders, where 


W (2) — V (2) -{o (2') dz’. (126) 


The fundamental difference between the methods used in ref. 2 and the 
method used in the present paper is the following: in ref. 2 the charge den- 
sity at the surface of the hollow cylinder is given by a series, each term of 
which has a necessary singularity at the ends of the cylinder; above we have 
expanded the current U (z) in scrics (42) and (56) which reproduce the accu- 
mulation of charge at the ends of the cylinder because of the poor convergence 
of the series for the derivative U’(z) whenz ~ +. It is reasonable to assume 
that the effect of the ends on the convergence of series for U (z) over the entire 
interval —L <z< EL is important only in the case of a short cylinder 
(L/a <1); in the case of a long cylinder (Z/a> 1) the end effect should not 
hinder the application of the method given in the preceding section. 

In conclusion we wish to make several remarks which relate to the practical 
aspects of the methods given above in numerical solution of static and dyna- 
mic problems. 

In carrying out numerical calculations it is generally necessary to replace 
all infinite series by finite sums; for example, for the even function U(z) we 
write 

x 


U (z) = > En U,, COSn GZ, (127) 


n=0 


while the odd function U (z) is given in the form 


M 
= Dep, Um sin mg z. (128) 


m= 
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The numbers M and N can be estimated as follows. It is known that the 
current distribution U(z) along the radiator resembles a standing wave, Le. 


U(z) = A(z) coskz + B(z)sinkz, (129) 


where A(z) and B(z) are slowly varying functions (cf. ref. 6). The series (127) 
and (128) reproduce this distribution if the following conditions are satisfied : 


nee ck, Mz ~ kL, (129a) 
g 


At large values of k L the present method becomes complicated. For thin 
radiators (k a < 1) in this case it is necessary to use the approximation formulas 
given in ref. 6, the accuracy of which increases with increasing k L. 

We may note that as N and Mf increase the series (126) and (127) represent 
the current distribution in greater and greater detail; in particular, the series 
give the accumulation of charge at the ends. As long as the index » ( or m) 
satisfies (96) we can use (89). With a further increase in N and Jf it is more 
desirable to use the exact formula (35); however, the results obtained from (89) 
outside the range of their applicability are still of interest becausc, in essence, 
we are solving the approximate integral equation in the theory of thin radiators 
by the present method (cf. Section 4). 

If we use (35) for F,, the calculation of d,,, and e,,, is generally carried out 
with (106), replacing the series 5’ and 5” by finite sums (m= 1...., M4; 


™m n 


nm = 2,..., N) and determining 6, from (100). 
,=27gaF, —1. (130) 
Strictly speaking, Jf and N should be chosen to satisfy the conditions 
du<1, dv <1, (131) 


however, smaller values of Jf and N are also of interest. Using (35) for all values 


of », we can compute d,,, and eé,,, directly from (69). 


tq mp 


7. SUMMARY 


The symmetric electric oscillations of cylindrical conductors are of considerable 
interest in radio engineering and, for this reason, have been studied in a large 
number of theoretical papers. However, the majority of these papers have 
limited themselves to the case of extremely thin conductors, for which the 
parameter (91) becomes so large that it frequently does not correspond to 
cases encountered in practice. 

The computational method given in the present paper docs not suffer from 
this limitation. In this mcthod the oscillations of a cylindrical conductor (a 
hollow cylinder, for the conditions in (88), is electrodynamically equivalent 
to a solid conducting cylinder) are treated by an infinite system of lincar equa- 
tions which relate the expansion coefficients for the vector potential and the 
current at the surface of the cylinder in trigonometric series. Formulas are de- 
rived for computing the matrix elements of these systems and it is shown that the 
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solution can be found by an iteration method without calculation of the deter- 
minants. 


The relations which are obtained allow us to solve a problem of this kind 
by means of high-speed computing machines. 
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54. EXPANSION ENGINE FOR 
LIQUEFACTION OF HELIUM 


Liquip helium is a unique refrigerant for obtaining low temperatures in the 
region of the last 10° above absolute zero. The special physical properties which 
bodies acquire at such low temperatures are well known: superconductivity, 
superfluidity and a number of others. In recent times low temperatures have 
been used not only for scientific purposes, but also have begun to attract 
considerable practical intercst since they are used in radio engineering, calcu- 
lating machines, electronics, and in a number of other areas. The demand for 
helium liquefiers is increasing and work with liquid helium is no longer the 
province of a small number of individual institutes, as was the case before. 
Therefore the development of safe, casy-to-handle, and efficient liquefaction 
cycles is an important problem of technical physics. 

It is well known that in 1908 Kamerlingh Onnes was the first to liquefy 
helium using the Joule-Thomson effect, and precooling the gas with liquid air 
and hydrogen. In 1934, one of the authors!? constructed a piston expansion 
engine which operates down to the temperature for helium liquefaction. This 
was achieved by using a hydrodynamical gaseous lubricant. The gaseous lubri- 
cant was found to be highly effective; in this manner we succeeded in con- 
structing an expansion engine which operated with an efficiency of approx- 
imately 60 per cent. Such an expansion engine enables one to simplify the helium 
liquefaction cycle, eliminating thenccessity of precooling the compressed gas with 
liquid hydrogen, the operation of which, as is well known, requires great caution. 

Further development of the equipment with similar expansion engines was 
carried out in a number of countrics* >. 

During the last two to three years, at the Institute of Physical Problems, 
a new expansion engine has been «levcloped; at the same time a number of 
constructive solutions were realised which improved the efficiency of the engine. 
The expansion engine is described in this paper. With this type of expansion 
engine we realised two devices—one with a capacity of 5 litre/hr, operating with 
precooling by liquid nitrogen, another at 14-18 litre/lir, a cascade device with two 
helium expansion engines which do not require any precooling. 


DESCRIPTION OF THE EXPANSION ENGINE 


The overall diagram of the expansion engine adopted by us is analogous to 
the one suggested previously!. As before, the expansion cylinder and piston 
of the expansion engine operate at a low temperature and are coupled by a 
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long connecting rod with the piston crosshead which operates at room tempera- 
ture. The location of the piston may be seen from the general form of the expan- 
sion engine, presented in Fig. 1. Such an apparatus enables us to maintain 
a constant pressure outside the cylinder and makes it possible to easily dis- 
mantle and assemble the cylindrical joint connection of the expansion engine 
and valves. The cylinder and piston are the most crucial parts of the expansion 
engine. As described in ref.1 for successful use of gaseous lubrication, the 
magnitude of the gap between the piston and cylinder should be the same 


uo E z mies 


Fra. 1. Construction diagram of the expansion engine. (1) Cylinder, (2) piston, 

(3) piston-rod, (4) intake valve, (5) filter, (6) intake receiver, (7) exhaust 

valve, (8) exhaust receiver, (9) compensators, (10) stuffing box of exhaust 

valve, (11) stuffing box of intake valve, (12) piston crosshead, (13) packing 

collar, (14) crankshaft, (15) cam drive of the exhaust, (16) cam drive of the 
intake valve, (17) sweep generator indicator. 
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and hence the cylinder and piston must have a strictly cylindrical shape. 
It is also important that this shape be maintained down to the lowest tempera- 
tures. In addition, to prevent a large escape of gas, the gap must be as small 
as possible. In order to eliminate the effect due to thermal expansion, the piston 
and cylinder are manufactured from the same material (before we used a 
phosphor bronze); in addition, internal stresses in the material were removed 
by means of thermal treatment, which was effected before and after mechanical 
treatment of the piston and cylinder. In order that there be no scratches in 
ae 


or ~~ 


TY 


( 
IN 
t 
ih 
HN 


We 


Fic. 2. Cam drive mechanism. (1) piston rod, 


(2) piston crosshead, (3) cam 
washer, (4) roller, (5) flywheel with a gear, (6) 


electrical generator brake. 


the case of accidental contact, the surface of the piston is chrome-plated. Such 
a piston and cylinder were operatcd in one of the expansion engines for 15 years 
without noticable deterioration. But such a design possesses greater suscepti- 
bility to contamination and needs a comparatively larger gap (in the first 
engines, it is known that the gap was equal to 0:04-0:05 mm with a piston 
diameter of 30 mm). Consequently the technology now is changed substantially : 
the piston is covered by a layer of plastic and the cylinder is chrome-plated. It 
was found that such surfaces grind themselves without scratching when non- 
lubricated. In this way, we succeeded in obtaining a smaller gap between the 
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cylinder and piston without fear of the emergence of scratches in the case 
of accidental contacts. In the latter engines this gap is about 5y (in radius) 
with a cylinder diameter of 35 mm. 

Just as before, lateral stresses on the piston are removed by a number of 
shallow annular grooves on the piston surfaces, located at a distance of 5-6mm 
apart; these grooves are capable of equalising the pressure in the gap surround- 
ing them. Transmission of stress on the rod occurs through a point bearing 
located on the bottom of the piston. The ball construction of this bearing is 
seen in the drawing. 

In the first expansion engine, in order to decrease the losses due to the 
escape of gas through the gap between the piston and cylinder, the expansion 
process was made shorter in comparison with the reverse mode, as if the piston 
were fircd; such kinematics of piston motion were realised by a hydraulic 
mechanism. Although this mechanism was also simple, we had difficulty in 
attaining uniform operation of the expansion engine and therefore soon after- 
wards, it was replaced by a cam mechanism which ensured similar kinematics 
of the piston motion. This mechanism, illustrated in Fig. 2 operated success- 
fully with a chrome-plated piston for a period of 15 years. But now, by using 
plastics we succeeded in attaining a considerably smaller gap between the 
piston and cylinder than was the case earlier, and without fear of scratches we 
eliminated the necessity of making the expansion time of the gas shorter, 
because in the case of a crank gear mechanism the loss by escape of gas through 
the gap did not exceed 6-8 per cent of the pre-operating value. It should be 
noted that the original kinematics of the piston motion with a reduced expan- 
sion time has its serious drawbacks. It was caused by the fact that difficult 
conditions were created for operation of the intake valve. On the other hand, 
in order not to have large pressure drops, it had to be made large for a rapid 
filling of the system with gas. Also, an increase in the valve dimension during 
a short turn-on time created large inertial forces that complicated operation 
of the connecting rod and cams. 

The gas distribution in the expansion engine is caused by positive valves. 
Previously we had used metallic valves (mushroom valves of monel-metal 
carefully lapped to a valve seat of stainless steel), but valves of such a design 
are very sensitive to contamination. At the present time, when constructing 
the valve, between its seat and the mushroom, we introduced a packing of 
fluoroplast, which secures complete hermeticity of the valve even at the lowest 
temperatures and is not subject to noticeable wear. As may be seen from the 
diagram, both valves are placed at the bottom of the cylinder; and without 
unusual labour, after removing the cylinder, one may unscrew the valve 
seats and springs for inspection and repair. The valves are brought into 
motion by levers and connecting rods from cams, fitted on to the crank- 
shaft. The cams have an increased width and variable paddle cross-section 
along the axis of rotation. The lever, with a roller which is wheeled along the 
cross-section of the cam, can be moved parallel to the axis of the cam, which 
makes it possible to measure the phase distribution in the piston stroke. 
Such a mechanism enables one to change the time for closing the inlet valve 


822 CoLLECTED PAPERS OF P. L. KAPItza 


and in this way establishes the most suitable degree of gas expansion in the 
cylinder. A similar mechanism makes it possible to control the time for closing 
the inlet valve during operation of the expansion engine. Closing of the valve 
must occur before the piston reaches the dead point, so that the gas remaining 
in the cylinder is compressed to a pressure close to operating pressure. This not 
only facilitates operation of the driving gear of the intake valve, which in this 
manner is found at the moment of start-up to be in a state of pressure relief, 
but it is well known that such a preliminary compression of gases in the dead 
space of the cylinder increases the reversibility of the expansion process and 
increases the efficiency of the expansion engine®. One may select, by acoustic 
methods, the correct instant for closing the intake valve, because with a cor- 
rectly adjusted turn-on time the expansion engine operates with least noise. 

In practice accurate adjustment is made according to an indicator diagram. 
We found it extremely suitable to check the operation of the expansion engine, 
and to control its valves according to the indicator diagram, which is conti- 
nuously reproducible on the screen of a cathode oscillograph with a retarded 
attenuation. Such a diagram is obtained in the following way. Vertical devia- 
tion of the beam of an oscillograph is made by the amplified signal of a tenso- 
meter resistance, attached to the supporting pipe of the frame of the expansion 
engine. It is not difficult to see that in the absence of friction between the piston 
and cylinder and if we neglect the inertial forces, the magnitude of this signal 
is proportional to the pressure in the cylinder of the expansion engine. The 
tensometers used by us were made from constantan wires (diameter 40 y, 
length 480 mm) and are attached to the wall of the pipe with a special glue. 
Owing to the fact that the stress in the pipe is non-central, transverse vibra- 
tions usually appear in the pipe, which are also reproduced by the tensometer 
and lead to distortion of the diagram. To exclude the effect of these transverse 
vibrations we connect two identical tensometers in series. The tensometers are 
attached at the same height of pipe, but from opposite sides of it. Since, on 
the opposite side of the pipe, the stresses from transverse vibrations at a given 
moment have different signs, they are compensated. On the horizontal sweep 
of the oscillograph we apply a voltage from a special sinusoidal signal generator, 
connected with the crankshaft of the expansion engine. 


(a) (b) (c) 


igen 


Fic. 3. Indicator diagrams of the expansion engine. (a) Earlier closing of 
the exhaust valve, (b) later closing of the exhaust valve, (c) diagram of a 
normally operating expansion engine. 
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Figure 3 gives three photographs of such indicator diagrams for our expan- 
sion engine. In the diagram of Fig. 3a, the exhaust valve is closed early and 
the pressure in the cylinder at the moment the piston arrives at the dead 
point is above the operating pressure. In the diagram of Fig. 3b (the reverse 
picture) the valve is closed later and the pressure in the cylinder is less than 
the operating pressure. Figure 3c corresponds to normal operation of the 
expansion engine. Practice shows that indicator diagrams immediately reflect 
in the operation of an expansion engine; therefore they are extremely useful 
for efficient exploitation of a liquefaction plant. 

The construction details of the indicator device will be described in a separate 
paper. 

We will not describe the remaining details of the expansion engine since their 
design is apparent from the diagram and they are customary in machine 
construction. 

The experiment in the exploitation of expansion engines for the lique- 
faction of helium showed that to ensure their normal operation, the purity 
of the gas is of great importance. Before entrance into the expansion engine, 
the gas passes through a special filter, designed in such a manner that it absorbs 
every dust particle with dimension larger than the gap between the piston 
and cylinder. As a filtering element, we used a Petryanov cellulose acetate 
filter, laid out between two layers of a caprone fabric. The filter reliably 
captures aerosol having particle dimensions of a fraction of a micron and operates 
satisfactorily down to the lowest temperatures. 

The filter is placed in a reservoir of approximately the same dimensions, 
which also obtain at the outlet for gas from the expansion engine. These 
reservoirs are capable of smoothing out pulsations of the gas from recurrent 
operation of the expansion engine; it is well known that non-uniformity of the 
gas flow considerably impairs operation of the counterflow heat exchanger. 

The operation performed by an expansion engine is discharged with a non- 
synchronous electric motor, operating as a generator. Such a device ensures 


TABLE 1] 
Parameter | Value 

Piston diameter 35 mmm 
Piston stroke 35 mm 
Number of revolutions per minuic 400 
Pressure 

at the intake 20 + 23 atm 

at the exhaust 1-4 atm 
Temperature 

at the intake . 27°K 

at the exhaust 12°K 
Amount of reprocessed gas 30 + 50 dyne-m3/hour 
Efficiency f 0-8 


+ For the efficiency 1 we take the ratio of the real heat transfer obtained in the 
expansion engine (4i,,.;=%,— 7%) to the adiabatic heat transfer (Ai,ain = 41 — ig). To 
determine the enthalpy the Keesom’ entropy diagram was used. 
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a uniform stroke in the expansion engine, and the amount of gas reprocessed 
by the expansion engine is entirely determined by the position of the intake 
valve at the moment it is closed. 

Table 1 gives several charactcristic propertics of the expansion engine oper- 
ating in our liquefaction plant with a capacity of 5-6 litre/hr. with preliminary 
cooling by nitrogen. 

Figure 4 gives the principal technica] diagram of the plant. Pure gascous 
helium from gas tank J enters the piston compressor 2 and is compressed to 


Nitrogen to otm 


Nitrogen 
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Fia. 4. Technological diagram of a single-expansion-engine helium liquefier 
with preliminary cooling by liquid nitrogen. (1) Gas tank, (2) compressor, 
(3) liquefier, (4) helium Dewar flask. 


a pressure of about 25 atm. Compressed helium enters main liquefier 3 from 
the compressor. In the liquefier the compressed helium is cooled in the first 
section of the heat exchanger due to “‘cold” of the reverse flow of helium and 
gascous nitrogen; in the nitrogen bath the compressed helium reaches the 
tempcrature of nitrogen boiling at atmospheric pressure and in the second 
section of the heat exchanger it is cooled by the reverse flow down to a tempera- 
ture of about 27°K. At this temperature a portion of the compressed helium 
(65 per cent) is directed into the expansion engine, where it is expanded to 
the pressure of a reverse flow (1-4 atin) and cooled to a temperature of 12°K. 
The remaining portion of the compressed helium is cooled in the third and 
fourth sections of the heat exchanger, expanded in a throttle valve and par- 
tially liquefied. Liquid helium is collected in a storage tank and is periodically 
poured into Dewar vessel 4 and the gas giving its ‘“‘cold”’ to the heat exchanger 
enters again into the intake of the compressor. 

The design diagram of the liqueficr is given in Fig. 5. All the parts of the 
liqueficr are attached to the upper foundation plate 7. Thermal insulation is 
achieved by the Dewar housing 2, the vacuum space of which is pumped out by 
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(1) Foundation plate, 
d, (4) expansion engine, (5) nitrogen bath, 
(11) storage tank for liquid 


, (3) shiel 
, (10) throttle valve, 
helium, (12) overflow valve. 


Fia. 5. Design diagram of the helium liqueficr. 
7, 8 and 9) heat exchangers 


(2) Dewar Jiqueficr frame 


(6, 
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a diffusion pump. All heat exchangers are of one type, from finned pipe con- 
nected inside a smooth pipe, located in the spiral. The forward flow of com- 
pressed gas is inside a smooth pipe, but the reverse flow is directed along 
the axis of the pipe, across the fins. It is known®® that such a type of heat 
exchanger with transverse fins possesses considerable advantages over other 
types, giving a high heat yield with a moderate hydraulic drag. 


TABLE 2 
Parameter | Value 

Liquefaction capacity 

(from the rate of accumulation of liquid in the storage tank) 5-6 litre/hr 
Compressor capacity 60 m9/hr 
Consumption of liquid nitrogen 

during the starting period 15 litre 

during the cooling period 5-5-6 litre/hr 
Wasted time lhr 


The main exploitational properties of the helium liquefier are given in Table 2. 

We have given all the technical documentation on this plant to industry, 
which is initiating serial delivery of such apparatus. 

In addition to this liquefaction, we produced a liquefier operating with two 
expansion eugines in cascade. As has been shown’, by using two expansion 
engines having a high efficiency, one may liquefy helium without the use of 
any precooling agents, i.e. directly from room temperature. Such a liquefier 
was realised by us by means of two expansion engines having the following 
dimensions: first expansion engine—cylinder diameter 78 mm, stroke 70 mm; 
second expansion engine—cylinder diameter 50 mm, stroke 50 mm. 

Our expansion engine cools the helium down to 60°K, the other—down to 
12°K. This liquefier gave from 12 to 14 litres of liquid helium per hour and was 
systematically used for about a year (Plate 46). Balance sheet calculations 
and experiment show that the heat exchangers of this liquefier (counterflow, 
from smooth pipes) are not efficient enough, which leads to a large deficiency in 
recuperation; therefore, it was decided to replace the heat exchangers by more 
modern ones, enabling this liquefier to give up to 18 litres of helium per hour. 
Replacement of the heat exchangers has been accomplished now, and after 
testing the engine a more complete description of it will be given.*® 

Development of the design, actual realisation of the expansion engines and. 
liquefiers were carried out by the staff of the Institute of Physical Problems, 
Academy of Sciences, U.S.8.R. We especially wish to mention the following 
technicians who helped us: Yu. Yu. Lur’e, K. I. Skorlupin, V. E. Keilin, 
A.M. Goncharov, §. A. Mrysh, V. A. Gdovskii, A. V. Melekhin, F. N. Boev, 
8. A. Yakovlev. 


* These measurements were made in the fall of 1960. The plant operates with a cap- 
acity of 18-20 litre/hr. 
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Prave 46. Helium liquefier with a capacity of 5 litre/hr. 
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55. CASCADE COMPRESSION HELIUM 
LIQUEFIER WITH NO EXTERNAL 
REFRIGERATION 


WE waVE described a high-efficiency piston compressor for helium liquefication. 
With this compressor as a basis, we have developed several kinds of helium 
liquefiers; one of these, using preliminary refrigeration by liquid nitrogen, 
has been described?. 

In the present paper we describe a cascade helium liquefier, called the G-1, 
which uses no external refrigerating agents. A helium liquefier of this kind is 
of great practical interest, since it makes possible the liquefaction of helium 
with low power consumption; this feature is important for high-capacity 
installations. 

The calculation pertinent to a helium liquefier cycle with cascade compression 
has been given by us*. It follows from this work that for compressors with 
efficiencies of 0-7-0-8 and an expansion factor of approximately 20 in cooling 
the helium flow from room temperature to 10-15°K, the smallest number of 
compressors required in the cascade is two. In going from two compressors in the 
cascade to three, one obtains an improvement in cycle capacity of approx- 
imately 1-4; increasing the number of compressors in the cascade to four gives 
a further improvement of 1-2. Any further increase in the number of compres- 
sors is not useful, since it does not yield any power gain (Fig. 1) and only 
complicates the cycle. 

In a laboratory liquefier greatest value attaches to simplicity of construction 
and reliability of operation; for this reason we have made use of the smallest 
number of compressors required for the cycle—two. 

The temperature levels for the operation of the compressors are chosen on 
the basis of the following considerations. The temperature of the gas after the 
second-stage compressor 7’, is determined by the optimum degree of liquefac- 
tion; in the present case this value is 11-12°K. In accordance with ref. 2, 
the temperature of the gas after the first-stage compressor 7’, is determined 


from the formula 
Ny 
T, = —7, 7 
1 We 0 ) 5) 


where the coefficients «, and a, are functions of the efficiency and degree of 
expansion of the compressors in the cascade. 


If. JI. Ranta m HW. 5. Jlannaon, Jleraugepunit oonnren, remust KackaqHoro Tula 
6e3 NocToponnnx xutayoarenton, Kypras Ternyreexott Ouayxu, 82, 457 (1962). 

P. L. Kavirza and JI. B. Danttoy, Cascade compression helium liquefier with no 
external refrigeration, Soviet Phys.-Tech. Phys., 7, 333 (1962). 
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Using the experimental data!, we may assign the efficiency for the first-stage 


compressor 74, = 0-7, the second stage compressor 7, = 0-8, and the total 
cxpansion Pin/ Prin = 20. Then, 


and, correspondingly, a, == 1:27. 


40 


30 


T (°K) 


Fic. 1. Relative gas How for cascade-connected compressors 3) V;/v. 3'V; is 
the total amount of gas into the compressors; v is the cooled throttled flow: 
(1) 2 = 1; (2) n = 2; (3) n = 3; (4) n = 4. 


€ (%) 
L 


40 60 a0 100 
T (°K) 


Fic. 2, Change in cooling cocfficient as a function of temperature Icvel of the 
first-stage compressor. 
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Taking 7) = 290°K, we find 7, = 65°K. 

Strictly speaking, the calculation given above applics for an idea] gas in 
the absence of thermal losses; however, it is informative to use the method, 
sinee it allows us to determine the temperature distribution in the compressors 
with accuracy sufficient for practical purposes, and rapidly. The validity of 
using this method is indicated by Fig. 2, in which we show the degree of 
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Mia. 3. Schematic diagram of the two-compressor cascade helium liquefier. 


liquefaction as a function of the temperature after the first-stage compressor 
(the curve is computed from the matcrial-thermal balance of the eyele with real 
temperature choices, using the helium entropy diagram). It is evident from the 
curve in Fig. 2 that the region of optimum temperatures lies between 60 and 
70°K. 

A schematic diagram of the G-1 apparatus is shown in Fig. 3. The gascous 
helium from the gas container J is admitted to the piston compressor 2, where 
it is compressed to a pressure of 20-25 atin and then admitted to the liquefier 3. 
In the liquefier the compressed helium flow is separated into three parts and 
cooled in counterflow heat exchangers. The first part of the compressed helium 
(35 per cent. of the total) is taken from the heat exchanger to the first-stage 
compressor at a temperature of 125-130°K. The sccond part of the compressed 
helium (also 35 per cent of the total) is admitted to the second-stage compressor 
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at a temperature of 28°K. The last 30 per cent of the compressed helium is 
cooled in the last section of the heat exchanger and is throttled into the storage 
tank. The liquid formed in throttling (approximately 5 per cent of the total 
flow of compressed helium) is accumulated in the storage tank and then ad- 
mitted through a flow valve into the Dewar flask 4. 

In Fig. 4 we show a schematic diagram of the liqucfier. All the units of the 
liquefier are fastened to the upper support plate J. Thermal isolation is realised 
by virtue of the Dewar frame 2, the annular space of which is evacuated. 
In order to reduce thermal losses due to radiation, there is a copper shield 3 
in the lower part of the Dewar frame which is cooled by the gas after the 
first-stage compressor by means of the contact device 4. The heat exchangers 
of the liquefier are all the same, being transverse-flow smooth copper tubcs 
(outer tube diameter 4mm, wall thickness 0-4 mm). All sections of the heat 
exchanger are mounted on the common core 9; in order to provide the requir- 
ed space between layers of the coil, use is made of a packing of thin wires 
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Fra. 4. Liquefier: (1) support plate; (2) Dewar frame; (3) shield; (4) con- 
tact device; (5) heat-exchanger core; (6) first-stage compressor; (7) second- 
stage compressor; (8) helium storage tank; (9) throttle valve; (10) how valve. 
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(diameter 0:3 mm) which are stretched along the former with a pitch of 10-15mm. 
The outer shells are made from thin copper foil and are densely packed along 
the outer series of tubes. 

The hydraulic resistance of the heat exchanger to reverse flow is 0-07 atm; 
the under-regeneration (for the upper section of the heat exchanger) is 7-8°C. 

The compressors (6 and 7) are fastened by appropriate flanges to the support 
and are on a line with the heat exchanger. 

The helium storage tank 8 is part of the lower section of the heat exchanger. 
The upper part of the storage tank contains the throttling valve 9. The helium 
storage tank is provided with two independent lines for removal of helium; 
these are determined by appropriate valves 10. 

The basic specifications of the apparatus are as follows: (1) liquefaction 
capacity 18 litre/hr; (2) compressor capacity (type 2SA-30 “ Borets’’) 250 m3/hr: 
(3) start-up time about 2 hr; (4) energy consumption per litre of compressed 
liquid helium is 2-2 kWh. 

The compressor is simple and has operated reliably for three years. 

The following have participated in the construction of the compressor: 
Technicians Yu. Yu. Luré and K. 1. Skorlypin and Mechanics A. V. Melekhin, 
F. N. Boev, V. A. Gdovskii, A. M. Goncharov, and S. A. Yakovlev. 
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56. HIGH-POWER ELECTRONICS 


INTRODUCTION 


ELECTRONICS involves a wide range of physical phenomena connected with 
the passage of an electric current through a gas. Attention should be 
drawn to two important and interesting physical properties of electric 
current in its passage through a gas, which open completely new possibilities 
for electrotechnology and hence are widely used in practice. 

The first property of electric processes occurring during the passage of 
a current through a gas is their exceptionally iow inertia which allows us 
to control them easily. This property became understandable with the 
discovery of electrons: it lies in the fact that the charge is carried by 
electrons whose mass is several thousand times less than that of ions. In 
the passage of an electric current through a gas (as distinct from its 
passage through a metal) the motion of the electrons can be rapidly and 
effectively affected. 

The second important physical property of an electric current in its 
passage through a gas is that the motion of electronsin a gas at a sufficiently 
low gas pressure proceeds with very little “friction” and hence with small 
losses. This makes it possible to impart very high velocities to the electrons 
which give rise to the electric current. In a metal, an intense current 
with small ohmic losses is produced by a large quantity of slowly moving 
electrons, whereas in a gas the current with the same losses can be pro- 
duced by a small quantity of rapidly moving electrons, which is made 
possible by the virtual disappearance of ohmic losses at sufficiently low 
pressures. 

The freedom of movement of electrons in a gas and their small inertia 
have for a long time been widely used in electron tubes which have 
ensured the successful devclopment of contemporary radio engineering 
(particularly in the high-frequency region), but electronic processes have 
not as yet attained such promises as to allow us to use them in power 
engincering. Possibilities that are opened by the physical processes 


Il. J. Kanuna, Ozermponuxa Sosrmux mownocmet, Hay. axan. nays CCCP, 1962, 9. 
P. L. Karirza, /ligh-power Microwave Electronics, Pergamon Press, Oxford, 1964, p. 3. 

Il. JI. Kamina, Onexrponnka Compiux mommocteii, Venexu Ousurxecruz Uayx, 78, 181 
(1962). 

P. L. Kavrrza, High-power Electronics, Soviet Physics-Uspekhi. 5, 777 (1963). 
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accompanying the passage of current through a gas have so fart been used 
in power engineering for solving second-order problems only. 

What is the reason for such a state of affairs? Is it, perhaps, that fast 
processes have no bearing on power engineering? Surely not: high-power 
electronics can solve a number of the most important and as yet unsolved 
problems of electrotechnology which cannot be solved otherwise. Some 
of these problems are: high-powcr transmission by wave-guides over a 
large distance with small losses, production of intense, well-directed beams 
of electromagnetic waves and of beams of particles, direct use of atomic 
energy, and an effective method of isotope separation. 

This incomplete list is already sufficient to show the promise of high- 
power electronics. 

Consider the question: are there basic difficulties in the development 
of high-power electronics? I think that there are such obstacles and, 
though they seem at first sight to be trivial, they in fact prove to be 
decisive for the present. It is only after overcoming these obstacles that 
high-power electronic processes can be put into practice. 

When electrons move in a vacuum (in the absence of ions) they form 
a negatively charged cloud. Because the sign of the charges is the same 
they are pushed away from each other, which disturbs the regularity of 
their motion. If the cloud has a low density, this repulsion caused by a 
space charge disturbs the motion very little, but as the power increases 
the cloud density increases and so do the repulsive forces. These forces 
may become so great that by increasing the power the character of the 
motion of the electrons is completely changed. In ordinary electronic 
devices, for example in radio-tubes, this phenomenon takes place at 
relatively low powers. Increasing the possible power by increasing the 
size of the apparatus turns out to be not very promising, since it can be 
shown that linear dimensions must increase as the square of the power 
handled. Hence at sufficiently high powers all the dimensions become 
impracticable. 

The perturbing effect of space charges appears to be the main reason 
that restricts the application of electronic processes at high powers. 

There are two means of overcoming the restricting effect of space 
charges, which are often very efficient. 

The first one is already widely used: this is the compensation of space 
charge by positive gas ions. It is well known that when an electric process 
takes place at low pressure the negatively charged electron cloud gets 
permeated by positive ions which, owing to their high inertia, do not take 
any part in the dynamics of the process, but neutralise by their charges 
the mutual repulsion of the electrons. In such a way electronic processes 
involving high powers can be produced. In practice, these are produced, for 
example, in mercury-arc rectifiers, thyratrons and other gas-filled devices. 


7 This was written in 1952. 
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However, this method has two important and inevitable shortcomings 
which to a considerable degree offset the major advantages of electronic 
processes. 

The first shortcoming is connected with additional losses caused by the 
presence of gas molecules with which rapidly moving electrons collide. 
The second and main shortcoming is that the presence of foreign ions 
considerably restricts the possibility of an effective electric control of the 
movement of electrons. 

The second means of controlling space charges proves to be more 
efficient: this is the compensation of space charges by forces which are 
induced by the motion of electrons in a constant magnetic field. As an 
example illustrating the mechanism of this process, let us analysc one of 
the simplest and best known cases of the compensation of the harmful 
effect of space charges by a magnetic field, when the electron cloud moves 
parallel to the lines of force of a magnetic field. Under the action of space 
charge the electrons assume transverse velocities, i.e. perpendicular to the 
magnetic field. The Lorentz force thus caused deflects electron trajectories 
in a plane perpendicular to the primary motion and turns the electrons 
back to the cloud. As a result, the cloud does not expand as it moves, and 
preserves its constant cross-section. 

The focusing effect of the constant magnetic field is well known and 
widely used in practice for compensating the repulsive effect of space 
charges. This remarkable property of magnetic fields manifests itself also 
in other, more complex cases, when it is often overlooked although the 
physical mechanism is analogous to that just considered. The magnetron 
represents the clearest example of a device in which the focusing effect 
of magnetic field on an electronic process takes place in a masked form. 

It is well known that the magnetron generates ultrahigh-frequency 
oscillations which are excited by the uniform motion of an electron cloud 
having a periodic charge-density distribution. A cloud with clearly 
defined limits and with a high charge-density can be produced only because 
the repulsive forces between electrons are compensated by the constant 
magnetic field involved in the process. This is achieved by means of a 
process called phase focusing, which will be studied in detail in the present 
work. This process allows us to explain the exceptionally high power that 
can be produced in present-day magnetrons under pulsed operation 
conditions. It is well known that the power may reach several hundred 
kilowatts per square centimetre of the effective surface. True, such a 
power is produced in pulses lasting not more than a few microseconds, 
but this does not affect the question of principle, since the relaxation 
time of electronic processes forms a negligible part of the pulse duration. 

The production of such powers in practice shows that the restrictions 
put by space charge on electronic processes at high powers can be removed 
if the motion of electrons takes place in a constant magnetic field. 

It is logical to ask why no use of electronic processes in a magnetic field 
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has been made so far for developing ultrahigh-frequency electrotechnology. 
I think there are three reasons for this. 

The first reason is that the great latent possibilities of electronics for 
the development of high-power electrotechnology are not as yet fully 
realised. 

The second: problems that can be solved by high-power electronics 
have as yet inadequate scientific substantiation. 

The third: the physical nature of phenomena occurring in appropriate 
electronic devices is insufficiently understood theoretically, and difficulties 
connected with the evaluation of such phenomena and devices have not 
been overcome. 

Our investigations have been carried out to help us in solving these 
three problems in their theoretical as well as their experimental aspects. 

Before proceeding to a detailed consideration, I would like to give the 
general characteristics of our investigation. 

I have assumed that the major point is to find a direct and in practice 
easily applicable method for the theoretical treatment of electronic 
processes taking place in a constant magnetic field. The inadequacy of 
the present theoretical level may be illustrated by the method of designing 
magnetrons. After mainly empirical work lasting many years a large 
number of magnetrons are constructed of which those with the best 
parameters are selected. Furthermore, on the basis of mathematical 
formulae obtained from a similarity theory these magnetrons can be 
recalculated for other working conditions by retaining their basic para- 
meters. The magnetrons obtained in such an empirical way represent 
well-working devices with an efficiency reaching 60-70%. Such a procedure 
allows constructing engineers to satisfy requirements of radiotechnology 
for the present, but it certainly cannot lead to the understanding and 
application of all the latent possibilities of magnetron electronics. 

In our investigation we first of all attempted to elucidate the mechanism 
of electronic processes occurring in the presence of the magnetic field, and 
to work out a method of calculating them. 

This problem is reduced to solving equations of motion which are well 
defined but rather complex. Up to now they have lent themselves only to 
a numerical integration by means of which it is difficult to elucidate the 
physical picture of the phenomena considered. A method of solving these 
equations, which will be described in Part I, is based on the periodicity 
of processes that are induced by a constant magnetic field as well as by 
high-frequency oscillations. If this periodicity is eliminated by a mathe- 
matical averaging operation, a simple and sufficiently accurate solution is 
obtained, allowing us to understand the physical picture of the phenomena, 
and leading to mathematical expressions convenient for practieal calcu- 
lations. The electron trajectory which has earlier been determined by 
means of a numerical integration can be obtained by this method in 
explicit form—in terms of elementary functions. 


HIGH-POWER ELECTRONICS 837 


Subsequent Parts show the application of this method in solving 
various concrete electronic problems, and the experimental confirmation 
of the results obtained. We have studied in detail processes in the 
magnetron and planotron. The planotron is analogous to the magnetron, 
but a distinction is that the magnetron seems to be closed in itself while 
the planotron is a magnetron that is unfolded and expanded in a plane, 
which accounts for its name (a detailed description is given in Part 
VII). Parts II-IV present a detailed theoretical study of the planotron. 
In Part VI our method is applied to ordinary multichamber magnetrons 
and the theoretical results obtained are compared with published experi- 
mental data. 

In Part VIII the resonance effect of a high-frequency field on the 
circular (Larmor) motion of charged particles is investigated, and in this 
connection the process of isotope separation which makes use of this 
effect is theoretically considered. The calculation is carried out by the 
averaging method, and leads to a quantitative description of the process 
which may have other applications as. well. 

Part IX is devoted to a general analysis of other, so far still highly 
problematical tasks, which could be solved by the planotron in high- 
power electronics. It is shown how the problem of energy transmission 
over large distances can be solved in principle. The point is that it 
follows from theory that electronic processes in the planotron and magne- 
tron are reversible; hence they can not only transform a continuous 
current into high-frequency oscillations, as is done at present, but con- 
versely they can transform high-frequency oscillations into a continuous 
current. This opens up the possibility for electro-energy transmission by 
wave-guides in the form of high-frequency waves. 

Furthermore, one possible scheme is given for a device in which intense 
fast electron or ion beams can be obtained by means of the planotron. 

The considerations presented in Part IX are of a rather problematical 
character and only illustrate the thesis that the development of high- 
power electronics is of high importance for science and technology. 

In conclusion I would like to recall that electrotechnology, before 
serving power engineering, in the past century dealt only with the prob- 
lems of electrocommunication (telegraph, signalling and others). It is 
quite likely that history will be repeated: electronics is now used mainly 
for purposes of radio communication, but its future lies in solving the 
most important problems of power engineering. 


Part I 


The Solution of the Basic Equation of Motion of Charged 
Particles by the Time-Averaging Method 


Ir was shown in the Introduction that the motion of charged particles 
under a simultaneous action of an electric and magnetic field is essential 
to problems of high-power elcctronics that interest ust. Since in most 
cases we can confine ourselves to a consideration of two-dimensional 
problems, the classical equations for a charge e with a mass m will assume 
the form 


mi — ; Hy = eB 

(1.01) 

mij + < Hi = eL,. 
Cc 


The components of the electric field H, and EL, along the x- and y-axes 
may depend on x and y as well as on the time ¢. As to the magnetic 
field, in problems that interest us we can take it to be constant in time 
and space and to have only one component H perpendicular to the 
xy-plane. 

Since the equation (1.01) involves accelerations # and #, and velocities 
z and y, we have a system of fourth-order differential equations. This 
system can so far be solved in the final form only for the simplest cases of 
motion. In cases of practical importance, for example, for the motion of 
electrons in a magnetron, one usually makes use of numerical integrations, 
but results obtained in such a way are of little help to understanding the 
mechanism of electronic processes, and do not enable one to compute the 
basic characteristics of electronic devices of a given type. The method 
that we developed for solving the equation (1.01) by means of a time- 
averaging proves to be effective in studying those electronic processes in 
which there are so-called resonance phenomena. Although this method is 
approximate, it allows the physical nature of the processes to be elucidated, 
and proves to be convenicnt for a quantitative interpretation of experi- 
mental material. 


f We shall consider mainly the motion of electrons, and only in Part VIII 
shall we apply the method developed below to the motion of ions. 
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In order to abbreviate the notation, let us introduce the following 
symbols: 


e € 
fr =~ By f,=—F, 
1.02 
5 (1.02) 
mc 


where, evidently, f, and f, have the dimensions of an acceleration, while 
2 has that of an angular velocity (Larmor frequency). We rewrite the 
equations (1.01) in the form 


b Oy =f, 
voy “| (1.03) 


j + Qt =f, 
A further simplification consists in the transition to the complex 
quantities 


z=x2+ yy, ona | 
(1.04) 


f=ftty ff =f, —if, 


The asterisk denotes the conjugate complex quantity. Using the 
relations 
242% z— 2* 


x 


we obtain one complex equation 
z+ 102 = fez, 2*, t). (1.06) 


instead of the system (1.03). The above equation has a particularly 
simple solution in the following three cases which we shall call the basic 
ones. In what follows we shall denote by « and f constant complex 
quantities defined by the initial conditions, and by z, the solution of the 
equation (1.06) in the basic cases. 

If no acceleration takes place, we have the first basic case of motion: 


%=atpei (f=f, =). (1.07) 


This is the case of free motion of electrons in a magnetic field, when the 
motion proceeds with an angular velocity —2 on a circular orbit with 
radius |f|and the centre at the point with a complex coordinate «. 

The second basic case of motion corresponds to a constant acceleration 


f=fo; then 
ifo 


=a— Bett pe" = (f = fy = const.) (1.08) 


29 


and the motion takes place along a circular orbit with an angular velocity 
—Q, while the centre of the circular orbit moves with a uniform velocity 
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—if,/Q in a direction perpendicular to the acceleration fy. This is a classical 
case of motion of an electron on a cycloid or trochoid (when £ = 0 the 
trochoid is degenerated into a straight line). It is of special importance 
in the theory of the planotron (a plane magnetron). Evidently, the 
first case of motion can be considered as a particular case of the second 
one, assuming f/f, = 0. 
If f depends linearly on z, we obtain the third basic case of motion; 
then 
Zy = ae i! 4. Beit (f = fy = C2). (1.09) 


Substituting z, into equation (1.06), we shall find Q, and Q, as roots of 
the quadratic equation. They are equal to 


_ 2 J a) 
=2(1 ji ic) 
P= aU PN! op) 


The solution (1.09) represents an epitrochoid which can be considered as 
a superposition of two circular motions: the motion of electrons on a 
circle of radius |f| with an angular velocity —Q,, and the motion of the 
centre of this circle around the origin with an angular velocity —Q, on 
a circle of radius |a|. This case is of importance for the theory of the 
magnetron (see Part VI). 

Inall three basic cases of motion one can consider the motion of electrons 
to be made up of two parts: of the motion on a circular orbit, and of 
the motion of the centre of this circular orbit. In the first basic case the 
centre of the circular orbit is at rest, in the second case it moves uniformly 
and linearly, while in the third case it moves uniformly on a circle. 

Our approximate method is based on the fact that in most cases that 
interest us the character of motion of a particle is well preserved even 
if there is (besides the acceleration f,) an additional acceleration which 
depends in a more complex manner on the coordinates x and y and the 
time ¢. 

Let us assume that this additional acceleration, which we shall denote 
by fF, is produced by an electric field H = FH, + iH,. Then the total 
acceleration of the particles has in the complex notation the form 


(1.10) 


=fot Fe, 2*,t), F=—E, (1.11) 
m 


where f, is the acceleration in one of the three basic cases. 

In those cases when the additional acceleration F' does not change the 
character of the particle’s motion, to find an approximate solution of the 
equation (1.06) we apply the following averaging method. In the majority 
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of problems of practical interest the value of constant magnetic field is 
large, and this leads to the fact that in the equation (1.06) the term iQ is 
large in comparison with 2. Hence for large values of 2 the displace- 
ment of the centre of an orbit during the total time of rotation of a 
particle is not large, and the effect of the orbital motion of charged particles 
on the motion of the centre of their orbit can be considered with a 
sufficient accuracy as an “average” over a small time interval. 

This problem is mathematically formulated in the following way. We 
shall insert the acceleration (1.11) into the equation (1.06), and in the 
equation thus obtained 


£+i0:=f,+F (1.12) 


we shall denote by z the coordinate of a particle moving according to the 
equation, in contrast to the coordinates z, of a particle in one of the basic 
cases of motion, when there is no acceleration F. 

Let us analyse such a motion of particles, which can be considered as a 
perturbation of the first or second basic case of motion. We shall look for 
a solution of a form like the one in which 2, is given in the expression 
(1.08), but for the moment we shall assume that the quantities « and 8 
are no longer constant. Then we obtain the following expressions for z 
and its time derivatives: 

Z2=2 — Pot + po = ay 
z2=a&+ poi + 4,, (1.13) 


z—a-+ (6 — 210f)e—™ + 4, 


According to these formulae, the motion during a certain short time 
interval for some definite values of «, 8 and their derivatives can be 
considered as a somewhat perturbed motion in the first and second basic 
case. Since we have two variables, « and f, we can impose additional 
conditions on « and f without violating the equations (1.13). As will be 
seen from the averaging performed below, it is essential that the values 
z and z, be as close to one another as possible over the averaging time 7’. 


{ If high-frequency oscillations are superimposed on a smooth motion of a mass 
point, then a simplified solution of certain mechanical problems can be obtained by 
means of an averaging method similar to that expounded in the present work. 
Thus the author was led by this method to a simple and obvious solution of the 
problem of a pendulum with a vibrating support (earlier one used to solve this 
problem in a very complex manner). See the article The Dynamic Stability of a 
Pendulum with a Vibrating Point of Suspension [Zhur. Eksp. 1 Teoret. Fiz. 
(U.8.8.R.), 21, No. 5, 588 (1951) Collected Papers Ch. 45] or A Pendulum with a 
Vibrating Suspension [Uspekhi Fizicheshilch Nauk, 44, No. 1, 7 (1951) Collected 
Papers Ch. 46]. 
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This condition can be satisfied by a set of « and # such that at every in- 
stant not only the values z and z, but also their first derivatives z and Z, 
should be equal to each other. For this it is necessary to impose the 
following conditions on « and f: 


a + fei — 0, (1.14) 
By virtue of this condition the equations (1.13) will assume the form 


z= 2), 
z= %, (1.15) 


zg= —a@ — fei 4.3, = — iDfe“™ + &. 


Substituting these values into the basic equation (1.12) and making use of 
the relation (1.14), we obtain 


a= 3%, z*, t), 
(1.16) 
B= 5 Fee tem 


In the problem that interests us, F will be a rapidly oscillating function 
of the time, hence & and f will also contain rapidly oscillating terms. In 
order that the motion sought for may assume a simple and obvious 
analytical form needed for practical use, it is necessary to average out 
these rapid and small oscillations. For this purpose we shall replace « 


and f by their average values & and f over a time interval 7’: 


T 
f+ 9 


van | Ren 


RI 


(1.17) 


why 


t+ - 
,2*, thei dt. 
=37 va | (z, z 


It is clear that together with smoothing out the derivatives one has also 
to smooth out the values of « and f. This is done in the following way. 
In order to perform the averaging it is necessary to know the time- 
dependence of z and z* under the integral sign. Since this time-dependence 
is unknown, z and z* can be replaced by known z, and z* (with constants 
a and #8). As is seen from the expressions (1.15), owing to the condition 
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(1.14) we can replace z by 2) with a high degree of approximation (dis- 
carding only & and f). We choose the averaging time 7’ in correspondence 
with the periodicity of the integrand so that upon averaging it may not 
depend explicitly on the time, but only on « and £, which we identify 
with the averaged values & and f (in this case we assume that « = &, and 


6 =). Thus we obtain finally 


aI: 
I 


i ———_~ 
~~ re) F(Z, 285 t), 
; (1.18) 
= —~ F(a, z*, the. 


Q 


Tol 


We proceed in an analogous manner also in that case when the motion 
of particles is conveniently considered to be the result of a perturbation 
of the third basic case of motion. We shall write the basic equation as 
follows: 


Z+ i202 = Cz + F(z, 2*, t) (1.19) 
and look for its solution of the form 
2 = get 4 Bem itt, 


where, in contrast to (1.09), « and 6 depend on #. For a more effective 
matching of the perturbed motion z and the basic motion 2, let us introduce 
the condition 

coi! 1 Bei! — 0, (1.20) 


analogous to the condition (1.14). Then we obtain the following values 
for z and its derivatives 


z= %) 
2 = 2y, (1.21) 
z= — se 71% _ fe '@# + Zo 


SS Ul iQ ae 1! _— iQ, ho—i@# + Zo: 


Substituting these values into the basic equation (1.19), employing the 
expression (1.10) and the condition (1.20), and proceeding as in the 
preceding case, we obtain for the averaged (slowly varying) values « and 
B the following equations: 

i —__—_—_, 
— a F(2, 2¥, t) c'*", 
/Q2 40 ** 
i 


/Q2 — 40 


a 
(1.22) 
F (2,28, t) cl". 


j= 


1la* 
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The averaging time 7' will moreover be determined from the periodicity 
of various terms of the function to be averagedf. 

The variables involved in equations (1.22) will upon evaluating have 
the form 

a= Re, & = (R+iRO) &®, 

B=ae?, B= (a+ iag) ec”. 
Equating the real and imaginary parts in each of the equations (1.22), we 
obtain four equations, from which we determine the radial velocities R 
and d, and the angular velocities © and ¢ connected with them. Upon 
determining the time-dependence of & and f, one can find the motion of 
particles. We obtain then separately the trajectory of the centré of a 
circular orbit, and the variation of the radius and of the phase of the 
orbital motion. 

The complexity of mathematical computations is determined by the 
integration associated with the time averaging. The form of the integrand 
specifies the way of calculating the right-hand sides of the equations. 
Sometimes, they can be reduced to known forms of definite integrals. 
In that case, the limits of the integration are determined by the averaging 
time 7’. The averaging gets considerably simplified if the integrand can 
be expanded in powers of the frequency. Then the time-independent 
constant term of the expansion gives an averaged value, while terms with 
the lowest frequencies determine the averaging time 7 necessary for 
smoothing out « and #. An example of such an averaging will be given 
in the next chapter. 

The accuracy with which the motion is calculated is determined by the 
following factors. The first and main error comes from a difference that 


(1.23) 


arises from the substitution of & and #6 by smoothed values & and B. This 
difference can be estimated only if F is given. But it may readily be seen 
that for any function the uncertainty in the coordinates of a particle for 
any time interval cannot be larger than 


Aa = |¢| ZT and Ap = |A| 7, (1.24) 
where 7 is the time necessary for averaging. 
2 F 
Asarule, T ~ o [a] ~ vA Hence 
2n| P| 
Aa 2 (1.25) 


+ The derivation of the formulae (1.18) and (1.22) is somewhat modified in 
comparison with that in the original manuscript (1952). Conditions of a slow varia- 
tion instead of the conditions (1.14) and (1.20) were inposed from the start upon 
the quantities « and # for the averaging time 7. Both methods lead to the same 
equations and estimates of error. It was L. A. Wainstein who kindly suggested to 
me that the conditions (1.14) and (1.20) could be applied and that then the derivation 
gets simplified. 
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Thus the uncertainty in the position of particles at a given instant 
decreases with the square of the magnetic field, increases proportionally 
to the additional acceleration F, and is independent of the constant 
acceleration fy. 

The second factor restricting the accuracy of the averaging is the 
substitution of z in the integrand by z. As already mentioned, the 
difference between z and z, is small owing to the conditions (1.14) and 
(1.20) imposed upon « and f, and depends only on the second derivatives. 
We shall not consider it. The actual degree of approximation can reliably 
be determined only on the basis of an analysis of concrete examples (see 
Part IIT). We shall now only note that the possibility of averaging 
itself as well as that of substituting z and z, in the averaging is determined 
by the fact that the value (1.25) should be small in comparison with 
characteristic geometric dimensions defining the path of a particle (for 
instance, the distance between the cathode and the anode) or the space 
variation of the field (for instance, the spacing of the resonant structure, 
or the wavelength). 

A further development of the method makes it possible to study without 
special difficulties the perturbations and, in the end, the stability of the 
trajectories obtained under the action of perturbing factors. Such factors 
having an effect on the motion are the following: the field produced by 
a space charge, a non-uniformity of the magnetic field, imperfections in 
the manufacture and adjustment of the device, and so on. A general 
method of evaluating the effect of these perturbing factors comes to the 
following calculations. 

One can see from equations (1.18) and (1.22) that in order that the 
values & and f may not reduce to zero, the function to be averaged must 
have a constant component. For this it is necessary that F should be 
periodic in time as well as in space. We call operating conditions under 
which such a periodicity is present—“‘the resonance operating conditions.” 
For solving problems of electronics that interest us only such “resonance 
operating conditions” are of importance, because only then the effect of 
even a small additional acceleration F substantially alters the motion of 
a charged particle. 

The stability of such resonance operating conditions is of great interest 
in practice. Usually the problem is stated as follows. Let us assume that 
the motion proceeds according to the equation (1.12), and that for certain 
valucs of the acceleration f, and of the Larmor frequency 2 there arise 
resonance operating conditions. Then the velocity « will be determined 
by the first equation (1.18). Suppose that a certain perturbing factor has 
changed the acceleration f, by a small amount 4f,. The question arises 
about the effeet of this change on the velocity &. Let us write the equation 
(1.12) in the following form 


Z+ 122 = fy + Afo + F (1.26) 
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and consider Af, + F as an additional acceleration. Proceeding as before, 
we can in place of (1.18) write at once the following equation for a 
perturbed velocity 


i = -5 (Afy + F). (1.27) 


Since the quantity Af, is constant, and the value F remains the same as 
before, we obtain by substituting the value of & from equation (1.18) 


7 : Afo. 


o=—%-1 
Q 


(1.28) 


Thus we obtain a simple result: the velocity & is changed by a small 
amount fol 2. Upon evaluating the real and imaginary parts of Af, 
&% and &’, we shall find each component of the velocity. In such a way 
one can determine the distortion of the initial trajectory as well as the 
stability of the process. As arule, the latter is violated when the absolute 
values & and Af,/Q become of the same order of magnitude. 

As another example, let us consider the evaluation of the effect of 
perturbing factors in the third basic case of motion. Assume that in the 
equation (1.19) the acceleration Cz produced by a constant electric field 
is changed by an amount ACz. Then the equation for motion can be 
written as follows 


£4102 =Cz + ACz + F. (1.29) 


Determine &’ in the same way in which & has been determined before. 
Then we obtain 


i= — (ACz et + Fei), (1.30) 
4C 


Substituting the value 2, from the expression (1.09) and performing the 
averaging, we obtain 
i 


~ 4/02 — 40 


= ¢% 


ACa. (1.31) 


Substituting the values of % and 2’ from (1.23) and equating the imaginary 
and real parts, we obtain 


AC 


o' — 2) === 
V/ Q% — 40 (1.32) 


R’= R. 


Making use of these relations, one can evaluate the trajectory of the 


perturbed motion. In this case, #, Fe'®!, and other terms on the right- 
hand side depend on the new variables @ and f’ in the same manner as 
they do in an unperturbed motion (when Af, = 0) on the old variables 
& and p. 
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In conclusion it should be noted that the following well-known properties 
of a two-dimensional function satisfying the Laplace equation are useful 
in calculating the trajectories. We shall prescnt them here, since later 
on we may necd them. 

If @ is an electric potential, it may always be written in the following 
form 

op — VO + We), (1.33) 
2 
where W(z) is an appropriate analytic function of the complex variable 
z. The flow function corresponding to this potential is equal to 


y W (z) = W*(z)_ 


yi (1.34) 


The complex electrical field strength #, EH = grad ®, corresponding to 
the potential (1.33) is equal to 


dW*(z) 
dz 


E=E,+ik,= ; (1.35) 


Part II 


The Motion of Electrons in the Planotron 


In tHIs Part we shall demonstrate the application in the case of the 
planotron (a plane magnetron) of the method expounded in Part I. 
It turns out that in this case a simple and obvious expression for the motion 
of an electron is obtained, from which one can infer the basic characteristics 
of this type of ultrahigh-frequency oscillators. In Fig. 1 the working 
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space of a planotron is schematically represented; and we have used the 
following notation: the width D of the working space, the resonance 
structure spacing J, and the gap h between the plates of resonators. 

The constant electric ficld & of the working space has its basic component 
along the y-axis, and we assumcd this component in our previous com- 
putations to be constant. The acceleration corresponding to a uniform 
field &, will be denoted by 


fou = Soy: (2.01) 


The components of an electric field E produced by oscillations in resonators 
will be denoted by #, and E£,, while the angular frequency of the eigen 
oscillations of the system of resonators and the corresponding wavelength 
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will be denoted by w and A, respectively. The wave number will be denoted 
by & and the reciprocal value of the spacing l by g. Then 
oO 2a 
ar 
(2.02) 


where c is the velocity of light. A magnctic field H is perpendicular to 
the plane of the figure and is constant in time and space. The overall 
problem will be considered to be two-dimensional. 
The complex amplitude of a scalar potential ® in the working space 
will obviously satisfy the wave equation 
Co pb 
CF oF 1 peg — 
=a t Het Ke = 0. (2.03) 
The general form of a periodic solution of this equation will be (under the 
condition that the electric field in neighbouring resonators is of opposite 
sign) 
@ = ¥ M00 (mrt my, (2.04) 


n=1 


Substituting this expression into (2.03) we have 


a\2 
nr —m? = (>) . (2.05) 


In practice, 4 is always considerably larger than the spacing 1, hence one 
can assume with sufficient accuracy that 


n? =m" (when A> )). (2.06) 


This condition is equivalent to the fact that in the working space the 
equation (2.03) for the potential ® can with a sufficient accuracy be re- 
placed by the Laplace equation 


PD Ch 


——= 0. 2.07 


At the same time, in calculating the electron field one can disregard the 
vector potential. 

We shall determine the coefficients Jf,, from the following simplified 
boundary conditions: at y = 0 (at the cathode planc) the potential is 
@® = 0; at the upper limit of the working space, where y = D, the dcriva- 
tive d@/dx is equal to zcro everywhere except in the gaps A between the 
plates of resonators, where we assume it to have a constant value equal 
to #,. This simplification is completely justified by the degree of approxi- 
mation of the solution we need. Then by means of a common method 
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applied in calculating the coefficients of Fourier series we obtain the follow- 
ing expression for the amplitude of the scalar potential 


(2n — 1) gh 
4B, 2 2 
= _pyeti 
? TY va (1) (2n — 1)? sinh (2n — 1) gD * 


x cos (2n — 1) gx sinh (2n — 1) gy. (2.08) 


Further we shall confine ourselves to a consideration of only the first 
term (n= 1). This is quite permissible owing to the presence of 
sinh (2n — 1)gD in the denominator. Thus the periodic electric field 
acting on an electron in the working space has the components 


(2.09) 


In the above serics for 0%/dx and 00/dy we retain only the first term. 
If one introduces the notation 


net 
7 £ ths a? (2.10) 
—m mw sinhgD 


and passes from forces to accelerations, we obtain 


F,= —E, = — U sinh gy sin gx sin ot, 
(2.11) 
F,= <i, = U cosh gy cos gx sin wt. 


To find the motion of electrons in the working space one has to solve the 
basic equation of motion (1.03) for a constant acceleration if, and a 
variable acceleration /. For this we shall make use of the second basic 
case, when the solution of the equation (1.06) has the form of (1.08). This 
solution is now conveniently written in the following form: 


z= 6 4 foe + Bei@, (2.12) 
where 
a=A+iB, “&£=A+iB, 
B= —iae-*, B= — (id + ag) e-*; 
Here a is the radius of the orbit, g is the phase angle, and positive values 


of 2+ @ correspond to a clockwise rotation of electrons on a circular 
orbit. 


(2.13) 
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The motion of an electron under the action of an acceleration F is 
found from equations (1.18) which assume the form 


A+iB= — 3 F (%,2%,1), 
fl (2.14) 
a — lap = =S—= — 0) F(Z, ze, t) 1) eiet) 
where 
z=A+iB re iae OT), (2.15) 


A complex acceleration F(z, z*, t) is found by means of the expressions 
(2.11) in the form 


F = F,+ if, =U cos gz* sin ot. (2.16) 


. Motions that interest us are those in which the averaged values ¢ and 

B are not equal to zero. This will take place when a definite relation, 
which we shall call “the resonance condition,” exists between the angular 
frequency 2 of the rotation of an electron, the characteristic frequency 
w of the resonators, and the velocity drift f,,/Q. This relation can be 
found by substituting the value z* from (2.15) into the right-hand sides 
of (2.14). Since cos gz* can be written in the form 


cos gz* = y Cx exp i (m Q + ile) | + 5 Cz exp i (m2 — Te) | 


m=0 m=0 


C= = 1 (+ ga)’ ga)” ele +0 B+iA) 
mo mt | , 


where C7 and C7, are rapidly decreasing with increasing m and are not 
explicitly dependent on t, there appear under the averaging sign terms 


proportional to 
exp i (mo 3. + oy + 0] | 


and the result of averaging of individual terms of the series differs from 
zero under one of the following conditions (then the term in question will 
be time-independent) 


m2 = Woy +o (first condition) 

M$2 = sf —w (second condition) (2.17) 
_ 9 oe hird conditi 

m2 = — + qm (third condition) 


where m,, ™», and m, are arbitrary non-negative positive integers. 
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The resonance condition of the form 


ee =o and m,2 -~ 20 


(2.18) 
(m. = mz = 0). 


is of greatest interest for us. Averaging (under the condition m, = 0) 
gives the following result: 


= i 
F = —- Usinga*, 
5 U sin ga (2.19) 


Fel™ = 0. 


It is of importance for us to determine the averaging time 7’. Since the 
ratio a/t of the radius of an orbit to the spacing of the resonant system is 
small, in the expansion of cos gz* one has to take into account only terms 
proportional to C#. When m, = 0 one of these terms does not depend 
explicitly on the time, while another oscillates with a frequency —2w. 
Hence we choose the averaging time T = z/w. 

Substituting these expressions into equations (2.14) and separating the 
imaginary and real parts, we find 


. U 
A= — 20 cosh gB sin gA, 
Bas sin 
= 56 Sinn gB cos gA, (2.20) 
a= 0, 
p= 0. 


These expressions describe the motion of electrons in a planotron in the 
basic working process. It should be noted that in this case d = 0 and, 
consequently, the radii a of circular electron orbits remain constant during 
the motion of electrons in the working space. But this does not take place 
always: if the frequency 2 of the rotation of electrons turns out to bein a 
definite proportion to the frequency 2m and, consequently, 


Dow 
Q 


= 0, m2 = 20, m, = mz = 0, (2.21) 


then 4 and ¢ are no longer equal to zero. As an example, consider (see 
also Part V) the motion under the condition m, = 2, i.e. when the 
angular velocity 2 of the rotation of electrons is equal to the angular 
frequency w of the resonators. In order to take into account the effect of 
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the terms C# and C#, the averaging should in this case be carried out over 
the time T = 2r/w. It gives 


F= 3 ly sin ga* — — =U (“) edt +2)_—o2B 
(2.22) 
U ga e a4 +2e)_—oB 
2 


Substituting these expressions into (2.14) and separating the imaginary 
and real parts, we obtain 


. _U 
A= x0 | cosh gB singA + a) ~98 sin (gA + 2»), 


“al gB cos gA + (“)'e ® cos (gA + 2») | 


oe ( 
2.93) 
U ga 
= 509° * cos (gA + 29), 


ap= — 3% e~98 sin (gA + 29). 

From these equations one can see that, depending on the value of the 
phase 2¢ for given gA, the electron orbits may either increase or decrease. 
The effect of this on the efficiency will be considered later. For the present, 
we shall only point out that in sum total changes in the radius a of an 
orbit will lower the efficiency and, therefore, the operation of a planotron 
in operating conditions {2 = w is undesirable. Operating conditions are 
usually chosen according to the conditions (2.18). Passing from accelera- 
tions to fields we can write these conditions in the form convenient for 
use in practice: 


HA ——. (2.24) 


Later on in considering the mechanism of the electronic process in the 
planotron, if not otherwise specified, we shall confine ourselves to a 
consideration of operating conditions defined by those resonance condi- 
tions, when the radius a of an orbit remains constant. The velocities A 
and B of the centres of the electron orbits are in this case given by the 
expression (2.20). We shall call them the phase velocities. To conceive 
their physical meaning, introduce an observer moving with a drift velocity 
equal to fy,/2. Then from the expression (2.15) it is clear that for such 
an observer there will remain only the velocities A and B of the centres 
of the orbits and, moreover, past the observer there will move a file of 
resonators with a drift velocity —f,,/2. In order to bring definiteness in 
the picture of the motion of electrons which is seen by the observer, he 
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should refer it to a definite phase Qt which we shall choose as a multiple 
of 27; we shall refer the position and velocity of the electrons to the 
position of the resonators at that moment. Hence we call the velocities 
A and B the phase velocitics, while the corresponding trajectory of the 
centres of electron orbits will be called the phase trajectory. All phase 
trajectories are in three-dimensional phase space whose cross-section 18 
the A-B plane. 

By integration we eliminate the time from the equations (2.20) and 
obtain an equation for the trajectories of the centres of the electron 
orbits in phase space 

sinh gB singA = R. (2.25) 


Varying the constant R we obtain the overall family of the trajectories. 
They are drawn in lig. 2 for & equal to 1-0, 0:5, 0-25 and 0-1. The 
direction of the velocities A and B is indicated by arrows. 
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Fig. 2 


To picture the motion of the centres of electron orbits, when there 
are many electrons, lct us assume that they are continuously emitted in 
a uniform sheath in the plane y = d which is parallel to the cathode and 
located at a distance d from it. In what follows we shall call this plane 
the supply plane. Then, if for cach electron a corresponding trajectory is 
drawn (as in Fig. 2) we obtain the picture of the flow of the centres given 
in Fig. 3. 

Thus all the electron-orbit centres will gather into tongues about the 
phase gA = 0 (as well as about gA = +27, gd = +4n, and so forth). 
The bounds of these tongues are defined by the equation 


sinh gB sin gA = sinh gd. (2.26) 
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We have come to a mechanism which is in the case of magnetron 
usually called “phase focusing.” From Fig. 3 we see at once the main 
trait of the motion of the electrons: one half of all the electrons (produced 
with a phase gA which lies between —zx/2 and 7/2) make directly their 
way into the tongues and go toward the anode, while the other half must 
first approach the cathode. Since we consider not the motion of the 
electrons themselves but that of the centres of their orbits, it is clear that 
the electrons cannot approach the cathode to a distance less than the 


Fig. 3 


radius of the orbit. Hence electrons produeed, for instance, at 
1/2 <gA < 3n/2 or —3n/2 <gA < —n/2, may go back to the cathode 
instead of passing into tongues with an excess of energy taken away from 
the oscillatory system. This is the well-known phenomenon of back 
current, which is used in the magnetron for maintaining the heating of 
the cathode. 

These phenomena and losses associated with them will be considered 
in more detail in Part V. For the present we shall only point out two 
limiting cases. If the radius a of an orbit is equal to the height d of the 
supply plane, then it is clear that one half of the electrons will come back 
to the cathode, while the other half will go toward the anode. Thus the 
highest magnitude of the back current produced by the mechanisin 
considered may be equal to the intensity of the direct current toward the 
anode. Butif the radius a of an orbit is equal to zero, then all the electrons 
may get into tongues, and there will be no back current. 

The centre of an electron orbit, after getting into one of the tongues, 
will move in it toward the anode and, owing to the synchronism of this 
motion with oscillations of the electric field in the working space, will 
transfer the potential energy gained in the transverse electric field &y, 
to oscillations of the resonant system. 

The physical nature of the mechanism of the “phase focusing comes 
clearly to light from an analysis of the picture obtained of the motion 
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of electrons in the working space. Under the action of a high-frequency 
electric field the centres of the electron orbits during their motion in 
phase space acquire a velocity A along the x-axis, which entails a change 
in the phase difference between the passage of electrons under the resonator 
gaps and the electric field. 

From Fig. 3 it is clear that whatever the phase gA in which the centre 
of an electron orbit appears in the supply plane B = d may be, the velocity 
A will always be directed in such a way that the electron may get into a 
tongue in which it will move toward the anode. If the radius a of an 
orbit would not interfere, some time or other, all the electrons from the 
supply plane B = d would get into tongues. The velocity A will be hence- 
forth called the “phasing velocity.” It has the highest value when the 
phase gA is equal to +7/2, the velocity B being equal to zero. 

In the motion of electrons with a velocity A parallel to the cathode 
plane and perpendicular to a constant electric field &,, no energy exchange 
takes place between the electrons and the oscillatory system. But when 
electrons move along the y-axis with a velocity B, then the energy exchange 
with the oscillatory system takes place. Obviously, the power transferred 
by an electron to the oscillatory system is equal to 


P, = e&y,B. (2.27) 


When the velocity B is positive and the electron moves toward the anode, 
power is given to the oscillatory system. Conversely, when B is negative, 
power is taken away from the oscillatory system. From formula (2.20) 
it is clear that B has its maximum positive value when g4 = 0, and its 
maximum negative value when gA = +7. The direction of the phasing 
velocity A is always such that an electron may be brought to the phase 
gA = 0, at which B has its highest positive value and the generation 
of oscillations in the oscillatory system proceeds in the most effective 
way. It should be noted that the bringing of electrons to phases that 
correspond to the generation condition is taking place near the cathode 
in a space confined by the plane B = d. If d is small, then even if the 
electrons in part go back to the cathode the phase focusing requires no 
substantial energy expenditure and, thus, the overall process “costs 
little.” The major advantage of the given process of generating lies just 
in the aforementioned fact. 

The picture considered brings to light the mechanism which ensures 
the stability of generation in the planotron. As will be shown below, the 
expressions obtained also allow one to investigate quantitatively the 
stability of the process and to calculate those basic characteristics which 
determine the effectiveness of the operation of such devices. 

Before passing to these problems, we shall consider an important fact 
resulting from an analysis of the motion of the centres of the electron 
orbits. The question we are concerned with here is the reversibility of 
the process of generation and the possibility of the existence of processes 
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in which the planotron transforms the energy of the oscillations into the 
energy of a continuous current. For this we shall consider the motion of 
electrons in a constant electric field &,, of the opposite sign. In this case (in 
contrast to Fig. 1) the lower plate y = 0 will be the anode, while the upper 
plane y = D of the resonators will be the cathode. Obviously, the sign 
of the acceleration f,, will change as does that of the potential Eo,- Since 
in (2.12) and all subsequent expressions the acceleration Soy figures in the 
form of the ratio f,,/Q, upon a simultaneous change of the sign of Soy and 
that of the angular frequency Q (ie. upon reversing the direction of the 
magnetic field H) all subsequent relations for the quantities A and B 
(2.20) and the resonance conditions (2.18) will remain unchanged. Thus 
we obtain the same trajectories (see Figs. 2 and 3) for the centres of the 
electron orbits in phase space. The picture of the phase focusing and, 
consequently, the stability mechanism are also preserved. However, 
because of the change of the sign of &, in the motion of an electron with 
a positive velocity B in the working space, the electron moves from the 
anode toward the cathode, i.e. against the electric field, and such a 
motion can be realised only because of the energy of the oscillatory system. 
Thus the power (2.27) to be generated will change its sign, and the device 
will operate as a generator of continuous current at a potential equal to 


V =6,,D. (2.28) 


The stability and a number of other characteristics which we shall 
deduce later for a planotron are true independently of the operating 
conditions under which the device operates, i.e. independently of whether 
it operates as a generator of high-frequency electromagnetic oscillations or 
as a continuous current generator. A small distinction in the mechanism 
of the process arises only when the direction of the rotation of an electron 
in its circular orbit is taken into consideration. In these generation 
processes the sign of these rotations will differ, since the direction of the 
magnetic field is changed. Hence in the case of a planotron operating 
as a high-frequency oscillator electrons move from the cathode toward 
the resonators on cycloids which are convex with respect to the anode 
(to the resonators), whereas in the generation of a continuous current the 
electron motion takes place on cycloids which are concave with respect to 
the resonators, because these appear now to be a cathode (for more detail 
see Part IV, Fig. 7). This distinction turns out to be essential to consider- 
ing the efficiency of the two operating conditions: owing to the reversed 
position of a cycloid in a planotron operating as a generator of continuous 
current, losses are distributed between the anode and cathode in a manner 
different from that in the planotron operating as a high-frequency oscil- 
lator. 

The conclusion derived above about the total reversibility of the 
electronie processes in planotrons is applicable also to magnetrons. Hence 
planotrons as well as magnetrons can be used not only for the transformation 
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of a continuous current into the energy of high-frequency electromagnetic 
oscillations, but they can with the same stability and the same characteristics 
be used for the reverse transformation of the high-frequency electromagnetic 
energy into a continuous current. This conclusion is of exceptional im- 
portance for the future development of high-power electronic processes, 
since it brings to light the possibility of a transformation of high-frequency 
energy and, consequently, the transmission of high-power energy over 
large distances in free space as well as by wave-guides. 
We shall return to this problem in Part IX. 


Part IIT 
The Basic Characteristics of the Planotron 


In ris Part we shall investigate the operating stability of the plano- 
tron and find its critical power. The simple formulae obtained in the 
preceding Part for the trajectories of electrons which move in the 
working space of a planotron give all that is needed for the calculation 
of the stability of electronic processes with respect to perturbing factors 
arising from an inhomogeneity of the fields, from space charge, and so on. 
Let us first establish a relation between a current and the space charge 

produced by it. From the expression (2.20) we find that the components 
of phase velocities A and B satisfy the solenoidicity condition 

0A OB 

a4 * 8B 
Consequently, the motion of the centres of the orbits in phase space 
proceeds as the flow of an incompressible fluid. The velocities A and B 
have a velocity potential. The corresponding flow function is equal to 


(3.01) 


Y= es sinh gB sin gA. (3.02) 
It may readily be seen that the velocities A and B satisfy the following 
relations: 
OV , Of 
op BA 

Denote by » the number of centres of electron orbits per unit volume, 
and consider the quantity « as the density. Along any flow line both the 
function Y and, according to the equation (3.01), the density » will remain 
constant. If in the supply plane B = d (see Fig. 3), where the formation 
of tongues starts, there is a given distribution of density y, then this 
distribution will be preserved in any other plane B= const. If the 
initial distribution in the supply plane is uniform, the density » will be 
constant within the whole of the tongue. 

In what follows we shall confine ourselves to a consideration of the 
motion when there is a uniform density uw. As can be seen, the uniform 
‘density is obtained in two cases. The first case is when d = a (where a 
is the radius of electron orbits) and when there is the condition that the 


A=— (3.03) 


859 
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centres of the electron orbits are uniformly produced in the supply plane 
itself. Then they may get into a tongue only from the interval 
—n/2<gA < 7/2, ie. from one half of the complete length of the 
cathode, and continue with constant density their motion along the 
tongues. The second case is when a@ = 0 and when electrons from the 
whole of the supply plane get into a tongue: one half of the electrons 
go directly into the tongue, while the other half first pass under the supply 
plane. Then a uniform density is also obtained in the tongues, but it is 
two times larger than that in the preceding case. In intermediate cases 
when 0 <a < d, bands (confined by flow lines) with a double density 
are formed at the ends of the tongue, while a one-fold density is found 
in the centre of the tongue. 

An electron with charge e rotates around each centre and, since the 
orbit is small and its radius a is less than d, the space-charge density in 
the tongue can with a sufficient accuracy be taken to be p = et. Hence 
for » = const. the charge density p is also constant. If one denotes by J 
an average current density (the current per unit area of the electrodes), 
then the current intensity calculated per pair of the resonators will be 
equal to 


21J = | pBdA, (3.04) 
where A, and A, are the values of A at the end points of the tongue 


(Fig. 3). Substituting the value of B from the formula (3.03) and assuming 
p to be a constant, we have 


J= 5 (,— V4) = an sinh gd. (3.05) 
Thus a relation is established between the current intensity and the 
space-charge density in tongues. In all operating conditions the space 
charge of an electron cloud has definite bounds given by the shape of the 
tongues. The charge-density in tongues can as a rule be assumed to be 
constant and the magnitude of the space charge is proportional to the 
current intensity. 

From the magnitude and distribution of space charge one can calculate 
its perturbing effect on the electron motion and determine the stability of 
the process as well as the critical generation power. In addition to space 
charge there is a number of factors perturbing the electronic process in 
a planotron. In practice the most important factors appear to be the 
following: lack of a complete uniformity of the magnetic field, instability 
of the static field &),, and imperfections in the manufacture of the device. 
As will be seen later, the stability of the electronic processes depends on 
the intensity of oscillations in resonators; for a planotron and magnetron 
under operating conditions this stability is very high. 


HicH-POWER ELECTRONICS 861 


Consider first the simplest case when in addition to an electric field € oy 
satisfying resonance conditions there is a small perturbing field directed 
along the y-axis, whose intensity we shall denote by 4&,,. The correspond- 
ing acceleration is equal to 


é 
Afoy = — AE oy (3.06) 


The additional acceleration Af,, increases the drift velocity by an amount 
Afy,/$2 and violates the resonance conditions (2.18). 

A method of calculating the perturbed motion has been expounded 
at the close of Part I. In the given simple case the calculations are 
easy to reproduce. In the transition from formula (2.16) to formula 
(2.19), one has in the expression for gz* just to take into account an 
additional term (gAf,/2)t, which (for a sufficiently small A fo,) during the 
averaging can be assumed to be constant. Then 


pF} ' =k Aton) iat __ 
F= 5 Using (3 + ot} Fe" = 0, 


Introducing a new complex quantity 


A 
— — z + on, 
Ge = A’ + iB’, A= 4 + Se, B' = B, 
we obtain the equation 
A’ — Aloy +iB’ = o sin g(A’ — iB’). (3.07) 


We obtain the same relations directly from the formula (1.28), assuming 
Af, = iAf,,. Separating the imaginary from the real part we obtain the 
equations 
. U . A 

A’ = — 50 cosh 7B’ sin gA’ + Aor, 
y : (3.08) 

B= 30 sinh 7B’ cos gA’, 
analogous to the equations (2.20) and differing from them only by the 
presence of the term Af,,/2 which changes the phase velocity A. It may 
readily be seen that the perturbed motion preserves the potential character, 
and the components of A’ and B’ satisfy as before the solenoidicity 
condition (3.01). Consequently, all kinematic properties of an unperturbed 
motion (when there is a velocity potential and a flow function, a uniform 
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space-charge density, and so forth) remain also in a perturbed one. The 
flow function of a perturbed motion is equal to 


U. | Af 
‘= —— ’ ‘= B’, 3.09 
y 509 sinh gD’ sin gA 0 ( ) 


Our task consists in finding those limiting values of Af,,/Q for which 
the flow lines Y’ = const. preserve the shape of the tongue, and electrons 
arising in the supply plane reach the anode. 

For convenience in the analysis let us introduce the notations: 


24 
x= gA', y= GB’, = fon, (3.10) 
Then the equation for the trajectory assumes the form 
sinh y sin x = o(y — Yp). (3.11) 


In Fig. 4a the flow lines Y’ = const. (trajectories) are drawn for o = 4. 
From Fig. 4a it is clear that the centres of orbits located above or at the 


| Vi | 
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Tig. 4a 


horizontal plane y = y, will all get into tongues and reach the anode. 
The centres of orbits located below the horizontal plane y = y, will move 
on curves like sin x and will not get into tongues. The centres of orbits 
located within a band y, < y < y, will only in part get into tongues. 
The values of y, and y, are determined in the following way. 
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Consider two points on the same phase trajectory. At the point with 
the coordinates « = —7/2, y = y, this trajectory is closcst to the cathode 
plane y = 0. The point with the coordinates x = 7/2, y = y, in Fig. 4a 
is denoted by Q. The main peculiarity of this point is that at the vertical 
“% = 7/2 it is the only point which trajectories approach with a vertical 
tangent. Hence the point Q is specified by the condition 


—| 7=0, y=y. (3.12) 


Differentiating expression (3.11) we obtain 


cosh y, = o. (3.13) 


Eliminating y) and o from (3.11) we obtain a relation between y, and y, 
of the form 
sinh y; -+ sinh y, = (y, — Y_) cosh y,. (3.14) 


In order to ensure complete preservation of the character of the 
motion, it is necessary that the supply plane should be above the plane 


Tic. 4b 


Y = Y;, i.e. that gd > y, and, consequently, cosh gd > cosh y,. Return- 
ing to the earlier notation we obtain the stability condition for the tongue 
process 


U ~ 
Afyy < 3 cosh gd. (3.15) 


Tf Af,, does not satisfy this condition, then the formation of tongues is 
disturbed and the anode current decreascs or even reduces to zero. 

The bounds of a tongue which correspond to perturbed flow lines are 
drawn in Fig. 4b. Perturbed tongues can be imagined to be the same as 
the initial tongues (unperturbed; see Tig. 3) but as if blown off by wind 
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in the direction of the velocity Af,,/@. From the expression for flow lines 
it is apparent that the width A, — A, of tongues in an unperturbed as 
well as perturbed motion [under the condition (3.15)] at the same height 
is identical, so that the area of tongues and the space-charge density in 
the perturbed motion remain unchanged. 

The physical meaning of the condition (3.15) will become understand- 
able if from the expression (2.11) one finds the value of the amplitude 
of the acceleration along the y-axis produced by an alternating electric 
field in the supply plane. This amplitude is equal to 


F, = U cosh gd (A =0, B=d). (3.16) 


Substituting this value into the condition (3.15) we can rewrite it in the 
form 


Afoy <>" (3.17) 


Passing from accelerations to fields, we have 


E! 
Aby <j (4=0,B=4d). (3.18) 


Thus the motion preserves the stability if the constant perturbing field is 
directed along the y-axis and does not exceed one half of the amplitude 
of the alternating field in the supply plane. The special role of the com- 
ponent #, is evident from the first equation (3.08): it determines the 
phasing velocity, which under the condition (3.15) or (3.18) compensates 
for the effect of the “dephasing”’ velocity Af),/Q. 

A similar analysis of the stability of electronic process can be carried 
out in all cases when a perturbing factor violates the resonance condition. 
From the formula (2.18) it is seen that three factors can have an effect 
on the resonance: a change in the electric field &),, in the magnctic 
field H, and in the resonant-structure spacing I. 

Denote the corresponding perturbations by y. In the case of a pertur- 
bation of the electric field, one has 


yy? 


Aéy, 
y= S., . (3.19) 


If there appears an inhomogeneity 4H of the magnetic field, then the 
corresponding perturbation is 


(3.20) 
If by virtue of an imperfection in the manufacture of the device the spacing 
between the resonators is changed by Al, then 


Al 
y= (3.21) 
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Applying in all the three cases the equations (3.08) and subsequent 
equations, one can show that the perturbations will not disturb the 
electronic process under the condition 
Ly 


ly] < (3.22) 
y being either of the quantities enumerated. 

In usual operating conditions for generation the ratio between the 
fields #, and &), is not very small and, hence, the oscillatory system 
exhibits a good stability with respect to perturbations. The perturbation 
y may amount to several percentages and still not disturb the generation. 
Hence neither a quite perfect manufacture of the device nor a very high 
uniformity of the magnetic field are required for the operation of a 
planotron. 

However, a strict maintenance of the resonance condition may be 
essential for the self-excitation. Initial oscillations in the oscillatory 
system are excited on account of fluctuations arising in a cloud of electrons 
drifting around the cathode. ‘Therefore the initial oscillations in the 
oscillatory system cannot be large, and the corresponding field E,, in the 
supply plane is weak. Hence it follows that in self-excitationt the ratio 
(3.22) imposes stricter conditions on the quantity y. An accurate main- 
tenance of resonance conditions is required only at the moment of self- 
excitation: the more perfectly manufactured the device is and the more 
uniform the electric and magnetic fields are, the easier the self-excitation 
takes place. 

If the initial value of H, were known, then one could state with 
certainty necessary assumptions for the values of y in the self-excitation. 
The initial intensity of oscillations is apparently difficult to calculate but 
quite feasible to measure. This is an interesting experimental work which 
should be done. 

The most essential effects on the work of all electronic devices are due 
to perturbations produced by space charges which arise in the passage of 
a current. It is mainly these effects that determine the energy parameters 
of a planotron as well as those of magnetrons, klystrons, and other 
electronic devices. The physical picture of the perturbing action of space 
charge in a planotron is very simple: electrons contained within tongues 
are pushed away from each other and thus counteract the phasing effect 


+ In investigating the self-excitation one should take into account that it is 
ensured by the excitation of a chain of resonators. Hence the total perturbing 
factor Xy must be taken into consideration. Moreover, it should be taken into 
account that in the unexcited state an electron cloud in the working space will 
diffuse from the cathode toward the anode, and that owing to this fact the height 
d of the supply plane will appear as if it were increased. This will bring electrons 
into a region with large values of E,, which will facilitate the onset of the oscillatory 


process. 


CPE 12 
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of the velocity A. It is obvious that those electrons whose centres of their 
orbits are located at the tongue bounds will be most strongly exposed to 
the action of the electric field produced by space charges, because there 
will occur the strongest repulsive force. It is the component &, of the 
electric field produced by space charges that will have the strongest 
perturbing effect on the motion of electrons. This follows from the fact 
that in a magnetic field the velocity acquired by electrons under the action 
of an electric field is directed perpendicular to the field, just in the direction 
of the axis A along which the phasing velocity A acts. 

The component &, will have the highest value at the root of tongue at 
the point with the coordinates A = 0 and B = d (the point O’ in Fig. 5). 
Knowing the density p of the uniform space charge and the shape of the 
tongue one can calculate the field at the point O’. These calculations lead 
to complicated integrals. The problem can be simplified if the tongue be 
replaced by a triangle of the same area, which obviously produces (at the 
same density p) about the same field at the point O’. Such a triangle is 
shown in Fig. 5. We shall assume the basis of the triangle to be +1, where 


Tig. 5 


is obviously less than unity. This quantity can simply be estimated by 
planimetry. Considering the problem to be two-dimensional, we calculate 
the space-charge field at the point O’ in the way usually applied to such 
problems, namely by integrating fields produced by each area element. As 
a result of the calculation we obtain for the component &) of the space- 
charge field at the point O’ the following expression: 


oy =P 


2.D—d) = a 
4D —d] 


Since d is small in comparison with D, and » is less than unity, we can 
approximately take 


2D 
6} = prlln —- (3.24) 
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If we denote 


x4=vlIn 2D (3.25) 
vl 
then finally we obtain 
Cy = pti. > (3.26) 


The corresponding acceleration will be equal to 


Af, = ~ pyl. (3.27) 
m 

More detailed calculations show that the coefficient y differs little from 
unity, and is little sensitive to a variation of the parameters D, d and l. 
This is corroborated by the fact that expression (3.26) may be simply 
obtained by assuming the overall charge to be concentrated at the centre 
of gravity of the triangle. 

The field & moves together with the tongues, hence it will have the 
same effect on electrons as if it were constant. Therefore we can use the 
stability condition (3.15) that we have deduced for a constant perturbing 
field, and the critical charge-density in a tongue (we shall denote it by p,) 
is obtained from the relation 


€ U 


Substituting the value p, into the expression (3.05) for the current density, 
we find the critical value 
m U? 


= — i . 3.2 
J, 2 dn Oy cosh gd sinh gd (3.29) 


The specific power, i.e. the power taken away from a unit area of the 
cathode and transformed into the oscillation energy of the oscillatory 
system, is obviously made up of the work performed by all the electrons. 
Hence for the specific power we obtain the expression 


P, =nJEo,D; (3.30) 


analogous to the expression (2.27) (here 7, is the efficiency of the electronic 
process). From this expression one obtains the critical specific power by 
putting the critical current (3.29) into it. Performing this substitution 
and making use of the resonance condition (2.24), we obtain 


m\2 2 
P,=%, (“) one cosh gd sinh gd. (3.31) 
é m4 


We have obtained two important characteristics of the process of genera- 
tion: the critical (limiting) current J, and the critical power P,, which are 


jo* 


= 
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determined by the perturbing effect of space charge. These quantities, as 
seen from expressions (2.29) and (3.31), are proportional to U?, i.e. to a 
quantity which is, according to expression (2.10), in its turn proportional 
to the energy of the alternating electric field in resonators. 

Thus the specific power generated in the working space is proportional 
to the energy of the oscillatory system, which is in its turn maintained on 
account of the power that is being generated. It is clear that the power 
taken away from resonators and the power of Joule losses should be 
chosen so that the power to be generated may not exceed the critical 
value P,. This choice determines the degree of stability of the operation 
of the device. 

Consider electromagnetic oscillations in resonators. The energy in 
resonators is well known to be concentrated alternately in the electric and 
in the magnetic field. For the generation of oscillations there is of im- 
portance only the electric field, to wit its part which acts in the working 
space. All other electric fields (except a weak field corresponding to the 
power that is being taken away) do not take a useful part in the process. 
The presence of these fields in resonators is not only useless but is even 
harmful, because they are maintained on account of currents in the walls 
of resonators, which is associated with additional Joule losses. Hence an 
important characteristic of the resonator system appears to be a quantity 
which we shall denote by y and call the utilisation factor of the electric 
field in resonators. If the total electric energy in resonators and in the 
working space calculated per unit area of the working space is W, while 
the field energy in the working space alone is W5, then 


Wo 9 
y= (3.32) 
The better the construction of the resonant system, the higher the utili- 
sation factor y. But even in the best resonator systems y does not exceed 
one third, and as a rule this quantity is considerably smaller. 

The second quantity characterising the operation of resonators is 
their total Q-factor, which is made up of the quality factor Q, determined 
by the load and of the quality factor Q, determined by Joule losses. For 
@, Q, and Q; we have the usual relation 


1 1 4 1 
Q GQ 9; 
From the definition of quality factor we have the following relation 


between the power P given to the oscillatory system and the energy W 
stored in it: 


(3.33) 


wl wlV 
Y= p=? p- (3 34) 
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The electric energy of an alternating field in the working space can be 
determined by integration. It is equal to (per unit area) 


roma [P+ Bloc, a 


Substituting the expression (2.08) for the potential © and retaining only 
the first term of the series, we obtain upon integration 


2 1U2 
Vo= (“) 1U —, sinh 29D. (3.36) 
327 
Substituting this value into (3.34) and replacing P by the critical power 
(3.31), we obtain the critical Q-factor of the oscillatory system 

Q, = 1 yl sinh 29D (3.37) 

7,y 4D sinh 29d 

This very important expression gives the lowest value of the total 
Q-factor for which a stable electronic process is still possible. It represents 
the basic expression in determining the size of the working space of a 
planotron and magnetron. The three coefficients in this expression are 
determined in the following way. The first coefficient is the efficiency 
y, of the electronic process, which will be calculated in the next Part. 
The second, that is the utilisation factor y, is determined from the distri- 
bution of the electric field in resonators, and may be more simply deter- 
mined experimentally.t The coefficient 7 is determined by the shape of 
the tongue and, as already mentioned, its value varies little and is close 
to unity. 

The expression (3.37) is of importance because together with the 
expression for the efficiency (which will be given in the next Part) it 
establishes those relations betwcen the parameters D, d and / of the 
working space which are necessary for obtaining more stable and effective 
operating conditions. It should be noted that the values of Q@, computed 
from expression (3.37) prove to be close to those obtained from experiment 
(of the order of 10°). 

In practice there is important also the critical power, which can be 
obtained from a unit area of the cathode in a planotron. The expression 
(3.31) gives P,, that is the highest specific power for a given value U®, 
which is proportional to the cnergy of the alternating electric field in 
resonators. Thus the power is limited by the same factor that restricts 


+ We applied the following simple method of measuring y in cold tests of an 
oscillator: one fills the working space by a dielectric (usually Plexiglass) and 
measures the shift Aw in the resonant frequency of the oscillatory system. The 
utilisation factor is calculated according to the formula y = 24a/wAe, where ¢ is 
the dielectric constant of the dielectric. 
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the intensity of the oscillatory processes in resonators. In practice this 
factor usually appears to be simply an electric breakdown, but there is 
also a reason of principle restricting the power. It is obvious that, accord- 
ing to the formula (2.20), the phase velocities A and B will increase 
with U and, theoretically, they might attain such magnitudes that the 
mechanism of generation would be disturbed. For instance, at high values 
of B electrons would reach the anode within the time of averaging (during 
which in the operating conditions electrons succeed in moving from one 
resonator to another). However, this is unreal, since they do not succeed 
in gathering into tongues. 

One can infer conditions which restrict A and B. They are identical 
with the mathematical conditions under which one can apply our approxi- 
mate method of solving the basic equation of motion. 

In Part I in expounding the method it has been pointed out (see 
formula (1.24)) that the uncertainty in the position of an electron at a 
trajectory does not exceed da = |%|7'. It is obvious that the phase 
focusing can be brought about only when AA is considerably less than 
the value of the resonant-system spacing J. In the case we are considering, 
in deriving the equations (2.20) the averaging time 7’ = z/w has been 
chosen. The condition that is necessary for bringing about the phase 
focusing will have the form 

4A _|Alg 
lL 


Using the formulae (2.18) and (2.20) we obtain 


<1. (3.38) 


U 
Sov > > cosh gB |sin gA. (3.39) 
These inequalities must hold first of all in the plane B = d, where the 
basic phasing of electrons takes place. Taking the largest value on the 


right, we obtain 
“fo 
— —- ¥ 


cosh ga 


(3.40) 


Substituting this value into formula (3.31) and passing from accelerations 
to fields, we obtain an inequality for the critical power P, which can be 
taken away from a unit areat 


t This condition can be written more preciscly in the form 4 B/D’ <1, where 
D’ is the shortest path traversed by the centre of an electron orbit in the working 
space (D’= D —d — a, where d is the distance from the supply plane to the 
cathode, and a is the radius of the orbit). Asa rule D’ ~l,and ZA ~ AB, so that 
this condition brings nothing new. However, if the magnetic field is only a little 
stronger than the critical one, then D’ is small and the condition AB/D’ <1 
strictly limits the amplitude of the high-frequency field. This example shows once 
again that the averaging method is applicable in the case when an effective genera- 
tion takes place. 
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2D 
P< cy ah tanh gd. (3.41) 


We shall obtain a similar relation if we take into consideration the con- 
dition 4B/D <1 for the vertical motion of electrons (D is the distance 
between the cathode and anode). Whence one can infer the dependence 
of the power to be generated on the wavelength and other parameters of 
the generator. If the parameters of an experimental planotron are sub- 
stituted into this expression, then it turns out that the critical power 
which can be taken away from a unit area attains exceptionally high 
magnitudes—tens and hundreds of kilowatts per square centimetres of 
the cathode area. Such high values are well known to be already brought 
about in magnetrons in pulsed operating conditions. In the case of a 
continuous generation one needs to take away considerably smaller powers. 
The main limitation in continuous operating conditions lies in the difficulty 
in cooling the resonators and the cathode. Neither space charge nor a 
disturbance in the nature of a motion will be restricting factors in obtaining 
high continuous powers by means of a planotron or a magnetron in 
continuous operating conditions. 

In conclusion it should be noted that the method for an approximate 
calculation of space charges which we have applied gives an overestimate 
of the magnitude of perturbations arising from space charges. As a matter 
of fact, the electric field produced by space charges has a complicated space 
distribution, whereas we have confined ourselves to a calculation of the 
field merely at the point O’ (Fig. 5), where it has the highest value. 
Moreover, we have assumed that the perturbation produced by space 
charges is equal to a perturbation arising from the field (3.26), as if this 
field had a constant magnitude in the whole of the working space. Such 
a procedure leads, of course, to an overestimate of the magnitude of the 
perturbation, but the error associated with this is evidently not very large, 
since the electrons near the supply plane are the most sensitive to the 
perturbations. Thus we have obtained the critical current J, and the 
critical power P, as a function of the parameters of the working space and 
the wavelength. This dependence may underlie a similarity theory which 
is needed in constructing devices with different parameters. 

From a more accurate calculation method one can expect only a more 
precise definition of certain coefficients. It would be of interest to obtain 
a more accurate expression for the critical values of the power and the 
current, to investigate the deformation of the tongues caused by space 
charges, and to compare the results obtained with experimental 
investigations. 


Part IV 


Anodic and Cathodic Losses in the Planotron 


THE ELECTRONIC efficiency of a planotron, which we denote by 7,, 
represents the ratio of the power coming to resonators from an clectron 
cloud to the power coming from a source of constant potential. In addition 
to losses arising in an electronic process it is necessary to take into account 
also Joule losses in resonators. The calculation of the efficiency of 
resonators is well known, and we shall not dwell upon it. If one denotes 
by 7, the efficiency of a resonator, then the total efficiency of the gencrator 
is equal to 


1 = NeMe (4.01) 


On the basis of the results obtained carlier for clectronic processes in a 
planotron, we shall consider now electronic losses in this device. There are 
three main forms of losses. The first and inevitable form of losses consists 
in the fact that an electron in traversing its working path from the cathode 
to the anode and transferring the energy to oscillations approaches the 
anode with a certain velocity which is lost in the collision between the 
electron and the anode, and heats the anode. These losses we shall call 
“anodic losses,” and the corresponding efficiency denote by 7,. The 
second form of the losses are cathodic losses, which have already been 
mentioned in Part II. They consist in the fact that an clectron having 
an inappropriate phase gA can come back to the cathode with an excess 
of energy. We shall denote by y, the efficiency corresponding to these 
losses. The third form of the losses we shall call ‘‘end losses,’ because 
they are associated with phenomena occurring at the end of the cathode 
and anode and consist in the fact that when there are no oscillations 
in an oscillator the current is not completely suppressed, and sometimes 
has a rather appreciable magnitude J, (null current). In Part V we 
shall discuss a possible cause of this current, and losses associated with it. 
Since this current is concentrated near the end of the anode, we shall 
call it the end current, and losses associated with it the end losses. The 
corresponding cfficiency we shall denote by n,. Ifn,, 7, and 7, differ little 
from unity, then the clectronic efficiency 7, can be considered to be equal 
to their product. 

To determine anodic losses it is necessary to know the kinctic energy 
with which clectrons hit the anode. The velocity of the clectron motion 
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is made up of two components: of the velocity 2, of the motion in static 
fields, and of the velocity & connected with the oscillatory process. But 
from the condition (3.38) it is obvious that we can neglect the phase 
velocity A + B produced by the alternating field. 

If the device operates under resonance conditions (2.18), then according 
to the formula (2.20) the radius a of an electron orbit is constant and, 
hence, the average kinetic energy with which the electron starts its path 
from the supply plane B = d toward the anode will be constant during 
the whole of its path. Thus the electron kinetic energy is determined by 
a constant acceleration fj, according to the ordinary equations for motion 
(1.03) 


# — QY = 0, 
. ; (4.02) 
y+ QE = Sov: 
The components of the velocity will be equal to (if 6 = 0 when ¢ = 0) 
. Sow ; 
== 4+ Qa sin 2, 
Q v (4.03) 
y = Qa cos 2. 


The trajectories of this motion are cycloids or trochoids (Fig. 6). An 
electron moves on the circle a with angular velocity 2, while the centre 


Iria. 6 


of the circle moves parallel to x-axis with a velocity fy,/Q. The radius a 
of the circular orbit and the position of the centre of the orbit in the 
working space are determined by initial conditions which can be deduced 
in the following way. 

The condition for energy conservation at any point of the trajectory 
has the form 


5 +I) = Sua (4.04) 


Let the electron emitter be located at a distance b from the cathode, and 
let it have the same potential as the cathode. Moreover, let the effect of 
the component of the electric field along the a-axis on the electron motion 
be negligible over a section of the path near the emitter. Then, integrating 


CPK I2a 
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the first expression (4.02) and assuming that the initial velocity of the 
electron at the emitter is equal to zero, we obtain 
z= Oy —b) (@ = 0 when y = 8). (4.05) 


Find out for what values of y = d, and y = d, the velocity is y = 0. 
For this purpose we substitute ¢ from formula (4.05) into the relation 
(4.04). For the required values of y we obtain the quadratic equation 


“Lov 


(y — bP = ary: (4.06) 

Introducing for abbreviation the notation 
to - 
6= 02 (4.07) 


and solving equation (4.06), we obtain two roots 


2b 
(4.08) 


2b 
a= 940-314 
whence we find the radius of the orbit 


= —_* = 1+ — 4.09 
a 5 6 + 5 ( ) 


and the ordinate of the plane in which the centres of electron orbits are 
moving (the supply plane) 


dy 


+ 


d= Me 


= d+. (4.10) 
From these expressions we sce that the trajectory depends on the position 
of the emitter with respect to the cathode. If b is positive (the emitter is 
placed above the cathode, Fig. 7a), then one obtains an elongated cycloid. 
If 6 = 0, when the emitter, as is usually done, is placed in the cathode 
plane, we obtain a normal cycloid (Fig. 7b). If b is negative, then the 
emitter is placed below the cathode plane and one obtains a diminished 
eycloid (Fig. 7c). And finally, in the limiting case when 


(4.11) 


we obtain a straight trajectory (Fig. 7d) instead of a trochoid, because 
a = 0 and the electron moves parallel to the x-axis with the drift velocity 
fo,/2. Thus the form of the trajectory is very sensitive to the position of 
the emitter with respect to the cathode. 
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The kinetic energy of an electron in its motion on the trajectory will 
be a maximum at the point y = d,, which is the most distant point from 
the cathode plane. From the relation (4.04) it follows that the kinetic 
energy of an electron at the point y = d, is equal to mf,,d,. This is just 
the energy with which the electron comcs to the anode in operating 
conditions corresponding to generation. The energy obtained by an 
electron from a constant field during the whole of its path from the cathode 
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by=- 6/2 


toward the anode is equal to mf,,D. Whence it follows that relative 
anodic losses are equal to 


d 
1—,= a (4.12) 


For small values of 6 (in comparison with 6), from (4.07) we obtain the 
approximate formulac 


ay = 2(6 + b), 
be (b < 6). (4.13) 
do = 26 


Substituting the value d, into the formula (4.12), we obtain an expression 
for relative anodic losses for small } 


l—n,=2—— (<5). (4.14) 


12a” 
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In practical conditions 6 is equal to several tenths of a millimetre, hence 
even a small raising of the electron emitter above the cathode plane 
considerably reduces the efficiency of the process. 

If the emitter is placed in the cathode plane, as is the case in ordinary 
magnetrons with an oxide cathode, then = 0 and the trajectory will be 
a normal cycloid (Fig. 7b). In this case, losses are equal to 

I 2 ° 4.15 

Ne D ( . ) 

If the emitter is placed below the cathode plane (b < 0), then according 

to the expression (4.14) losses will decrease (Fig. 7c). The limiting value 

for negative values of b is equal to —6/2. When b = —6/2 the electron 

motion will take place along a straight line parallel to the cathode plane 

(Fig. 7d). In this case the electron velocity will be the lowest, and anodic 
losses will also be the smallest. 


1 


Comparing the last two expressions we see that in the second case 
losses are four times less than in the first case, and that the efficiencies 
differ substantially from each other. This differcnce obviously arises 
from the fact that in the motion of electrons from the emitter placed 
below the cathode plane the trajectories of the motion are rectilinear and 
there is no orbital kinetic energy connected with the motion of an electron 
on a circle, so that its total kinetic energy is determined by the square of 
the drift velocity. Hence anodic losses given by expression (4.16) appear 
to be the lowest possible anodic losses. 

In the motion on a normal cycloid the electron velocity at the most 
distant point from the cathode is two times larger, while the kinetic 
energy is four times larger than in a “pure drift.’ From the expression 
(4.14) it follows that any raising of the emitter above the cathode plane 
inercases losses. A position of the emitter below the cathode plane reduces 
the rotational motion of electrons, which not only increases the anode 
efficiency but also reduces a number of other losses that will be discussed 
later. 

Introduce into the expression (4.07) the field instead of the acceleration, 
and make use of the resonance condition (2.24). Then we obtain 


__ m 2b 4 
ee Hh (2.17) 
and the optimum efficiency will be equal to 
m ob 
yes = | —— . (4.18) 
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This relation makes it possible to estimate the maximum efficiency of a 
planotron under given operating conditions. It should be noted that the 
anode efficiency of the planotron increases with the magnetic field under 
which the electronic process takes place. 
The optimum depth of the position of the emitter, according to the 
expression (4.11), is equal to 
by = 6 __™ cl 


2 e AH (4.19) 
It should be noted that this is an inaccurate value, since in deducing 
expression (4.05) for ¢ we have assumed that along the path of motion of 
electrons there is no component of the electric field along the x-axis. 
In reality this condition is not completely fulfilled, hence the expression 
(4.19) is to be considered as approximate. Experiment shows that if the 
form of deepening the emitter is properly chosen the experimental value 
of by agrees well with the calculated one. Experimental establishment of 
optimum conditions presents no trouble, since it is done simply by the 
choice of the magnetic field. 

It would be interesting to investigate the effect of the form of the 
lowering of the emitter on electron trajectories, particularly to find such 
forms at which the motion of electrons in the working space involves as 
far as possible no orbital motion. Obviously, it is an experimental 
investigation of electron trajectories that would be the most effective here, 
because difficulties of a mathematical analysis are here even aggravated 
by the effect of the space charge which has a large density near the cathode. 

The orbital motion of electrons can affect anodic losses also in this way. 
In Part IT it has been shown that in the double resonance (2.21), when 
Q = a, the radius of the electron orbit does not remain constant. From 
equations (2.23) it is seen that depending on the value of the phase 
gA + 2 the rate of the change in the radius a of an orbit may be either 
positive or negative. Hence some of the electrons will reach the anode 
with an increased radius of the orbit and, consequently, with an increased 
kinetic energy, which will give rise to additional losses. The rest of 
the electrons, which will arrive with a decreased radius of the orbit, will 
bring less kinetic energy and will reduce losses. It is easy to show that in 
total this will lead to an increase of losses, because the derivative a, as is 
seen from the third equation (2.23), is proportional to a@ and, hence, the 
kinetic energy of electrons will on the average be increased. In consequence 
of this, if in practice the angular frequencies {2 and w are the same, a 
certain lowering of the efficieney of the generator is observed. 

Resonances of the form of (2.21) are manifested relatively little, 
because electrons traverse the distance from the cathode to the anode 
during a small number of periods and the radius of their orbit does not 
succeed in increasing appreciably. The main means of reducing losses 
associated with resonances of the form of (2.21) consists in applying an 
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emitter placed below the cathode plane, owing to which the orbital motion 
of electrons is as far as possible reduced. 

It should be noted that the conditions (2.17) do not involve all possi- 
bilities, since it may be shown that higher space harmonics in the expan- 
sion of the potential (2.04) also may come into resonance. But such 
effects can be assumed to be small, and I think that at the given stage of 
investigation of the planotron they can be negleeted. 

The cause of cathodic losses is apparent already from the previously 
considered (Part II) mechanism of phase focusing of electron orbits near 
the cathode. These losses arise on account of the kinetic energy brought 
by electrons coming back to the cathode. 

Electrons for which the phase gA lies within the range from 7/2 to 
37/2 (Fig. 8) and whose orbits “have not enough room” for getting into 


POOL 
Kx 

a 
SOO 


Wi YU) gA 
-@ _gAg -% 0 g gAg © 


Tia. § 


tongues come back to the cathode. The centre of an electron orbit which 
lies in the supply plane B = d with the phase coordinate gd, must get 
into a tongue along the flow line presented in Fig. 8 by a dotted line. This 
trajectory will at the point gA = 7/2 be closest to the cathode. If the 
distance from this point to the cathode is less than the radius a of the 
orbit, then the orbit has room enough and the electron will hit the cathode. 
Thus the limiting trajectory for an electron getting into a tongue will, 
according to the expression (2.26), be determined by the equation 


sinh gB singA = sinh ga. (4.20) 
The point with the coordinates A = Ay, B = d (in the supply plane) will lie 
on this trajectory, hence . 
singd, = sink ga (4.21) 
° ~~ sinh gd - 


In view of the smallness of the values ga and gd we obtain for the limiting 
phase the expression 


. 
gA, = 7 —arcesin Z (4.22) 


are sin (a/d) being taken in the first quadrant. 
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From Fig. 8 it is seen that if one assumes the total number of electrons 
going from the cathode to the right-hand side of the tongue to be pro- 
portional to 7, then gAy of these electrons will get into the tongue, while 
a — gAy will come back to the cathode. Thus it turns out that the ratio 
of the cathodic current J, to the operating (anodic) current J will be 
equal to 


J, —gAy _ are sin 5 


J gAy 


(4.23) 
— are sin 0 
7 d 


Every electron coming back to the cathode absorbs from the oscillatory 
process an energy proportional to the path d — a, while every electron 
coming to the anode may give off an energy proportional to D. Hence 
it follows that relative losses caused by the return of electrons to the 
cathode are equal to 


L—,=22 2-4 4.24 
Ne = J D ( : ) 
Substituting the value J,/J from formula (4.23), we obtain finally 

are sin“ 
re sin = 
ad a d 

l—y = (1 —%) ——_* _.. 4,25 

Ne D ( ‘) a ( 5) 


a7 — are sin — 
d 


From this expression and from (4.23) it is seen that the magnitude of 
back-current losses depends completely on the type of the trajectory on 
which electrons move. Cathodic losses do not arise (7, = 1) in two cases: 


(l)a=d,J,=Jd; 
2)a=0, J,=0. (4.26) 
In the first case the trajectory is a normal cycloid, while in the second case 


the radius of the orbit is a = 0. Back current does not arise only in the 


second case. 
Figure 9 presents J,/J as a function of a/d calculated according to 


formula (4.23). Figure 10 shows the function 


. a 
arc sin = 
a 
1 ——} ———__- —_., 4.27 
( d ( 


. a 
m7 — are sin = 
d 


occurring in the formula (4.25) for cathodic losses. From Fig. 10 it is 
seen that the losses have the maximum value at a » 0-4d. 
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Cathodic losses are always less than anodic ones. Indeed, from 
expressions (4.12) and (4.25) we obtain 


. @ 
arc sin — 
La" _ ta (4.28) 


1 — d . a 
“a 1 — are sil 5 


and, since the ratio d,/d, is always less than unity (Fig. 6), cathodic 
losses are less than anodic ones. It is known that the adverse effect of 


these losses is connected with an additional heating of the emitter, which 
may be harmful at high powers. 


04 


02 
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From the above it follows that cathodic losses are always connected 
with the orbital motion of electrons and, if there is no orbital motion 
(a = 0), then these losses also do not exist. All factors that affect the 
radius @ of an electron orbit affect also losses. If the motion takes place 
strictly on a cycloid (a = d), then cathodic losses do not arise, but it can 
be seen from Fig. 10 that even a small departure from the equality a = d, 
at once gives rise to cathodic losses. 

The main factor affecting the radius a of an electron orbit is the end 
effect, which will be discussed in the next Part. The increase of the 
radii of orbits, which results from resonance phenomena at the end of the 
cathode, may considerably increase the cathodic losses calculated above. 
This factor is so far difficult to estimate quantitatively. 


Part V 


The End Effect and Losses that are Connected With It 


SINCE 1921, when the investigation of the cut-off effect of the magnetic 
field on a radial stream of electrons started, already in prototypes of a 
contemporary magnetron there has been observed the phenomenon of 
residual or zero current. It consists in the fact that for a fixed potential 
difference between two coaxial cylinders or two plates there is a definite 
value of the magnetic field directed perpendicularly to the static electric 
field, which twists electron trajectories in such a way as to cut off the 
anode current. The magnetic field under which electrons cannot reach the 
anode is called ‘“‘the cut-off magnetic field.” Experiment shows that this 
cut-off is never complete: between the cathode and anode there always 
remains some current, which is called the zero or residual current. 

This phenomenon is of great theoretical interest. It appears to be 
rather paradoxical, since it opposes the fundamental laws of the motion of 
electrons. To deduce the condition for the current cut-off in crossed electric 
and magnetic fields one need not know the space-charge distribution 
and electron trajectories, since this condition is obtained merely from the 
fundamental laws of dynamics, to wit from the momentum (or angular 
momentum) and energy conservation laws. Of course, a large number of 
studies have been devoted to this problem. However, not only is there 
so far no quantitative theory of this phenomenon, but even no conclusive 
quantitative explanation of itt. 

It is necessary to understand the nature of the zero current, because it 
is of great practical importance in magnetrons as well as planotrons, since 
the zero current may attain considerable magnitude and reduce appreci- 
ably the efficiency. This is accounted for by the fact that the magnitude 
of the zero current is only little dependent on the power to be generated. 
For the maintenance of the zero current there is always spent a certain 
amount of power which does not take part in the production of oscilla- 
tions and reduces the efficiency of the generator. This phenomenon is 
especially harmful in a low-power production. It is quite possible that it 
represents the main factor which interferes with putting into practice 
magnetrons continuously generating a low power with a good efficiency. 


+ See, for instance, R. L. JEPSEN and M. W. Motus, J. Appl. Phys., 22, No. 9, 
1196-1207 (1951), and references quoted in that article. 
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In investigating the planotron it has been stated that also in this case 
this phenomenon adversely affects the efficiency. 

Experimental investigation of the zero current has shown that it is 
concentrated at the outward edge of the cathode and that its magnitude 
considerably increases with the radius of electron orbits. This fact leads 
to the hypothesis that the zero current arises from an interaction of the 
electron orbital motion with the electrostatic field. Indeed, a theoretical 
study of the motion of electrons when there are no oscillations in resonators, 
which was carried out by our method, shows that the phenomenon of the 
residual current may obtain a rather simple and logical explanation. As 
experimental material has ever more accumulated this standpoint has kept 
on developing, and its validity becomes more likely. As will be seen from 
what follows, although we are still unable (because of the complexity of 
the mathematical problem) to calculate accurately the value of the zero 
current, there is already a possibility of an explanation of the mechanism 
of this phenomenon and of elucidating factors on which the zero current 
depends and which mainly affect its magnitude. 

By means of the method presented in Part I we shall find electron 
trajectories in the electrostatic field &, taking into account that this field 
has periodic inhomogeneities produced, for instance, in a planotron or 
magnetron by gaps between resonators. It turns out that the non-uniform 
field may have an effect on the orbital motion of electrons, and that the 
radii of the electron orbits increase, so that the electrons can reach the 
anode. It is this that produces the zero current. 

Let us show in this case the calculation of electron trajectories by 
means of the averaging method. First we find out in the working space 
of a planotron the periodic electrostatic field produced by the gaps between 
the resonators. Figure 11 gives the picture of the distribution of the lines 
of force of the electrostatic field in the working space. When there are 
no oscillations in resonators this is the only electric field in the working 
space. 

We use the previous notation (given in Fig. 11). A periodic electro- 
static field which satisfies the two-dimensional Laplace equation can be 
written in the following general form: 


ca 
6, = > M, sinh 2rgy sin 2ngx, 
n=1 


. (5.01) 
6, = & —¥ M,, cosh 2ngy cos 2ngx. 


n=l 


Here we apply the previous notation (2.02) 


TT 
g= 7 (5.02) 
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We determine the coefficients M,, as a rule, from boundary conditions. 
Since in our problem it is not necessary to know accurate values of M,, 
it is sufficient to assume the following simplified boundary conditions: 
é, = 0in the plane y = D within the overall width h of a gap between 


N 
Cathode 


Fic. 11 


resonators, while &, has a constant value &, at the metal teeth of the 
resonators. In the plane y = D we have, as always, &, = 0. We do not 
present the usual calculations, and give at once the coefficients obtained 
from these boundary conditions 


26, 0 sin ngh 
M, = (—1)j-—2 — . 
Mn = (— U7 nsinh 2ngD 


(5.03) 


In order to pass from fields to accelerations, we shall adopt the 
following notations: 


H,=-M,, F,=—6, F,= 
m m 


x 


é,. (5.04) 


The components of the acceleration which correspond to the n-th space 
harmonic of the electrostatic field are equal to 


Fi, = H,, sinh 2ngy sin 2ngz, 
(5.05) 
F., = — H,, cosh 2ngy cos 2ngx. 
Passing to the complex quantities F, = F,, + iF ,,, we obtain 
F., = — H,,, cos 2ngz*, (5.06) 


where 2* is the conjugate complex of z, while 


c 
z=a+Hht— jae tre), (5.07) 
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Here we make use of the formulae (2.12) and (2.13), a is the radius of the 
orbit, while ff = (e/m)é&% is a constant acceleration along the y-axis. Sub- 
stituting these values into equation (1.20), we obtain the following 
equations: 


i= S H,, cos 2ngzg (5.08) 
Q n=l 
and 
ie’? 2 —____—,; 
a —iag = — H,, cos 2ngzg e. (5.09) 
“4 n=l 


Calculate the average value of cos 2ngzj. For this we rewrite it in the 
complex form: 
1 


¢ 
cos 2ngz* = 3 exp {2 ing (a -- ty ) _ angaci+} 


] ¢ . 
+ 5 exp { 2ing (x +f ) | angaciere} (5.10) 


Expand the exponents in a series, and retain only terms which upon 
averaging may not vanish: 


(2nga)” 


Ms8 


elin(at + | + . 


(5.11) 


l Cc 
cos 2ngz* = — exp | - 2ing (a* 4h :)| E + 
2 Q 1 ne! 


m 


Averaging is carried out over the time interval 7’ = 27/Q. The resonance 
condition, i.e. the condition under which there are terms that do not depend 
explicitly on the time, has the form 


Cc 
ong lt =mQ (m= 1,2,.. .). (5.12) 


-< 


If this relation is fulfilled, we have 


—__. 1] (Qnga)" —., . 
cos 2ngz* = — (2nga)” e~ Enda — ma), (5.13) 
2 m! 
The right-hand side of equation (5.09) is calculated in an analogous way, 
and under the same resonance condition (5.12) we have 


1 (2nga)y"-1 
2(m — 1)! 


al cos nguk eit ~ ings — 
e'? cos 2ngz* . el! = e~ 1Cnga® — me) (5.14) 


Substituting these expressions into equations (5.08) and (5.09), we 
obtain 
H,, (2nga)" 


AtiBa=—— 
rd 22 om! 


@72n7B e—ingA —mg) (5.15) 
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and 
. . A, (2nga)"-1 
ad —iad =i ——n —2ngB .—t(2ngd —mp) 
P= "20 (m—1ie ® , (5.16) 
whence one can sec that 


2nga 


A+iBsi (4 — ia@). (5.17) 


Separating the imaginary and real part in this last relation, we obtain 


, 2ng , 
= — aa (5.18) 
m 
and 
Aa 2 1 
= — ap. 
moe (5.19) 


From equation (5.18) one can see that the avcraged motion of an electron 
satisfies the energy conservation law. To demonstrate this, integrate the 
equation (5.18) 


B 2 a? = b, = const. (5.20) 


Substituting the value of the coefficient of g from the resonance condition 
(5.12), and passing from acceleration to field, we obtain 


m 
ef) B — > 2°a? = const. (5.21) 


wherc the electron mass is denoted by m, (in order to avoid confusion 
with the index m). On the left is the potential energy of an electron 
averaged over a period of the rotation. It is equal to the coordinate B of 
the centre of the orbit multiplied by the charge e and the intensity of the 
uniform field &j. The second term is the average kinetic energy of the 
orbital motion. Consequently, equation (5.18) gives the energy conserva- 
tion law. This shows that in the motion of an electron its encrgy is not 
transformed into any oscillatory processes. The equation (5.19) connects 
the angular momentum m,a?¢ with the velocity A. It replaces the 
angular momentum conservation law, which in the casc when there are no 
end resonances prevents electrons from reaching the anode. Thus there is 
a conservation of motion, and its physical picture is the following. 

If the condition (5.12) is fulfilled, a resonance arises between the 
period with which an electron passes by the resonator gaps and the period 
of its proper orbital rotation. In consequence of the resonance, the 
electron trajectory begins to change, and will become a more or lcss 
elongated cycloid. Then a family of trochoids is obtained, in which there 
is a relation (5.20) determined by the energy conservation condition 
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between the radius @ of the orbit and the coordinate B of its centre. We 
have already obtained an analogous family in the preceding Part (Fig. 
7). Expression (5.20) is obtained from the previous expression (4.04) 
when the velocity lines ¢ and y from expression (4.03) are substituted 
into it, and when a further averaging over the time is done. However, in 
the preceding case the trochoid has been determined by initial conditions 
of motion (by the quantity 5) and has remained the same, whereas here 
the trochoid continuously changes. 
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Working space 
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eZ 
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Consider in more detail the resonance condition (5.12). Because, 
according to (5.03) and (5.04), 


] 
Ho ~——____ (5.22) 
"~— n cosh 2ng D 
the coefficients H,, decrease very rapidly with increasing » and, hence, one 
can confine oneself to a consideration of only the first acceleration 
harmonic, since it proves to have a decisive effect. For the first acceleration 
harmonic the resonance condition (5.12) will assume the form 


a mM. (5.23) 


We shall show that, under real operating conditions in a planotron as well 
as in a magnetron, at the periphery of the working space there are neces- 
sarily regions whcre the condition (5.23) is fulfilled. When approaching 
the end of the cathode (Iig. 12) the vertical component & of the electro- 
static field and the corresponding acceleration gradually decrease. Elec- 
trons drifting along the cathode form a fiat cloud, in which the volume 
force acts pushing away the electrons to the periphery of the working 
space. Owing to this force the charge density in the cloud is distributed 
in the cathode plane in such a way that at the whole of the cathode 
surface forces arising from space charges compensate for the horizontal 
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component &, of the external electrostatic field. Whence it follows that 
the density of the electron cloud decreases at the periphery. This is 
shown in Fig. 12, where a cross-section of the working space is given. 

The electrostatic field &% and the corresponding acceleration ff will 
have in the middle of the working space over the major part of the cross- 
section practically constant values &, and fy,, which are determincd by 
the resonance conditions (2.18) ensuring the most effective production of 
oscillations. The acceleration f? decreases towards the periphery, and at 
the very end, where there are enclosing shields, the acceleration Sf, reduces 
to zero (Fig. 12). Thus the acceleration f; Varies within the range 


Eliminating the quantity g from the expressions (5.23) and (2.18), we 
obtain the end-resonance condition in the form 


y 
Jy _ 2m (5.25) 
toy 2 
The formulae (5.24) and (5.25) show that under the condition 
3 
os Q < 9 @ (5.26) 


at the ends of the cathode on each side there are two regions where end 
resonances take place (when m = 1 and m = 2). If the Larmor frequency 
2 is increased, the number of end resonances will also be increased. Under 
the condition 


] 


only one end resonance is possible. If the magnetic field is so small that 
Q < 4m, then the resonance phenomenon will not occur. This case is of 
no practical importance, because for weak magnetic fields corresponding 
to such operating conditions the anode efficiency will become low, as 
shown in the preceding Part. 

In practice planotrons and magnetrons usually operate under condi- 
tions when 2 > w, i.e. when there are at least two end resonances. Hence, 
in the operating conditions there are at each end of the cathode in the 
electron cloud two regions where owing to the end resonance the radius 
of electron orbits will change and the trochoidal trajectory will become 
deformed. 

In order to investigate this deformation in more detail, consider 
electron trajectories under resonance conditions. We shall separate the 
real and imaginary part in the equations (5.15) and (5.16) and thus obtain 


888 CoLLECTED PAPERS OF P. L. Kapitza 


four equations (confining ourselves to the case n = 1, i.e, taking into 
account only the first term in the series (5.03)): 


, A, (2ga)" _oap 5 
A= ~ 35 mt © 008 Bg — me), 628) 
9 ™ 
_ a ( “ e798 sin (2gA — mg), (5.29) 
m—1 
. Hy (29a) e798 sin (2gA — mp), (5.30) 


“=~ 30 (m —D! 


9 m1 
ap = — a — e 78 cos (2gA — mo). (5.31) 
We find the trajectory of the centre of an electron orbit. We shall 
mainly be interested in the magnitude of B which is equal to the distance 
from the centre of the orbit to the cathode surface. Its minimum magni- 
tude is equal to the value by) = f//22*® determined by an expression 
analogous to (4.19) and valid for any motion in which the kinetic energy is 
acquired only on account of the potential of the electric field in the 
working space. On the basis of the value of B we determine from the 
expressions (5.20) and (5.23) the radius of the orbit 
ofe 
a — (Bb) =" (B—b), b= im. (5.32) 
g 2 7 
The critical value of B at which the electron hits the anode is deter- 
mined by the condition 
B,= D—a. (5.33) 


These last two expressions allow the critical value B, to be calculated. 
From the equations (5.28) to (5.31) one can see that if an electron arises 
in the supply plane B = d, then its further destiny depends not only on 
the value of the phase coordinate gA at the starting moment of the motion 
but also on the phase g on the circular orbit. In order to include the 
motion of electrons with all possible values of initial phases, it is sufficient 
to introduce the total phase 


fe = 299A — mop (5.34) 


and to consider w in the range —3n/2 < ye <2/2. Introduce also a 
function 


y= 29B —mi|na. (5.35) 
We obtain 
y 1 . gil, | eae ne (2ga)"-2 
= 294A —mo = — _ ac _ogB 
" ’ ” Q m! m—1(m — 2)! © COS Mt, 


D = 


i H 2 ™ , Dagq)ym-2 
» = 29B mo 71 ! 92) mm (ga) | eB 
a Q m! m—1(m— 2)! 


HicgH-POWER ELECTRONICS 889 


from which one gets the simple relations 


>= — ptany, } (5.36) 
y = In cos + const. | 


Using formula (5.32) we obtain the required expression for the trajectory 


(42 — byne e206 B— By) COS fe (5.37) 
B—b, COS fly 


where B, and yy are the initial values of B and uy. 

In Fig. 13 there are drawn two families of such trajectories calculated 
for the values m= 1 and m= 2. It is seen that they are closed. 
Differentiating the preceding expression one can show that the point 
enveloped by all the closed trajectories has the coordinates 


l 


T 


we=0, +7, +27,... B=B,=~>+)h= (~ +m). 6.38) 

my m 
On a horizontal line passing through these points there lie the inflection 
points of all the curves. All the curves are restricted horizontally from 
below by B = by, but from above they are in no way restricted, so that 
as B— b, the curves become ever more elongated in the direction of the 
B-axis. It is seen that also here a phenomenon analogous to phase 
focusing takes place, because the centres of the electron orbits gather into 
tongues, but above the horizontal B= B,, the tongues disperse (see 
Fig. 13). These tongues, of course, pertain to the u,B phase space which is 
connected in a complex manner with real space. In real space no periodic 
concentration of electrons will take place along the A-axis. Only electrons 
whose initial phase lies within an interval 0 < uy) < —7 will enlarge their 
orbits and move toward the anode. The closer this initial phase is to 
—7/2 (Fig. 13), the steadier an electron will move toward the anode. The 
other electrons will move toward the cathode, and the radii of their 
orbits will decrease. 

The results obtained here account for the occurrence of the zero current. 
Since the acceleration ff at the end, where the resonance giving rise to 
zero current takes place, is not connected with the acceleration fj, in the 
middle of the working space, which is determined by resonance conditions 
ensuring the production of oscillations, both resonant processes may occur 
independently of each other. Zero current arises at the periphery of the 
working space—in bands where the conditions (5.12) are fulfilled; it does 
not take part in the process of generation, and only lowers the efficiency 
of the generator. To calculate the zero current it is necessary to know 
the width of the band of an electron cloud at the end of the cathode, from 
which an electron can be pulled into tongues, as well as the charge density 
in the cloud. These values are unknown, and we are as yet unable to 


calculate them. 
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The phenomena in the electron cloud are expected to become even 
more complex on account of the transverse motion of the electrons, owing 
to which the electrons will permanently get into and out of resonance 
bands. In spite of the fact that the change in the radii of the electron 
orbits takes place in narrow bands at the periphery of the working space, 


Via. 13 


owing to the transverse motion of the electrons it will spread all over the 
space. Thus a diversity in the magnitudes of the radii of electron orbits will 
arise in the overall working space, and the kinetic energy of the orbital 
motion will on the average be increased. In the preceding Part it has 
been shown that this leads to a lowering of the anode efficiency and an 
increase in the back current towards the cathode. 

I:xperiments that we have carried out on a planotron have shown that 
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even if there are no oscillations in the resonators an intense heating of 
the cathode may occur. In certain of these cases, according to calori- 
metric measurements performed by us, the power coming to the anode 
was comparable with that coming to the cathode. This shows that elec- 
trons come back to the cathode with an increased energy which in certain 
of our experiments amounted on the average to about 10% of the 
potential between the cathode and anode (for instance, at a potential of 
4900 V the average energy of the electrons coming back to the cathode 
is equal to 460 eV). This means that the electron motion in the working 
space is not conservative, since in a conservative motion relation (5.12) 
holds, and the electron cannot come back to the cathode with an excess of 
kinetic energy. When there are no oscillations in the oscillatory system, 
the heating of the cathode is possible only in the case when an energy 
exchange takes place between circular motions of electrons which can be 
compared to the ordinary phenomenon of temperature equalisation 
occurring owing to a kinetic energy exchange between molecules. 

Thus the initial cause of the zero current lies in the resonance at the 
periphery of the working space. Owing to this resonance the electron 
motion takes place on deformed trochoids pertaining to the same family, 
but possessing different kinetic energies. Therefore the total kinetic 
energy of the electron cloud increases. In consequence of an interaction 
between electrons moving in the electron cloud with different kinetic 
energies, it equals out and thus the trochoids pertain no longer to the 
previous families. This leads to the fact that the electrons can come back 
to the cathode with an excess of kinetic energy, and heat it. 

The above explanation of the zero current completely predetermines 
the way of a further theoretical as well as expcrimental investigation of 
this interesting and important phenomenon. At the same time, a number 
of known phenomena lend themselves to an explanation, in particular, a 
phenomenon consisting in the fact that always as the zero current increases, 
so also does the back current (current from emitters to the cathode). 

The suppression of the zero current is of importance for an effective 
operation of planotrons and magnetrons. A means of combating the zero 
current follows directly from an analysis of factors determining the value 
of B according to equation (5.29). For a given width of a band of an 
electron cloud and for a given space-charge density the magnitude of the 
end effect and, consequently, of the zero current will be proportional to 
B. Denote the proportionality cocfficient by A. Then the zero current 
will be equal to 


J, —=KB (5.39) 
while the corresponding relative end losses will be equal to 
J, %KB 


yn a tate, 5.40 
1 —m =F F (5.40) 


where J is the anode current. 
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In some of our experimental planotrons losses arising from the end 
effect amounted to magnitudes such that the self-excitation of the 
generator ceased. In order to avoid this, one has to choose properly the 
parameters of the working space of the planotron. From equation (5.39) 
for B and expression (5.03) for H, it follows that the ratio D/l (D is the 
width of the working space, J is the resonant-structure period) has a 
substantial effect on the magnitude of the zero current. The larger the 
value of this ratio, the less the zero current. But this ratio cannot be 
increased above a definite limit, since there is associated with this a 
sharp increase of the critical quality factor @, which, according to the 
formula (3.37), is proportional to sinh 2gD. 

The value of B decreases also with the ratio a/l; hence, the smaller the 
initial radius of the orbits of electrons coming into the working space, the 
smaller the zero current. Thus the back current (like anodic and cathodic 
losses) is expected to decrease when the electron emitter is placed below 
the cathode level (see Part IV). This conclusion was borne out by our 
experiments with the planotron. Back current is also expected to decrease 
if the form of the working space is chosen such that the coefficient H,, 
which determines according to the formulae (5.01) and (5.04) the amplitude 
of the first harmonic of acceleration, decreases. The value of H, depends 
on the form of the outward edges of the anode, which should be made as 
even as possible in order that periodic inhomogeneities of the electrostatic 
field may not increase. 

Finally, the last and the most obvious and effective way of combating 
end losses (which is impracticable at low powers) consists in applying as 
large a working space as possible, for which the ratio of the perimeter to the 
area is lower. This leads to a decrease of relative losses from the zero 
current. It is also obvious that with an increase in the power to be 
generated the specific weight of the losses from the zero current will decrease 
and, thus, the total efficiency will be improved. 

We may point to one more cause of the occurrence of the zero current. 
It is well known that as the magnetic ficld cuts off a current, the electron 
cloud at the cathode attains a density such that the space-charge field 
near the electron emitter compensates for the external electric field. One 
can easily calculate the density of the cloud and show that even at 
appreciable intensities of the zero current the electrons have to perform 
a large number of rotations around the cathode. Irregularities of the 
surfacc of the cathode and anode, or lack of parallclism between the bounds 
of the working space tell upon the uniformity of the electric field. The 
non-uniformity of the field coming from these imperfections in the manu- 
facture of the device can always be expanded in a Fourier series, and under 
certain conditions there arises a resonance with the orbital motion of 
electrons. Because the electrons perform a large number of rotations 
around the cathode, even if perturbing inhomogeneities are not large, 
there will necessarily occur an increase of the radii of the orbits, which 
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will give rise to a zero current, even if not intense. This, obviously, 
accounts for the fact that in practice one does not succeed in setting up 
sufficiently uniform conditions for the clectron motion, under which the 
magnetic field would completely cut off the electron current according to 
the laws for the motion of electrons in crossed fields. 

In a multichamber magnetron as well as in a planotron the resonators 
necessary for generation give rise to a pronounced periodic non-uniformity 
in the electrostatic field and, hence, the zero current and phenomena 
associated with it are appreciable. From the equations (5.29) and (5.30) 
one can see that owing to the factor e~””” the derivatives B and @ have 
the maximum magnitude for small values of B, i.e. near the cathode. 
This means that initial changes in the radii of electron orbits are easiest 
to produce. Therefore even small periodic irregularities of the working 
space, which are insufficient to produce by themselves an intense zero 
current, may strongly affect the initial spread of the radii of electron 
orbits. Thus any, even very small inhomogeneities of the electric field, 
if they produce even a small but well localised change in the field at a 
distance comparable with the spacing between the trochoids, give rise to 
an increase of the radii of electron orbits, which as shown before has a 
harmful effect on the characteristics of the device. Therefore it is necessary 
to take care of the processing of the cathode surface: it should be done as 
thoroughly as possible. 


Part VI 
The Theory of the Magnetron 


A Great deal of literature is devoted to the magnetron, and its char- 
acteristics are known over a wide range of wavelengths. Therefore we 
found it interesting to compare as far as possible theoretical characteristics 
obtained by means of our method with experimental data. 

The calculation of electron trajectories in a magnetron represents a 
more complex problem than in the case of a planotron, because in a 
magnetron one has to deal with the motion of electrons not in a plane- 
parallel electrostatic field, but in a ring-shaped gap with a radial electro- 
static field. 

It will be seen that no simple solution of the problem of the motion in 
static fields of the magnetron is available. One has to solve this problem 
from the very start by a perturbation method, which makes the con- 
sideration of electronic processes in a magnetron more complex than in a 
planotron. 

The electronic mechanism in the magnetron and planotron is the same, 
but the curvature of the working space may somewhat modify this 
mechanism and bring in new traits in particular with regard to space- 
charge effects. If in a magnetron the number of cells increases and the gap 
between the cathode and anode becomes small in comparison with the 
radius of the cathode then, as we shall show at the close of this Part, 
the characteristics of the magnetron become more and more similar to 
those of a planotron. 

The basic notation is shown in Fig. 14. The inward and outward 
radius of the working space are denoted, respectively, by r, and rz, the 
gap between the anode and cathode by D, the mean radius by 7, and the 
number of pairs of resonators by p (the total number of the resonators is 
in the literature often denoted by V). Between these quantities there are 
the following simple relations: 


Tr + 1s 
a, ? 


= 


D=1r,—-n", 7= 
(6.01) 


D 


9 
N = 2p, 9 -—. 
Pp 


The investigation of trajectories in a magnetron is carried out in 


894 


HicH-POWER ELECTRONICS 895 


the same way as in Part IJ for a planotron. Let us begin with the deter- 
mination of an analytic expression for the alternating electric field # 
produced by the resonators, and for the corresponding acceleration 


é 
F=<8. 02 


The angular frequency of the oscillations in the resonator will be as before 
w = 2nc/A. Because the wavelength A is much larger than the distance 
ro0, between the resonators (this condition has been fulfilled also for a 


VF \ 


Fie. 14 


NS 


planotron), in place of the wave equation (2.03) we shall simply make use 
of the Laplace equation. In cylindrical coordinates this equation has the 
form 


0, (6.03) 


a ( *) OD 
"ar \" or) © Bae 
where @ is the scalar potential. The general solution of this equation in 


cylindrical coordinates, which has a period #, with respect to an angle #, 
will have the form 


b= > M,,(e"? + 22"), (6.04) 


where 
ié * — paid ~ 
z= re”, z*=re™. (6.05) 


The calculation of the expansion coefficients M,, as well as further 
computations get considerably simplified if one introduces the following 
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elementary functions which we shall denote by sir and cor (radial sine 
and radial cosine) 
a” — aon gn + aon 


5 , cor (x”) = 2 (6.06) 


sir (x") = 


The equation that is satisfied by the functions cor and sir reads: 


é¢ ({ 0 on a. QO = cor (x") 
v5 (#2) -we =o: @ = sir (2") 


The application of these functions considerably simplifies all calcu- 
lations in cylindrical coordinates, since sir and cor appear to be a natural 
generalisation of the hyperbolic functions sinh and cosh which are con- 
venient when use is made of Cartesian coordinates. As will be seen later, 
a number of the expressions for the motion of an electron in the cylindrical 
case may be obtained directly from those in the plane case upon replacing 


TABLE 1 
1 1 . 1 1 
cor (~) = 7 [a+ — sir (t) = 5 [2 — - 
2 x 2 x 
1 . L\ . 
cor {—} = cor (a) sir {- | = — sir (x) 
x x} 
cor x = cor (e!*) sin« = — isir (el*) 
cosh x = cor (c*) sinh x = sir (e*) 
d n d n 
-—— 2) — _ sip (an — sj my a 
ds cor (a) 5 sir (a") z sir (2”) _ cor (x2") 


cor (zy) = cor (x) cor (y) + sir (zx) sir (y) 


cor (;) = cor (x) cor (y) — sir (x) sir (y) 


wn 
5 
a 
= 
Il 
2, 
5 
8 
° 
° 
wy 
S 
+ 
° 
° 
wy 
8 
a, 
Le] 
S 


[ oe 


sir (v) cor (y) = 


se (xy) -+ sir (=)| 
y 


cor (2) cor (y) = ; cor (xy) + cor ) | 
y 


: . 1 x 
sir (x) sir (y) = 5 co (xy) — cor (=) 
“ y 


cor? (a) + sir? (@) = cor (x?) cor? (a) — sir? (x) = 1 


2 cor (x) sir (x) = sir (x?) cor (x) + sir (xz) = 2 
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sinh and cosh by sir and cor. At the close of this chapter we shall show 
that in the limiting case of a magnetron with a large number of resonators 
these expressions go over into one another. Since the functions sir and 
cor are specially adapted for solving cylindrical problems, I denote them 
by a combination of letters in which their affinity with the hyperbolic 
functions is noted, while the letter “r’’ points to their relation to the radius- 
vector. Mathematical operations with sir and cor are formally very similar 
to those with sine and cosine and, therefore, are easy to remember. The 
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Fig. 15 


most generally used of these are presented in Table 1. The transition 
from sine and cosine to sir and cor is given by the simple formulae 


sin nx = —isir (e"), cos na = cor (e'”*). (6.07) 


The plots of the functions sir («) and cor (x) are shown in Fig. 15. 
The functions sir (2") and cor (x") appear to be the solution of the 
well-known differential equation 


d y" 2p, 6.08) 
(= ae) Y= Py: (6. 
Using these functions the calculations get abbreviated and simplified. 


The solution of the Laplace equation in a form appropriate for our 
boundary conditions reads 


fo) mp 
@=)> M,, sir (2) cos mpt- (6.09) 
= 1 
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In order to determine the coefficients M,, introduce boundary conditions 
with the same simplifications as in solving the Laplace equation (2.07) 
in the plane case. In view of Fig. 14 they can be written as follows: 


Oo, — BD, 
Es = 0 for r=~r, and 0<8<—-{, (6.10) 


E, = E, = const. for r= r, and fo" ae 
and so forth, taking into account that neighbouring resonators oscillate in 
anti-phase (z-oscillations). The period of the anodic structure with 
respect to an angle #, i.e. the angle at which one period of the anodic 
block is seen from the centre of the magnetron, is denoted by #,, while 
the angle at which the gap between the resonators is seen is denoted 
by @,. 

Applying the usual method, we obtain the following expression for the 
potential: 
= Lyre 5 (—1)"1 - 
TP n= (20 — 1)? sir (rp/r)O"-Y? 


Xx sin (2n — 1) p08. (6.11) 


@ 


r 


sin {(2n — 1) p3,/2] . (\"" , 


This expression goes over to the expression (2.08) if sir and cor are replaced 
by sinh and cosh. 

Further, we shall confine ourselves to the calculation of the first space 
harmonic (n = 1) in the formula (6.11). We introduce the notation 


__ ¢ 4H, sin (p),/2) 


mm sir (r9/7,)? (6.12) 
Then the first harmonic can be written in the form 
= Ue (*)sin po cas 
—P= sir {—] sin pd. 
m ? y,) SDP (6.13) 
The components of the acceleration are equal to 
1d fe 
F,=- = |-9)si 
9 =F 5A (< ) sin ot 
(6.14) 


0 
(==> (< 0) sin wt. 
or \m 


According to Table 1, the formula (6.13) may be rewritten in the complex 


form 
e Ur,[ . sy’ _ (2*\P 
— Pp — ——* ° — * — . 
m P 2p si (= + sir (=) | (6.15) 


F 


HIGH-POWER ELECTRONICS 899 


Comparing this expression with formula (1.34), we find the complex 
acceleration F connected with the alternating electric field in the working 
space of the magnetron 


j Pp 
F = — cor (=) sin wt. (6.16) 


The electrostatic field between two coaxial cylinders is radial and is 
equal to 


6a" 


bd 


ein ® (6.17) 
"Y 

where V is the potential difference, while r, and r, are the radii of the 

cylinders. The complex acceleration produced by this field in the working 

space of the magnetron is equal to 


f= sy (6.18) 
where 
Ka. 6.19 
m in? (6.19) 
a 


Under the action of the acceleration f the centre of the circular electron 
orbit will drift around the cathode, and the drift velocity will decrease as 
the radius r increases. If the acceleration f is substituted into the basic 
equation of motion (1.06), then it turns out that it has no accurate 
solution in a sufficiently simple form allowing a subsequent calculation of 
the high-frequency field. Therefore, to find out the motion in the electro- 
static field we shall apply our approximate method and make use of the 
third basic case (1.09). We shall then divide the acceleration (6.18) into 
two components 


f=f+ 4p, (6.20) 
where the acceleration f, is equal to 
fo = @, (6.21) 
while 
K 


and the basic equation of motion (1.06) will assume the form 
z+ iO: = Cz + Af. (6.23) 


Thus the acceleration Cz determines the motion according to formula 
(1.09), while the additional acceleration Af modifies only the parameters 


13* 
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a and f. Thus in first approximation the motion of the electrons takes 
place on an epitrochoid 

z= ae iit 1 Be ie, (6.24) 
where 


The motion for « = const. and f = const. consists in the rotation of 
the centre of the circular electron orbit round the cathode with an angular 
velocity —, on a circle of the radius R = |a|. Round this centre there 
move electrons with an angular velocity —Q, on a circle of the radius 
a = |6|. The perturbation of this motion under the action of an additional 
acceleration Af is calculated from equation (1.22), assuming F to be equal 
to Af. Then we obtain 


,-- [Fla - 
a Ve ag ee (6.26) 


Upon averaging and separating the imaginary and real part, we obtain 


=~ arma lm -¢} 
VQ —4C\R2 WP (6.27) 
R=0, %= Re®. 


In an analogous way we obtain the equation for B, from which we find 


= ag maale ~°) 
VQ? — 4¢ \a* (6.28) 
ad=—0, B=ae*, 


We determine now the constant C in the expression (6.21) for the 
acceleration fy. In order to obtain the best approximation, it is necessary 
to choose the value C so that the average value of the difference Af over 
the range 7; <r < r, of the working space should be as small as possible. 
Making use of the expression (6.22), we assume the average value of Af to 
be zero 


whence 


3 (6.29) 
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Indeed, the average value of Af is equal to zero if the potential 
difference V in expression (6.29) is equal to that in expression (6.19). 
Then a definite relation is established between K and C. If one denotes 
by ry the value of the radius-vector for which Af = 0, ie. f = fy, then 
mT 


2 
0 2In (2/71) 


and K =Cr. (6.30) 


Replacing the quantity K by C we transform the equation (6.27) into 


the form 
C r 
O= ~s— (#-1): (6.31) 


The angular velocity of rotation of the centre of a circular electron 
orbit under the action of an acceleration f will be equal to —Q, + © and, 
hence, depend on #. It will have the largest value at the cathode, and 
will decrease as the anode is approached. For this reason the resonance 
between oscillations of the resonators and the motion of electrons is 
possible only for electrons moving round the cathode at one arbitrarily 
chosen value of &. Hence the production of oscillations in a magnetron is 
possible only owing to phase focusing. Under the action of phase focusing 
in the high-frequency field the centres of the electron orbits moving round 
the cathode at other radii are maintained in proper phase, because there 
appears the focusing velocity which alters in the proper sense the angular 
velocity of rotation of the electrons around the cathode. 

From these considerations it follows that electron trajectories are to be 
calculated in two stages. We shall first calculate electron trajectories under 
the action of an acceleration f, + F, where f, is the acceleration (6.21), 
while F is the acceleration (6.16) produced by the alternating electric field 
of resonators. Thereupon we shall investigate the effect of the perturba- 
tion Af on the motion thus obtained, and shall obtain trajectories that 
interest us by the method given at the close of Part I. 

We find out the motion of the eentres of electron orbits under the 
action of the acceleration f, + F. Using equations (1.22), we obtain 


. iV 1 zo\? . ; 
g= — 2 = cor (2) sin wt el, (6.32) 
VQ? — 40 8 "1 


In averaging we express sin wt in terms of sir, use Table 1, and obtain 
under the averaging sign the following expression: 


ilf. zk\? , . z\P _, 
—s5 fe (2) el) — gir | {—} e | }- 
2 2 " ry . 


In order that in the expression 


*\ D i2,t i2,t\ Dp 

(2) ello (xe ++ Be™*) ei —oy 
p 

ry ry 


CPK l3a 


902 CoLLECTED Papers oF P. L. Kapitza 


there may be a time-independent term, it is necessary that the following 
equation should be satisfied: 


wo = pQ, + mV 22 — 40, (6.33) 


where m = 0,1, 2,... 

This represents the resonance condition. It interests us when m = 0, 
because then, as in the planotron, 6 = 0 and, consequently, the radii of 
the electron orbits remain constant. Substituting the value 2, from (6.25) 
into the resonance condition, we obtain for m = 0 


Q 4C 
w => (a fh _<). (6.34) 
In this case, upon averaging equation (6.32) assumes the form 
. Ur, 1 . (%*\? 
2VQ2 —40 &*  \ry 


Using the rules for the differentiation of the function cor, we can also 


write 
2 Ur, d cor (=)’ (6.36) 
op 2 — 40 da* \r, ' 


Comparing the right-hand side of this equation with formula (1.35), we 
find the flow function for the velocity x. Upon a simple transformation we 
obtain 
U R\? 
— 2 __ sip (4) sin pO. (6.37) 
pV 22-40 \Yy 


The trajectories are determined by the equation Y = const.; if sir is 
replaced by sinh they go over into the trajectories (2.25) obtained before 
for the plane case. The values of the phase velocities are obtained by 
differentiating the flow function 


1 aw Uy 1 Ry. 
, 1 aw Ure 1. (RY? “es 
R = R a ~ o/OP ae “40 R sir 8 cos pO. 


We now turn to the second part of the problem—the calculation of the 
perturbation produced by the acceleration Af. For this, in accordance 
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with the equation (1.32) we shall introduce in place of AC]V Q? — 4C the 
quantity © from expression (6.27). Then we shall obtain 


1 Ur. h\? 
6" = - | 2 (2) in pO" 
Vornae (OR? cor r, sin pO’ + 
2 (6.39) 
R? 


R=R. 


The phase velocity R remains the same as before. It may readily be seen 
that perturbed phase velocities determine as before potential flows. The 
flow function for this flow is equal to 


1 Ur R\? Ry /R\? 
[UP (Yan po — [im (4 (29 ]} soa 
9x/02 — 40 \ p ad "0 ro ro (6.49) 


Assuming Y’ = const., we shall obtain the required trajectory along 
which the centre of the electron orbit moves. If the motion takes place 
under the condition (6.34), then @ = 0 and the radius of the circular 
orbit does not change. The orbital angular velocity of the electron will be 
equal to 2, = —2Q, + ¢, where ¢ is determined by the expressions (6.28) 
and (6.30). Hence 


1 Q 1) ~.—, C (" )]: 

a= —|2 45 vie a + So 2 1 (6.41) 

It can be seen that 23 does not depend on F and, hence, the phase p 
and the radius a may have any values given by initial conditions. Con- 
sequently, the motion of the centre of an electron orbit takes place along 
the trajectory Y’ = const. in phase space which moves with an angular 
velocity —2, around the origin. The centres of the electron orbits move 
in this phase space with velocities 0’ and R’ determined by the equations 
(6.39). Electrons rotate around the centres with an angular velocity 23. 
Thus we have obtained a complete analytical solution of the problem 

of the motion of an electron in the working space of the magnetron. We 
shall not present a detailed study of the whole electronic process as we have 
done for the planotron. Having expression (6.40), it is easy to calculate 
all the electron trajectories. This is a somewhat more complex (in com- 
parison with the planotron) but quite feasible task. We shall point only 
to some specific features of the magnctron in comparison with the plano- 
tron, which follow from the expressions obtained for the trajectories. If 
there are oscillations of a high intensity, when U is large and the second 
term in the right-hand part of the formula (6.40) is small in comparison 
with the first one, the trajectory will approach that of the unperturbed 
motion, which is determined by the cquation Y= const., where YW is 
defined by formula (6.37). The corresponding family of trajectories in the 
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pO, R phase plane is plotted in Fig. 16. The individual trajectories of 
this family are characterised by different values of the radius F for 
pO = +n/2. 

If the cylindrical surface R =r, is assumed to be the supply plane 
(see Part II), then it is easy to find the distribution of electrons in the 
working space of the magnetron. It can be seen from Fig. 16 that the 
motion of the centres of the electron orbits has the same tongue nature 
as in the planotron (see Fig. 2). Consequently, the results concerning the 
stability of processes which were obtained in Part III for the planotron 
are applicable also to the magnetron. A distinction between these two 
devices arises in cases when it is necessary to take into account the second 
term in the expression for Y’. Indeed, the trajectories Y’ = const. are 
no longer of a symmetric nature, but are deformed on account of the 
acceleration Af arising from the non-uniformity of the electrostatic field. 
The nature of these trajectories reminds us of the perturbed trajectories 
obtained before (Fig. 4) for the planotron. The investigation of them can 
be carried out in the same way. Therefore we shall confine ourselves 
to presenting the final results that interest us. 

From expression (6.40) it is seen that the distinction between the 
trajectories Y' = const. and Y= const. for given parameters of a 
magnetron depends only on the ratio U/C, i.c. on the ratio of the alternating 
electric field to the static one. If U < U, the trajectory Y’ = const. loses 
its tongue nature and becomes a wave line around the cathode, and then 
the production of oscillations becomes impossible. 

The critical value U, can be determined directly from the first equation 
(6.39). Assume that the centres of circular electron orbits arise in the 
supply plane R =7,. Then the most important phase focusing in this 
plane is the one carried out by the first term of the expression for @, 
which is proportional to U. The second term proportional to C counteracts 
the phase focusing. When U = U,, R=r,, and pO = 7/2, these terms 
must add up to zero (see Part III). Then as U <C, the motion loses 
the tongue nature. Thus we obtain the critical value 


uv = C mT; 
c= > TT 9 
"2 cor (“: (6.42) 
ry 


whence it is seen that the smaller U,, the more similar the radius r, of the 
supply plane to the radius 7) defined by the formula (6.30). 

The existence, in the magnetron, of a critical intensity of oscillations 
below which the production is impossible is of interest mainly from the 
standpoint of the self-excitation of oscillations. Indeed, for their 
production it is necessary that the intensity of the oscillations should 
exceed the critical intensity. It is known that fluctuation phenomena in 
an electron cloud surrounding the cathode are the source of initial oscil- 
lations. Estimates show that it is doubtful whether oscillations with an 
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intensity exceeding the critical value can be excited. We think that the 
resolution of this contradiction is to be sought for in the effect of space 
charges on the process of self-excitation. It is obvious that, owing to the 
end effect and the interaction between circular electron orbits which is 
described in the preceding Part, when there are no oscillations the working 
space will be filled by electrons drifting on orbits with different radii. 
It may be shown that the space charge produced by the presence of 
electron orbits in the working space will so change the electrostatic 
field that its non-uniformity along the radius will favour the motion of the 
centres of electron orbits around the cathode with a constant angular 
velocity. This facilitates the self-excitation of oscillations. 

From expression (6.42) one can see the effect of the size of the working 
space on the value of U,. When the width D of the working space decreases 
(D/r, > 0), then according to the formula (6.30) 7) tends to 7, and U, 
decreases. The smaller U,, the easier the self-excitation of the magnetron 
becomes. Since the oscillatory process takes place as U > U,, trajectories 
under operating condition for generation always have the tongue nature. 
It follows from the above analysis that under all conditions the phase 


velocities ©’ and R’ appear to be potential and solenoidal ones. Hence 
all conclusions concerning a uniform filling of tongues by the centres of 
orbits, the mechanism of the phase stability, the possibility of reversing 
the generating process for obtaining a continuous current and so forth, 
which have been derived from the analysis of electronic processes in the 
planotron are completely valid also for the magnetron. 

In order to obtain the picture of the motion of electrons in the working 
space of the magnetron, we have calculated the trajectories of the centres 
of electron orbits for 7, = 1, r, = 3, rg = 1:2, p = 4, and for the critical 
intensity of oscillations (6.42). The corresponding tongues are presented 
in Fig. 17 in cylindrical coordinates; the tongues proper, i.e. the regions 
where the centres of electron orbits move, are shaded. If electrons are 
emitted by the cathode surface, then the radius of electron orbits will be 
equal to @=r, —7,. For these initial conditions, finer lines are drawn 
at the sides of the tongues, showing the boundaries within which the 
motion of electrons takes place. Since we know the values R’, 6’, Q, and 
253, one could easily draw the trajectories of individual electrons. 

Such trajectories are of no special interest, because for the calculation 
of the characteristics of an electronic device one needs only boundaries 
that determine all possible electron trajectories. In order to obtain these 
boundaries, at one time a calculation of individual trajectories was under- 
taken by means of the numerical integration described in the American 
book Magnetrons,t and from them the boundaries of tongues were obtained 
(see Fig. 15 on p. 45 of that book). Comparing these numerical results 


T See also Part ITT. 
} D. Fisk, CG. Haustrum, and P. Garman. Jlagnetrons. 
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with ours, we see that they are in good agreement. A disadvantage of 
the numerical method consists not in its requirement of calculations that 
can be carried out only by electronic computers, but in the fact that 
trajectories obtained in this way do not make it possible to derive the 
necessary characteristics of a magnetron, for instance to find the space- 
charge density, the critical value U,, the critical value Q, of the quality 
factor, the critical power P,, and so on. 


We determine now the wavelength given by the condition (6.34). 
Since the quantity 40/22 under the radical is usually small, from formula 
(6.25) we obtain 


O 
= 5 (6.43) 
and 


w=. (6.44) 


The quantity C is given by the expression (6.29). Passing to wavelengths, 
we obtain 


2rHrD _ ty hy 
= , where 7 = —_—- 
V 2 


(6.45) 
p 
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In the book Magnetrons (pp. 164, 187, 205, and 233) there are the 
characteristics of a number of magnetrons constructed by the American 
industry in a wavelength range from 40 down to 1-25 cm. Those character- 
istics of these magnetrons that we need are given in Table 2. Wave- 
lengths calculated according to the formula (6.45) are also given in 
Table 2. They are in sufficiently good agreement with experimental 


wavelengths. Some existing disagreements should, apparently, be 
\ TABLE 2 
r r 
pat D=rn—%", N=2p 
_ 4arHD _ 2m? VV 
~ NV? Tee HD? 
Type 4j42 | 4751 | 7284j | 5723 | 4j2630 | 4j2125 | 5722 
4 experimental, cm 43 32-1 32-1 28-6 24 22-8 23°4 
A theoretical, cm 47 29 32 31 21 24 26 
1 — n, experimental, %| 68 35 35 42 54 47 42 
1 — y, theoretical, % | 21 19 18 21 20 20 25 
P 
=? kW/cm? | 0-75 0-7 5°5 3:7 9-4 9-6 11-2 
a | 
| i 
, 718 706 . 
Type A,E, 714A, A,G, T20AE | 494547 | 
A experimental, cm 10-7 9-1 9-8 10-7 10-7 
A theoretical, cm 12-6 11-2 9-2 11-2 9-4 
1 — n, experimental, %| 47 47 45 32 32 
1 — nq theoretical, % | 24 25 24 23 17 
P 
=” kW/cm? 13-6 | 14:5 ; 15:5 44-0 61-1 
a : | | | 
Type 274850 | 275560 | 4752 | 4750 | 3721 
A experimental, cm 3:3 3-2 3-2 3°3 1:25 
A theoretical, cm 3-57 3°30 3:56 3:44 1:47 
1 — 7, experimental, %| 48 50 31 34 63 
1 — yn, theoretical, 4 28 48 38 29 40 
P 
=? kW/cm? 17 40 45 110 100 
a 
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attributed to the inaccuracy of data concerning the size of the working 
space of the magnetrons. The main source of this inaccuracy appears to 
be the fact that in the operation there arise heat deformations of indi- 
vidual parts of the device as well as of the fastenings connecting them. 
Calculations show that this inaccuracy is sufficient to account for the 
disagreement between the theoretical and experimental data. 

We now calculate anodic losses. It is known that they arise on account 
of the kinetic energy with which an electron arrives at the anode. Since 
both angular velocities with which an electron comes to the anode are 
known, this kinetic energy will, if the velocities R’ and ©’ are neglected, 
be equal to 


Wg =~ (Qyrg + Qya)?. (6.46) 


If electrons are emitted by the cathode surface, then the radius of the 
electron orbit is determined on the basis of initial conditions at the cathode. 
When r = 1, the electron velocity is equal to zero and, since the angular 
velocities 2, and Q, remain constant during the motion, we have at the 
cathode surface the equation 


Qyr, = Qa (6.47) 


and formula (6.46) assumes the form 
W,= . lr, Lrg)? = 2m.27?, (6.48) 


Substituting the values Q, and C from the formulae (6.43) and (6.29), we 
obtain a simple transformation 
2mc? V2 


Mo = ap 


(6.49) 
The total potential energy acquired by an electron in its passage 
through the working space is equal to 

W=el, (6.50) 

whence we obtain an expression for relative anodic losses 
W 2m — WV 

_y — t= .—__. 6.51 

Ne = =e DP (6.51) 


Values calculated according to this expression are also given in Table 2. 
The difference between the total losses obtained experimentally and the 
calculated anodic losses may be attributed to end losses. Obviously, this 
difference is always positive, and its magnitude depends on the type of the 


magnetron. 
In the preceding Part it has been shown that end losses depend a 
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little on the power to be generated, hence the higher the power of the 
generator, the less their specific weight in the total losses. Therefore end 
losses are larger in magnetrons that operate with a smaller load per unit 
area. In the last row of Table 2 there are given powers obtained per unit 
area of the magnetron. From these data one can see that the higher this 
power, the less the difference between calculated anodic losses and total 
losses determined experimentally. In high-frequency magnetrons, where 
powers up to 100 kW/cm? are produced, this difference is small. 

Our investigations might be continued in the same way as they were 
performed for the planotron, and one might analyse the space-charge effect 
in the magnetron, determine its maximum power, its critical Q-factor, 
and so on. However, the results obtained above illustrate sufficiently the 
effectiveness of the above method for the investigation of the electronic pro- 
cesses in the magnetron. A further investigation of the characteristics of 
the magnetron should be carried out on the basis of reliable experimental 
material specially obtained for a verification of theoretical conclusions. 
A powerful continuously operating magnetron is of interest in high-power 
electronics. Such a generator is quite conceivable, but for the removal of 
heat arising from losses it should have a large size. This leads to the 
necessity of its having a large number of resonators and a narrow cylin- 
drical working space with a large radius of curvature. The characteristics 
of such a device can be calculated with an accuracy quite sufficient for 
practical purposes according to the simple formulae derived in preceding 
Parts for planotrons. The expressions obtained for magnetrons of 
increasing size must in the limiting case go over into the expressions 
derived for the planotron. 

It will be shown, in particular, that the flow function (6.40) of the 
magnetron goes over into that of planotron (3.02) as the number of 
resonators in the magnetron increases. Indeed, then 


(6.52) 


The resonant-structure spacing (period) in the planotron is | = a/g, 
hence 
2nr on 
7h oy =", 2 _tg., (6.53) 
g 7 
Using the relation between the functions sir and sinh (see Table 1), we 
have 


_ {R\?, R 
sir (*) = sinh (» In *) > sinh 22 = sinh gB. (6.54) 


1 Ty 1 
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We obtain also 
pO = z 1,0—>gA (6.55) 
1 


and 
sin pO — sin gA. (6.56) 


As R/r,) — 1 the additional term in the formula (6.40) tends to a constant 
value. Hence the formulae (6.54), (6.56) and (6.40) as R/r, > 1 give in 
the limit the same dependence of the flow function on gA and gB as the 
formulae (3.02) and (3.09) for the planotron. 

Therefore the expressions that we have obtained for the critical values 
of the current, power, and quality factor, as well as for other characteristics 
of the planotron, are expected (if the substitutions indicated are made) to 
give the proper order of magnitude also for small magnetrons. We per- 
formed such calculations, and the results were found to be also in a 
completely satisfactory agreement with the experimental data used above. 
Thus also in this rather rough comparison we obtain an agreement between 
theoretical conclusions and experiment. 


Part VII 


Experimental Investigation of Electronic Processes in the 
Planotron 


THE PRIMARY purpose of our experimental investigations was the eluci- 
dation of the mechanism of electronic processes taking place in a constant 
magnetic field, with the view to making use of them in high-power 
electronics. 

We chose the planotron as the object of the investigations. The 
theory of phenomena occurring in the planotron, which has been 
expounded in the preceding Parts, kept developing in close connection 
with our experimental investigations. Therefore, if this matter were to 
be presented chronologically, the theory and experiment should be given 
in parallel and not separately, as we do. 

We began our experimental work with a planotron which we con- 
structed by the simplest means corresponding to the technical possibilities 
we had at our disposal. For obtaining a uniform magnetic field we used 
a solenoid with an inside diameter of 10cm in which a magnetic field 
up to 1000 oersted could be obtained, and so the size of our first planotron 
corresponded to this field. 

A schematic drawing of the planotron with which we started the 
experiments is shown in Fig. 18, where also the principal electric scheme 
isgiven. Plate 47a (front view) and Plate 47b (side view) show photographs 
of this device already mounted on the support. The resonance system 1, 
as is seen from Fig. 18, consists of fourteen II-shaped resonators made of 
bent copper foils 0:35 mm thick which are held together by crooks at the 
ends. Their dimensions are shown in the same drawing. The height of 
the working space is D = 0-6 cm. At the ends and on the side opposite 
to the resonator slots the working space is bounded by the compact 
plate 2 mace of the same copper foil bent at the ends. The copper plate 3 
with a thickness of 2mm represents the cathode. On its sides there are 
protecting shields 4 which prevent electrons from going outside the 
working space under the action of their space charge. The electron 
emitter was a thoriated-tungsten filament with a diameter of 0-12 mm 
and a working length of about 1-5 cm. The emitter was mounted on the 
plate 5 placed by the cathode. To insulate this plate from the cathode a 
mica layer was put on each side. This made it possible to measure 
independently currents from the emitter and currents towards the cathode. 
The heating of the emitter was carried out by the accumulator 6. The 
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heating current was controlled by a rheostat. The insulation of the 
cathode (not shown in the drawing) was carried out by stretchers made 
of mica bands, on which the cathode was suspended as a chain bridge. 
The device was placed in a brass container. The vacuum was produced 
by an ordinary diffusion pump. The continuous-current supply was 


38 
——» 
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lie. 18 


ensured by a small rectifier 7 with a potential up to 4 kV at a power of 
100 W. The potential was controlled by the variac 8. 

The presence and intensity of electromagnetic oscillations in the 
oscillatory system was observed by a thermocouple of a simple con- 
struction. It has proved from the very start to be very convenient, and 
we are still using it. Such a thermocouple is shown in Fig. 19. It consists 
of two identical plates 4 made of a copper foil 3-4 mm wide and 0-15 mm 
thick. Each of these plates is cut on one side in such a way that at the 
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end there is formed a narrow band (0:5-0-7 mm wide). The plates are put 
on each other in such a way that the fork 2 is formed of the narrow bands. 
The ends of the thermocouple (TC), copper-constantan or chromel- 
alumel, are clamped at the crooked ends of the fork. The thickness of the 
filaments of the thermocouples amounts to 10-30 microns, while their 
total length is 4-5mm. Both copper plates are clamped into the 
holder 3 made of a beryllium-bronze foil (0-3 mm thick); the holder of the 
thermocouple is fastened to the frame 1 of the device. The insulation 
between the holder and these two copper plates is carried out by a thin 


Tig. 19 


mica sheath. The thermocouple is placed near the resonator in such a 
way that the magnetic field produced by oscillations may penetrate the 
plane of the fork 2. 

The principle of operation of such a thermocouple is obvious. The fork 
and the thermocouple make up the inductive part of the circuit, while the 
capacitive part of the circuit is formed by the copper plates with mica 
spacers clamped into the holder 3. In this way there is formed a circuit 
with a relatively small oscillatory period aud large damping, and so for a 
fixed frequency of oscillations the heating of the thermocouple can be 
considered to be proportional to the energy of the magnetic field. Since 
the area covered by the fork is only a few square millimetres, this device 
operates rather as a probe, because it has a negligible effect on the field 
and is not disturbing the oscillatory process in the resonator. The ends 
of the thermocouple 4 are attached to a galvanometer with a low resistance 
and a short period (0-3 sec). The magnetic field of the galvanometer is 
chosen such that the entire system may be critically damped. By means 
of these thermocouples one was able to find quickly resonance frequencies. 
Placing these thermocouples in different parts of the device, we were able 
to determine the distribution of the oscillatory energy in different parts 
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of the planotron. As already mentioned in Part III, it was, at the time 
when we began our experiments, not quite clear, from general theoretical 
considerations whether one could by such a device obtain a self-exciting 
oscillatory system. Therefore our first task was to find out whether the 
self-excitation of such systems is possible. 

The first experiments with the experimental planotron began in 
April, 1950, and gave at once positive results. It turned out that the 
planotron, in spite of its simple construction, was easy to self-excite. 
When the current from the emitter amounted to 6 mA and the potential 
to 1:04kV a clear resonance was observed, and the deflection of the 
galvanometer indicated the presence of strong oscillations in the resonators. 
In subsequent experiments we took the oscillations out by means of a 
waveguide, and measured the wavelength to be about 20 cm. In order to 
verify whether these oscillations are actually produced by the resonators, 
metal plates which were expected to shorten the wavelength were put into 
the resonators. Indeed, experiment confirmed that such a shortening of 
the wavelength takes place. 

In the very first experiments there was observed an extraordinary 
sensitivity of the onset of the oscillatory process to the position of the 
electron emitter with respect to the cathode plane. It turned out that the 
raising of the emitter even a little (several tenths of a millimetre) above 
the cathode plane made the self-excitation of the planotron impossible. 
Subsequent observations had shown that the planotron operates as well 
as possible when the emitter is placed a little below the cathode level. 
These observations served as the starting-point for working out a theory 
taking into account the effect of initial conditions of emission on electronic 
processes in the planotron. Subsequent experiments and theoretical 
investigations led to the theory of anodic losses which we have expounded 
in Part IV. 

One could already observe in this simple planotron the occurrence of 
oscillations in a magnetic field weaker than the critical one, if the emitter 
was placed below the cathode plane. It is known that in a magnetic 
field stronger than the critical one the height d, of cycloidal trajectories of 
electrons is expected to be less than the height D of the working space 
(see Fig. 7). Then, according to the expression (4.12), the anode efficiency 
is positive. The condition 


d, =D (7.01) 


gives, according to the formulae (4.15) and (4.17), the following value for 
the critical field 


H,=—-— (7.02) 


if the emitter is placed in the cathode plane. From the theory expounded 
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in Part IV it follows that the critical field can be reduced down to H,/4 
as the emitter is lowered below the cathode plane. All this poimts to 
the importance of a careful location of the emitter with respect to the 
cathode plane. In subsequent planotron designs there was envisaged 
a special hold-off device for emitters protecting them against a sagging 
that may result from the action of electrostatic and electrodynamic 
forces, and compensating for the extension caused by heat. In such a 
way, insubsequent planotron models we succeeded in reducing considerably 
the magnetic field as well as electronic losses. 

The following observation which we made by this simple device showed 
that zero current is associated with processes taking place at the cathode 
ends. At the parts of the device made of copper or brass one can often 
observe after an experiment that at certain points of the surface there are 
dark spots produced by a thin deposit of copper oxide. These spots are 
detected only at loci where electric current passes. Obviously, their 
origin is accounted for in a simple way. In the vacuum there is always 
a certain number of oxygen molecules which are ionised by electron 
impacts. These ions diffuse or are attracted to copper surfaces and, since 
they are in a chemically active state, form surface oxides. Thus, on the 
basis of the coloured spots one can infer the electron distribution in the 
device. In working out the device we have invariably observed, in- 
dependently of whether there were oscillations in the device, that on each 
side of the cathode copper plate there was formed a coloured band with 
a diffuse end turned towards the centre. Whence it follows that the zero 
current flows at the periphery of the working space. This points to the 
way in which one has to look for the theoretical explanation, which we 
have developed in Part V. 

In investigating this simple device the specitic features of electronic 
processes in the planotron manifest themselves clearly: first, the possibility 
of self-excitation of such a system; second, the extraordinarily strong 
effect of the position of the supply plane (with respect to the cathode 
plane) on the effectiveness of the electronic process; third, the connection 
of zero current with end effects on the cathode, and a large magnitude of 
the energy of electrons coming back to the cathode. However, such a 
device was not convenient to account for the energy characteristies. In 
particular, this planotron had a disadvantage: with in 10-15 minutes of 
operating it had heated up, and one had to wait for about an hour before 
the experiments could be resumed. We placed thermocouples on the 
frame and on the cathode, in order to observe their heating. The heating 
of the cathode was found to vary from experiment to experiment. This 
was connected mainly with the lowering of the emitter’s position, which 
also pointed to a connection of all these phenomena with the character of 
the cycloid on which the electrons are moving, and gave the starting- 
point for developing the theory of losses expounded in Parts IV and V. 

For a further verification and elaboration of the theory several simpler 
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types of planotrons were constructed, which we shall briefly describe 
pointing only to problems that were solved by these devices. 

It was of interest to find out the number of resonators of which a 
planotron can be made up. For this purpose one had to elongate the 
planotron and, hence, it was necessary to pass from the work with a 
solenoid to that with an electromagnet. The electromagnet was specially 
designed and had the following basic characteristics: number of tums— 
5892, resistance—27-5 ohm; at a power of 3kW one could obtain more 
than 50,000 ampére-turns. The space between the poles had a rectangular 
form. Its length amounted to 25cm, while the height could be varied 
at will (it could be equal to 3-5 and 8cm). The distance between the 
poles was equal to 4-5 or 6 cm. Accordingly, the largest magnitude of the 
magnetic field was 4-5, 3-75 or 3-50 kilo-oersted. The uniformity of the 
field without retouching amounted to about 1-2%. By retouching it 
could be improved three to four times, and this was sufficient. The magnet 
can be seen on the photograph in Plate 48, where the overall experimental 
arrangement is shown. 

A photograph of the following planotron that we designed is given in 
Plate 49. This planotron had exactly the same construction as the first one, 
and consisted of simple II-shaped resonators made also of a copper foil, 
but their size was smaller, and instead of 14 resonators there were 97. 
The height of the resonators was 12-6 mm, the width was 19-6 mm, the 
total length of all the resonators was 202mm, and the spacing | = 
2:08 mm. The height of the working space varied from 1-5 up to 3-0 mm. 
The cathode was made as before of a copper plate. A thoriated-tungsten 
filament served also here as an emitter. It had the same dimensions as 
in the previous device. The emitter was mounted on the cathode opposite 
to the 6th resonator. Over the entire length of the device (by the 10th, 
24th, 55th and 82nd resonator) there were placed thermocouples for the 
determination of the intensity of oscillations at these spots. 

The device was made as thoroughly as possible, although all the 
resonators were bent by hand according to models. All the parts were 
outgassed in a vacuum furnace. The fastenings and the reinforcing parts 
were made of beryllium bronze. Experiment showed that this planotron 
generates also quite successfully. It was even easier to self-excite than the 
previous one, the range of potentials being wide (from 2-5 kV, in the 
corresponding magnetic field), The wavelength was not specially measured, 
but according to calculations it amounted to about 7 cm. 

Experiments with this device demonstrated its operation to be affected 
by the height of the position of the emitter above the cathode plane. If 
the emitter was somewhat withdrawn, or lowered to a depth considerably 
below b, [Part IV, formula (4.19)], then the self-excitation of the device 
was substantially more difficult to produce, there occurred large losses, 
and the cathode heated up. All these phenomena are consistent with 
the theory of losses in the planotron that we have developed. Jind 
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losses and zero current are large in this device. This caused its rapid 
heating, which interfered strongly with experimental work. 

In addition to finding a solution to the problem of self-excitation of 
such a long planotron, we investigated with this device also the problem 
‘of a coupling between oscillations of the system of resonators: whether the 
overall system of resonators oscillates as a whole. This was verified by 
means of four thermocouples distributed along the resonant system in the 
following way. One of these thermocouples was attached to a galvano- 
meter, while another chosen among the remaining three thermocouples 
was connected to another galvanometer. Both galvanometers had the 
same characteristics. The pointer beams from these two galvanometers 
were projected side by side on a scale. By changing operating conditions 
in the planotron it was observed whether the beams followed one after 
another. These experiments showed quite positively that even the beams 
from thermocouples that were farthest apart followed one another, and 
that the oscillatory energy was almost uniformly distributed over the 
entire system of resonators. Whence a conclusion can be drawn about 
the existence of a sufficiently strong electromagnetic coupling between 
the resonators. The supply conditions adopted in this planotron were 
disadvantageous, because there was only one emitter on the cathode. 

Subsequent work was connected with an investigation of the resonant 
system of the planotron. It represents a system made up of a large 
number of resonators (say, of m resonators) which can oscillate in different 
phases with respect to one another. Thus the system has n degrees of 
freedom, and a spectrum of n frequencies. The lowest frequency 
corresponds as a rule to that oscillation in which every two neighbouring 
resonators oscillate in opposite phases. As in the case of a multichamber 
magnetron, we call it the z-oscillation. It is obvious that, depending on 
the intensity of the electric field @&,, in the working space in a fixed 
magnetic field H, the drift velocity of electrons can be chosen such that 
any of the » oscillations may be excited. Indeed, this can be observed 
experimentally. 

The theory of the excitation of any of these oscillations can be simply 
developed in analogy with the theory expounded in Part II for the 
m-oscillation. For this purpose it is necessary only to find for the scalar 
potential ® an expression corresponding to the expression (2.08). 

In order to reduce the number of degrees of freedom of the resonant 
system, and also to improve its quality factor, one can make the oscillatory 
system such as shown in Fig. 20. The resonant cavity 3 and the oscillatory 
system are enclosed in the frame 2. Oscillations are observed through 
lateral slots in the upper part of the frame.t Electric oscillations of the 


t When these slots were properly distributed and the planotron was sufficiently 
long, it was possible to produce over the whole of its length an intense directed 
emission of high-frequency oscillations through the quartz tube into free space. 
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resonators are connected with the working space under the cathode 5 
by means of a grid in which, as can be seen from the drawing, the three 
neighbouring slits oscillate in phase, while the fourth slit located at the 
half of the interval oscillates in opposite phase. By expanding appro- 
priately the potential ®, one can show (in the same way as in Part II) 
that such a system will generate effectively. 

In this planotron the block of resonators was cooled by the water pipe 
4. The entire system was placed in the quartz tube 1. A photograph of this 
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device is given in Plate 50. Experiment showed that the device oscillated 
well, and that the frequency of oscillations was steady and did not shift to 
neighbouring frequencies corresponding to oscillations of another kind. 

A closed resonant system connected with the working space by a grid 
proved to be the most effective one for the planotron.f 

It should be noted also that in the described oscillatory systems 
oscillations could be excited not only at definite values of the electric 
field &, and the magnetic field H corresponding to basic operating 
conditions (m. = 0), when the drift velocity of electrons is determined by 
the relation (2.17) of Part II, but also at other values of m,, which is 
consistent with theory. Experiment shows that the effectiveness of 
excitation of oscillations in this case is reduced, which also follows from 
theory. Thus all the results of experimental investigations of processes 
in the planotron were in a good agreement with the theory expounded 
above. In order to study energy characteristics of this type of closed 
oscillatory systems one has to carry out experimental investigations on a 
device where a proper choice of the oscillatory power is made and an 
effective cooling is ensured. Then it can be expected that the characteristics 


+ Chapter 57 is devoted to the calculation of oscillations in such systems and to 
the way of locating membranes in them. 
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will not be lower than those already achieved in the magnetron (see 
Part VI). 

In conclusion we should point also to some specific features of the 
experimental technique. The photograph in Plate 48 shows an arrange- 
ment for investigating the operation of the planotron. Under operating 
conditions the oscillation of the planotron as well as of the magnetron is 
stable and undisturbed only in the case when the device is in a good 
vacuum (10-* to 10-7 mm of Hg), and all the surfaces, in particular in the 
working space, are well outgassed. Hence to attain the stability of the 
operation of the planotron it is necessary that all the constituent parts 
should be previously outgassed in a vacuum furnace. Moreover, the device 
already assembled should run several hours prior to experiment at a 
temperature of 450°. This pre-heating in vacuum is achieved by attaching 
small porcelain stoves (with a total power of 200 W) to the frame and 
cathode of the planotron. All metal parts of the device are made either of 
copper (M1) or of beryllium bronze. A porcelain or quartz insulation is 
applied. In the pre-heating of the device up to a temperature of 450° it 
is necessary that its construction should ensure a free thermal expansion 
of the basic parts with respect to one another. 

Even if a thorough preliminary outgasification is made, in the planotron 
start-up there may arise an arc in the working space, and damage the 
device. Therefore in the start-up the following precautionary measures 
should be taken. At the beginning of the operation the device is supplied 
by a high potential by means of an interrupter giving 50 interruptions per 
second with a duty ratio 1/6. We have also worked out a quick-break 
switch for switching off the high potential. This cut-off switch is put into 
action by a thyratron which is ignited by a current passing through the 
planotron and acting on the grid of the thyratron. The accuracy of 
setting-up the limiting current through the planotron amounted to 
several tenths of a milliampere, while the speed of switching on was 
1/100 sec. 

As to the manufacture of the planotron itself, special attention should 
be paid to good contacts in the resonator, where high-frequency currents 
are flowing. Expcriment shows that only a silver brazing in vacuum can 
ensure the necessary conductivity of the contact between adjoined metal 
parts. 

In the last device water circulation was applied not only for cooling 
the frame of the device, but also for cooling the cathode. An independent 
system of cooling the frame and the cathode made it possible to separate 
cathodic losses from total ones, and to measure them on the basis of the 
amount of heat removed. Morcover, knowing the total power to be 
supplied, on the basis of the difference with the heat taken away by water 
we can determine the power to be generated and, consequently, the total 
efficiency of the assembly. The efficiencies of various planotrons were 
similar to those which could be obtained in magnetrons (see Part VI). 
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The effectiveness of operation of a planotron as well as of a magnetron 
depends on the precision of its manufacture, in particular on how much 
the parameters of the working space and of the resonators are maintained. 
The precision that we attained at crucial spots amounted to several 
hundredths of a millimetre. Great difficulties arose in connection with the 
necessity to mount accurately the operating surface of the emitter with 
respect to the cathode plane. Depending on operating conditions the 
depth 6, of the position of the emitter varied within the range 0-25-0-5 mm 
(see Part V). A method of adjusting the emitter was worked out, which 
made it possible to maintain these values to within a few percent. Emitters 
made of a tungsten filament operated most successfully. Their position 
was fixed as accurately as possible by a specially elaborated spring 
mechanism. 

Finally, a device was worked out making it possible to rotate in vacuum 
the entire device between the electromagnetic poles in such a way that the 
magnetic field may be accurately set parallel to the cathode plane. This 
adjustment was carried out on the basis of a minimum in the back (zero) 
current. 

The methods that we have described were worked out gradually as 
they were needed. By applying all these improvements we obtained a 
system operating sufficiently stably. 


Part VIII 
The Larmor Orbit in a High-frequency Field + 


A CHARACTERISTIC feature of the mechanism of generation in the planotron 
and magnetron is the fact that the resonant process occurs owing to a 
uniform “drift” of an electron cloud in the oscillating magnetic field which 
has a periodic structure along the path of the motion of the cloud. Thus 
for the drift of the electron cloud to take place there are necessary crossed 
static fields—an electric and a magnetic one. 

As shown in the preceding Parts, the effectiveness of resonance is 
closely connected with the process of formation of electron tongues. It 
turned out that this formation is disturbed by the motion of electrons on 
circular orbits with the Larmor frequency, which is superimposed on the 
drift. This not only results in a diffuseness of the tongue contours, but in 
addition there arise resonant by-effects which give rise to losses. The 
most obnoxious are resonances at the cathode ends, producing harmful 
zero current. Therefore for effective generating in the planotron and 
magnetron it is necessary that the radii of the Larmor orbits should be as 
small as possible. 

Naturally, a question arises about electronic processes in which the 
orbital Larmor motion can be used. For this it is necessary to study 
this motion in more detail, and that is just what we shall be doing below. 

A characteristic feature of the Larmor motion is the independence of 
the angular frequency 2 of the rotation on the magnitude of the radius 
a of the orbit (of course, this is true in the non-relativistic domain that 
interests us). This property of the Larmor motion makes it possible to 
produce stable resonant processes within the entire volume of the electron 
gas without electron concentrations, which may find an independent 
application in electronics. 

By means of the averaging method described in Part I we shall 
investigate the action of an alternating electromagnetic field on the 
Larmor motion of electrons, considering it as a perturbation of the first 
basic case of motion given by the expression (1.07). In the simplest case 
it may easily be shown that if an electric field represents a plane oscillation 
(E,=0, £, = E,sin wt), then its resonant effect on the motion of 
electrons comes only to a change of the radius a of the Larmor orbit. 


ft This Part did not exist in the manuscript of 1952, and its text is now recollected 
on the basis of notes of that time. 


922 


HIGH-POWER ELtEcTRONICS 923 


The sign and magnitude of this change are determined by the phase 
difference between the field oscillating with the angular frequency w and 
the circular motion proceeding with the Larmor frequency 2. Such a 
process is trivial and is of no interest for us. But if an electric field is non- 
uniform in space, then in addition to the change in the electron orbits there 
occurs a displacement of their centres, and a motion of this kind is now of 
interest as such. 

To investigate such processes, we choose the simplest form of alter- 
nating electric field produced between coaxial cylinders. It turns out that 
this field manifests sufficiently well the properties of resonant processes of 
this kind. It may easily be seen that if necessary the same method of 
investigating can be applied also to more complex field configurations. 

Assume that there is no electrostatic field, and that the alternating 
electric field has only one radial component whose magnitude in the 
working space between the cylinders is inversely proportional to the 
distance r from the centre. In the usual notation the field is written as 
follows: 


E 
£, = 0") gin aot. (8.01) 
r 
According to expression (1.11) the acceleration F in complex notation is 
equal to U( iat jot 
el — @ 7!) 
fF = —_———> 8.02 
iz* ( ) 
where E 
U = 6, (8.03) 
m 2 


The working space and notations are shown in Fig. 21. Electric 
oscillations take place in a space defined by the radii 7, and 79, the electron 
e is rotating along an orbit with radius a whose centre is located at a 
distance R from the origin O. The phase angles g and @ are counted from 
the horizontal axis. The angle between the radius-vectors a and R will 
be denoted by #, where d=0—¢. (8.04) 


In the space between coaxial cylinders there are two possible forms of the 
motion of electrons. In the first form of the motion a < R and the orbit 
does not enclose the origin O. In the second form of the motion a > F 
and the orbit encloses the origin O. We shall begin with the consideration 
of the first form. 
Substituting the high-frequency acceleration (8.02) into the equation 
(1.18), we obtain 
= — a , 
U (el _ elt) eit 


zy 


(8.05) 
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Making use of the notation (1.23), we perform the expansion in a series 


] I _ 
= Re-® + de Ke 2) 


iO w 
z > prin +2, (8.06) 
z n=0 


where 


a 
— _ 1. 8.07 
p R p< (8.07) 


(8.08) 


while the necessary time of averaging is determined by the lowest 
frequency, and is equal to 


2 
Ta. (8.09) 
@ 
Then upon averaging according to the formulae (1.18), we obtain 
& — — U Pp ei +22) 
QR , 
(8.10) 


2 Up. 
= _ _ p+nd) 
P=o Re 
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Substitute the velocities & and B according to the expressions (1.23) and 
separate the imaginary and real parts. Then we obtain finally the basic 
equations for the motion of electrons at resonance 


U 
=5 Ros, 
U py” 
0 = = Fain nd, 
8.11 
ap (8.11) 
= 9 gy 08 md, 
Uy” 
9 =H Gp sin nd. 


In integrating these equations introduce the following initial conditions: 


Z=% P=H K=h, AO=H, F= 1H =O —H 


for t= 0. (8.12) 
From the first and third equation (8.11) we obtain 
RR — aa = 0, (8.13) 


which gives the first constant of the motion 
R? —@ = Ry — ay = Ry = const. (8.14) 


Thus the difference between the squares of the radii always remains 
constant. This means that the orbit will never pass through the centre, 
since the condition R > a is fulfilled at all times if it is fulfilled at t = 0. 
The radius # will always be larger than the radius A, to which the centre 
of the orbit is tending as the orbit reduces to a point: 


a—>0, R-— Ry. (8.15) 
From the second and fourth equation (8.11) we obtain 
ag — RO = 0. (8.16) 


This expression shows that the difference between the velocities of an 
electron on the orbit and of the centre of its orbit remains constant. 
This appears to be in some way the law of conservation of angular 
momentum in phase space. 

By virtue of the circular symmetry of the alternating electric field its 
action on the electron orbital motion is completely determined by one 
phase angle, # (8.04). Calculate now the velocity $= © —¢. Sub- 
stituting the values © and @ from (8.11), and making use of (8.14) and 
(8.16) we obtain 

U R; 


$= — ro) thi p* sin nd. (8.17) 
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Combining this equation with the first one of (8.11), we obtain the equation 
RR 


VE (8.18) 


} cot n? = — 


Integrating this equation, introducing the initial conditions (8.12), and 
making use of the relation (8.14), we obtain the equation 


(¢) sin nd = (<2) sin 29), (8.19) 


which makes it possible to draw the trajectorics in the a, n? phase space. 
For this we shall change to Cartesian coordinates 


L= B, 0" y= Br, sin nd. 
Then we have 
ae . a R? 
~-=e2+y, sinnd = ——— —=14+274 yy’. (8.20) 
fy. 4 Ve+ty By 
Further denote 
(3) sin nd, = sinnd,. (8.21) 


Then the equation for the trajectory assumes the form 
y?(a? + y?)r-? = (1 + 2? + y?)" sin? nd. (8.22) 


In the simplest case, when n = 1, this equation assumes the form 
y=tivl+2'tan?d, (8.23) 


and we obtain a simple hyperbola with asymptotes making angles +7, 
with the x-axis. 

In Fig. 22 there arc drawn families of hyperbolae for the resonance 
n = 1 for a fixed initial value ay, but for different initial angles 7, so that 
on the initial circle of radius a, there are all possible initial values of the 
phase angle @). The trajcctorics are resolved into two identical families 
situated symmetrically on each side of the horizontal line y = 0. Making 
use of equation (8.17), we have indicated (by arrows) on the trajectories 
the direction of the motion. From the sense of the arrows it is obvious 
that the sign of the velocity @ depends on the initial angle 3). From 
Fig. 22 it is scen that all trajectories in which 7/2 < 0) < 37/2 reduce in 
the motion their radius a to the smallest value a,,;, which lies at « = 0 on 
the intersection of the vertical axis with the trajectory. After the inter- 
section with the vertical axis the radius begins to increase continuously. 
From expression (8.32) we obtain 


Onin = R, tan 3. (8.24) 
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For other electrons with initial angles —7/2 < 3) < 7/2 the radii of their 
orbits have already increased from the very beginning of the motion. The 
increase in the radius a of the orbit is in fact restricted by the dimensions 
of the working space and, hence, it proceeds until the electron collides with 
the outer cylinder of the radius 7,. The largest possible values a,,,, 
determined by this restriction are obtained from the relation 


To = Buvax + Amaxe (8.25) 


Fia. 22 


Making use of the relation (8.14), for the largest possibie values @nax and 


Fenax we get 
2 _ R? 24 pe 
mo ke pt Ae, (8.26) 


Gmax = Dp 
2rs 2rs 


Figure 22 gives the trajectories of the motion when n = 1. But it is easy 
to show that for other values of n the trajectorics, if presented in a phase 
space with the polar coordinates a, nd, will be very similar to the 
trajectories given in Fig. 22. In the polar coordinates a, # the trajectories 
for the n-th resonance will fill 2n sectors, and in every one of these there 
will be identical families of trajectories similar to those shown in Fig. 22, 
but constricted in angle by a factor n. 

In Fig. 22 there is seen an interesting property of the electron motion: 
electrons behave as if pushed away from the inside cylinder, and all of 
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them rush to the outer cylinder hitting it. A characteristic feature of the 
resonant effect of an alternating electric field on the orbital motion of 
electrons is a shift of the centres of the Larmor orbits into a range of less 
intense fields. This process will take place even if the field has a more 
complex structure than the radially symmetric field in the case considered 
above. 

It may easily be seen that this process will proceed with absorption of 
the energy of the high-frequency field. Disregarding small phase velocities, 
we obtain the simple expression for the kinetic energy of an electron: 


W= > QPa?, 


Hence when d@> 0 the kinetic energy will increase taking energy 
from the alternating electric field, whereas when dé < 0 energy will be 
transferred to the alternating electric field. Assume that for a given value 
of the initial radius a, and for arbitrary values of the initial angle 0, there 
are produced N electrons per unit time in the working space. Then the 
kinetic energy of the electrons will increase per unit time by an amount 


P= N= Q@ (a?,,, — a). (8.27) 


This power will be supplied by the alternating electric field, and will be 
dissipated in the form of heat on the walls of the outer cylinder on which 
the electrons are impinging. Thus the presence of the Larmor electron 
orbits with frequencies corresponding to the resonance leads to absorption 
and dissipation of the energy of the field. The absorption of the electro- 
magnetic energy in resonance appcars to be a characteristic property of 
the Larmor orbits and, hence, thcir prescnce in a non-uniform oscillating 
field leads to losses. It is this property that accounts for a lowering of the 
efficiency of planotrons and magnetrons under the condition that the 
Larmor frequency or its harmonics are the same as the fundamental 
frequency of the field of the resonators. Then losses may arise not only 
in the working space, but electrons may gct into the resonant cavity 
through slits in the anode block, and there absorb the energy by means of 
the mechanism that we have described. 

The radius of the orbits of a part of electrons with a phase angle 3, 
from 7/2 up to 37/2 in the beginning of the motion decreases down to the 
value @,;,, and thus the electrons transfer a certain part of their kinetic 
energy to the oscillatory process. The question arises whether use can be 
made of this phenomenon. 

By means of modulating the initial phase angles # of electrons coming 
into the working space and of withdrawing them in due time, one can bring 
about the process of generating, but it is not clear how a simple device 
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operating effectively as a generator is to be designed. A possibility that 
such a process (with a low efficiency) occurs under practical conditions is 
not excluded. Ifan electron orbit starts at the surface of the outer cylinder 
(for instance, this may come from secondary electrons), and if the electrons 
emerge with an initial phase #) in which the radius of their orbits will 
increase, then they will at once come back to the wall of the cylinder 
without succeeding in absorbing an appreciable energy from the field. But 
in the cases of phase angles leading to a reduction of the radius a of the 
orbit, the electrons may frecly continue their motion, and their energy will 
be transferred to the alternating field. Thereupon the radius begins to 
increase, and assumes its initial value, while the electron comes back to the 
outer cylinder. But if the electron moving along the magnetic field is 
eliminated before this by a collision with the bounds of the working space, 
then in the end there will take place a production of electromagnetic 
oscillations. It may easily be seen that the effectiveness of such a process 
will be very low, but apparently quite sufficient to account for the usual 
presence of weak oscillations with Larmor frequencies in the spectrum of 
the oscillations of the planotron. 

The phenomenon discussed above of an intense resonant absorption of 
the electromagnetic energy by an electron gas can be employed in practice 
in the cases when a strong narrow-band absorption corresponding to the 
Larmor frequency or to its harmonic should be produced along the path of 
radio-waves propagating in a waveguide. It is possible that one will 
succeed in deriving benefit from processes connected with the Larmor 
motion by applying them to isotope separation. The idea of an isotope 
separation method employing resonance at the Larmor frequency has 
already been put forward (see, for example, H. D. Smyth, Atomic energy, 
Rev. Mod. Phys. 17, 351, 1954; there it is mentioned that J. Slepyan 
worked in this sense). The analysis we gave makes it possible to in- 
vestigate quantitatively the mechanism of such processes of isotope 
separation and to determine the best parameters of the devices. 

The isotope separation may be carried out according to a scheme 
shown in Fig. 23. The constant magnetic field is produced by the solenoid 
1. To ensure the uniformity of the field over the major part of its length, 
the solenoid may have an increased number of turns at the ends 2, and 
also an iron disk 3. A high-frequency electric field is produced in the 
working space between coaxial cylinders 4 and 5. Oscillations are produced 
by the generator 6. On the Larmor orbits there are moving ions of 
different isotopes in place of electrons. They come in the working space 
from the emitter 8, and their acceleration is produced by the source 7 of 
a constant potential. Circular ion orbits which are formed at the emitter 
are moving in the working space parallel to the cylinder axis towards the 
other end. During their motion the kinetic energy of the orbital motion 
increases for those ions that are in resonance with the alternating electric 
field. Hence the radii of the ion orbits increase, and the ions impinge on 
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the wall of the outer cylinder 5, where they will remain. The radii of the 
orbits of ions with another mass and another Larmor frequency, for 
which the resonance condition is not fulfilled, will not change appreciably, 
and the orbits will move along the magnetic field. Therefore the ions 
will be able to reach the end disk 9, where they will be deposited. The 
process of the separation consists just in the fact that ions with different 
masses will be deposited at different spots—on the cylinder or on the 
end discs. 

The frequency w of the oscillations of the electromagnetic field is 
chosen such that only the orbits of the ions of one isotope may come into 
resonance with it, and that only their radius may increase. Such a method 
of separation has the advantage that the selection does not depend on the 
degree of ionisation of the atoms, since the Larmor frequency according to 
the expression (1.02) is a multiple of the charge. Hence if the resonance 
condition (8.08) is fulfilled for a singly charged ion, then it will be fulfilled 
also for ions of multiple charge, but the resonance will occur at the same 
time at several values of n, while the ions will impinge on the same spot 
of the outer cylinder. 

Since the Larmor frequency of ions compared to that of electrons in 
the same magnetic field is lower by a factor of many thousand, while the 
radii of the orbits of the ions are many times larger than those of the 
electrons, the device for isotope separation shown in Fig. 23 has a large 
size. The frequency of oscillations in these processes in normal magnetic 
fields comes to a hundred-metre range. We have described only a general 
scheme of the device. In fact, one has to work out a number of details, for 
instance to produce an accelerating electric field in the working space 
between the electrodes 8 and 9. It is important to design an emitter that 
gives rise to ion orbits with given initial conditions. The design of such an 
emitter appears to be a difficult task. 

An analysis of this method for isotope separation raises some interesting 
problems. We shall only point to the ways of solving them, but shall not 
here study the process in detail. As in every electronic process, the factor 
determining the effectiveness of the process is its stability against pertur- 
bations. In the given case we can investigate perturbations in the same 
way as we have done for the planotron and magnetron. Here the perturb- 
ing factor may be either a non-uniformity of the magnetic field, or an 
additional precession of orbits, which is produced by the space-charge 
electrostatic field. The perturbation may be calculated in the same way 
as in expression (1.32) by considering this perturbation as an additive effect 
of the additional angular velocity 42 on the phase velocity @ of the ion 
motion on a circular orbit. The non-uniformity of the magnetic field is 
determined by the magnitude of the relative perturbation 


AQ 
y= "O 


(8.28) 


932 CoLLecTED Papers or P. L. Kaprrza 


Introduce the perturbing angular velocity 42 = yin the fourth equation 
(8.11). Then we obtain the equation for the perturbed motion 


U 
D Q = — p" sin nd. 8.29 
e+y Om? (8.29) 
Since for the preservation of the character of the motion the perturbing 


velocity »2 must be less than ¢, the stability of the motion is determined 
by the condition 


[| > |y|2. (8.30) 
If in this condition the amplitude value of ¢ is taken, then we obtain 
U | pol” 
a: 7 > ||. (8.31) 


On the other hand it is necessary that the motion be not so stable that 
the resonant effect may be exerted on the orbits of isotopes with similar 
Larmor frequencies. This effect should be such that the increase of the 
radius a for isotopes may be less than the limiting radius a,,,,; then these 
ions will not be deposited on the outer cylinder. 

In considering the perturbed ion motion one has to calculate their 
trajectory in the a, # phase space. For this it is necessary to solve the 
equations 


U R: 
b=-5 <p" sin nd + yQ, 


a? R? 8.39 
Bae 1p cosnd, a= VR? — R?. me 
QR * 
Introduce the notation 
a= Rh?, b= RR, y=sinnd. (8.33) 
Then we obtain a linear first-order equation 
ie tag 7 Oe (gah 8H 


Solving this equation by the usual methods with the given initial con- 
ditions, upon returning to the original variables we obtain 


(¢) sin nd} = (72) sin nd, + (— 1)” me (a2 — az). (8.35) 


From this formula it is obvious that for sufficiently large a (when 
a/R = 1) the term containing the perturbation will become dominant, and 
will determine the character of the motion. It may easily be seen that in 
this case the trajectory in the form of a hyperbola with infinite branches 
will become a closed curve. Thus the radius a will have a definite limit. 
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If M is the atomic weight of an isotope to be separated, while M + AM 
is that of a neighbouring isotope, then the trajectory of the orbit of the 
neighbouring isotope is obtained from the formula (8.35), assuming 


_ AM 
YM 
From the expression (8.35) it is seen that in order that none of the orbits 


of the neighbouring isotope may have a > a,,,, it is sufficient that the 
following condition be fulfilled: 
AM 4U 


M7 nQ@a,, — ay 


(8.36) 


(8.37) 


This condition is obtained if the term containing the perturbation in 
formula (8.35) is assumed to be in its absolute value equal to two when 


Fia. 24 


@ = G,x- This important condition, which is necessary for the separation, 
at the same time restricts the amplitude of the alternating electric field, 
leading to a lowering of the yield of the separation method. It should be 
noted that operation at higher harmonics (nm > 1) according to the formula 
(8.37) makes it possible to apply larger values of U. 

To get an idea of the perturbed trajectories, let us draw them in the 
a, 0 phase space, as is done in Fig. 24 for n = 1. The quantity 


2U 


B= 
nG2? Ri 


(8.38) 
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will be called the stability factor. In Fig. 24 we assume B/y = 6. As is 
seen from this drawing, trajectories which are now closed are situated 
symmetrically with respect to the vertical axis @ = +7/2. An analysis 
of these trajectories makes it possible to determine more accurately the 
stability conditions which are given only approximately by the formula 
(8.37). 

In Fig. 24 we assumed a,/f,, = 2 and B/y = 6, and obtained a,,,,/Ry 
= 3:9, while an estimation that led us to the formula (8.37) was based on 
the value a,,,,/R,y, = 4. 

On the basis of the above material one can carry out in case of need the 
same complete numerical analysis of proccsses that are essential for the 
given method for isotope separation, as was done in the preceding Parts 
for electronic processes in planotrons and magnetrons. 

In conclusion we shall consider briefly the second form of motion, 
when electron orbits enclose the origin. In this case in place of the 
conditions (8.07) we have 


a 
a>R, -p=-= 


p=R>l (8.39) 


Then in averaging in place of the expansion (8.07) we apply the formula 
1 eil-20 ro) 


ar a le (8.40) 


Proceeding as before, we obtain under the same resonance condition the 
equations 


(8.41) 


Introducing the previous initial conditions (8.12), we obtain 


a= =a, — Ri =ai, a — RO = 0, (8.42) 


where a, is the final value of a equal to the minimum radius. 
Investigation of the motion is carried out in the same way, and as a 
result it may be shown that electrons, as in the preceding case, will take 
the energy away from the field, have the radii a of their orbits increased, 
and impinge on the cylinder. The phase diagram is similar to that shown 
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in Fig. 22, but instead of the radius a of the orbit it refers to the radius 
FR of its centre. 

It is easy to see that this case can be obtained from the preceding one 
by replacing » by —n in all the expressions. 

In conclusion it may be pointed out that a motion in which orbits 
enclose the centre of the working space is difficult to bring about. Such 
a form of motion is nowadays encountered in practice in circular-orbit 
accelerators. 


Part 1X 


The Prospects for the Future Development of High-power 
Electronics 


‘THE THEORY and experiments described by us point to the promise of 
electronic processes in high-power engineering. 

The theory shows that it is possible to construct high-power generators 
of ultrahigh frequencies with a high efficiency. Generators such as the 
planotron or magnetron operating with the same mechanism of excitation 
of oscillations obviously open perspectives for the development of high- 
power electronics. We think that of greatest promise is an elaboration 
of those methods of generating ultrahigh frequencies which excite oscil- 
lations directly in a wave-guide. This is achieved by a strong coupling of 
oscillatory processes in the working space of the planotron or magnetron 
with those in a wave-guide. The planotron shown in Plate 50 appears to 
be an example of a generator operating on this principle. 

For the development of high-power electronics it is essential to learn 
how to make use of planotrons and magnetrons operating under reversed 
operating conditions, i.e. transforming the energy of ultrahigh-frequency 
oscillations back into the electric energy of a direct current. The possi- 
bilities for carrying out the reversed generation have been considered 
theoretically in Part II, where this process has been shown to be as stable 
and effective as the direct process corresponding to the production of 
ultrahigh-frequency oscillations. 

In order to render concrete the ways of putting into practice high-power 
processes taking advantage of ultrahigh frequencies, I shall expose several 
characteristic examples of such processes, and outline a possible scheme for 
bringing them about. These examples, of course, are to be considered only 
relatively, as possible schemes for the solution, and not as concrete designs. 

One of the interesting and important tasks of high-power electronics 
is the transmission of electric energy by wave-guides. In contrast to a 
transmission by wires, in a wave-guide the energy is flowing not on the 
surface of the conductor, but inside the tube. 

The technical advantages of the transmission of electric energy by a 
wave-guide are evident. The contemporary transmission line for alternat- 
ing or direct current at high potential has a number of known short- 
comings arising from the fact of its being open. The transmission line is 
exposed to thunder discharges, excess voltages are flowing on it, there may 
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arise corona discharges, and so on. In the energy transmission by wave- 
guides these disadvantages are absent, because the entire process takes 
place in a tube which may be laid under ground. Of course, from the 
standpoint of safety the transmission by the tube also has great advantages. 

It is well known that in every transmission line for electric energy the 
energy is flowing on the surface of the conductor. The largest power that 
can be transmitted by the line is determined by the integral of the Poynting 
vector 


P = —| (Ea), ds (9.01) 


where c is the velocity of light, E and H are the amplitudes of the electric 
and magnetic field in the transverse section (z = const.) of the trans- 
mission line, dS is an area element of this section outside the metal. In 
order to transmit high powers the field strength should be as great as 
possible. In practice the magnitude of E is restricted by the dielectric 
strength of air. In a usual transmission line the spot that runs the most 
risk of a breakdown appears to be the surface at the wires where E attains 
its highest value. Therefore transmission lines must be made of wires of 
a large cross-section. Jor the energy transmission by wave-guides 
expression (9.01) also holds, hence at high powers there are also necessary 
large values of E. However, inside a wave-guide the field is distributed 
more uniformly over the cross-section than in the case of a cylindric 
conductor and, hence, the occurrence of a breakdown is hampered. This 
opens a possibility for the high-power transmission by a wave-guide of a 
not too great a cross-section. 

For example, if a five-fold margin of the dielectric strength of air is 
assumed by taking a field intensity of 6000 V/cm to be possible, then 
from the expression (9.01) it follows that a power up to one million kilo- 
watts can be transmitted through the wave-guide cross-section of 1 m?®. 

A further advantage of the wave-guide lies in the fact that in spite of 
its high potential the question about insulation no longer arises. All this 
makes the wave-guide a reliable means for the transmission of high 
powers. 

The economy of such a method for the transmission is less obvious. 
This question is in the first place connected with the characteristics of 
planotrons and magnetrons placed at the ends of the transmission line. 
In the beginning of the line the planotron will transform direct current 
into high frequency, while at the end, on the receiver side, there must take 
place the reverse process, and the planotron will then transform the high 
frequency into direct current. The operating characteristics of the plano- 
tron have been considered in the preceding Parts, and there is good 
reason to predict theoretically that in due course its effectiveness may be 
made sufficiently high for an economic operation of transmission lines. 

As to losses in the transmission line itself, there arise great difficulties 
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in principle. Owing to the skin-effect at high frequencies the current is 
flowing at a small depth in the wall of the wave-guide. On the one hand 
this is convenient, because one can confine oneself to a thin metal 
shield, but on the other hand the current will be flowing with large ohmic 
losses. As an example take a rectangular wave-guide of a height 6. Let 
this wave-guide transmit an energy by means of a H,, wave. Then it turns 
out that at the wave-guide walls with a copper coating the initial power 
P, to be transmitted will be attenuated within a range £ according to the 
formula 

P= Pyexp {- ol x 10 x 1 ~ 4} (9.02) 

vA, Ob 

where A is expressed in centimetres. From this expression it follows that 
when 7 = 100 cm and b = 2m, 10% of the power to be transmitted will 
be lost within a distance £ = 32 km. 

In a H,, wave the electric lines of force are starting and ending at the 
wave-guide walls. It is this that gives rise to considerable currents in the 
wave-guide. If one takes a cylindric wave-guide with a Hj, wave whiose 
electric lines of force are closed in on themselves and are forming rings, 
then substantially weaker currents will be flowing in the wave-guide walls, 
and losses will be reduced. In this case we have a practically freely 
propagating wave with axial symmetry, and the flow function in the wave- 
guide walls reduces to the one compensating the tendency of the wave to 
move away in a radial direction. It is known that in this case losses in a 
cylindric wave-guide of a radius r with the copper walls are determined by 
the expression 


(9.03) 


where 2 is again expressed in‘centimetres. In contrast to the preceding 
case, here losses are considerably reduced as the wavelength decreases. If 
one takes as an example a wave-guide with r = 1m, then for 4 = 3 em 
at a distance £ = 1,000 km the loss of power will amount to 10%, while 
the power that can be transinitted by this wave-guide without overpassing 
the assumed limit of possible strength appears to be 4 GW. From expres- 
sion (9.03) it is seen that losses decrease rapidly as the radius of the tube 
increases. However, it is known that a 1), wave is not very stable and, 
in contrast to a H,, wave, it may easily degenerate. Hence in spite of such 
favourable characteristics the problem of applying a H,, wave is not so 
simple, since it is connected with the problem of stabilisation of this wave 
in a cylindric wave-guide. It may readily be predicted that the advantages 
of encrgy transmission by wave-guides will manifest themselves fully if 
one invents superconductors at room temperatures or temperatures close 
to it. 

Vigure 25 shows schematically a wave-guide transmission line, and gives 
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the scheme of two planotrons: one operating using a generator of 
direct current, and the other operating from direct-current supply mains. 

At this stage we shall confine ourselves to giving a general picture, 
and not dwell upon solving a number of important technical problems such 
as, for example, the matching of the load with the power to be generated, 
the stability of the wave to be transmitted by the wave-guide, and so on. 

It is interesting to note that if one puts into practice a main high- 
power line for the transmission of electric energy by wave-guides, then 
this opens up a possibility to branch off the electric energy, and to guide 
it by smaller wave-guides. The possibility for sewering a high-power 
electric energy by tubes without insulation may solve a number of 
interesting problems of technology. For instance, the use of this high- 
frequency energy simply for heating presents no special difficulties. For 
this purpose one should guide it directly by tubes into a metallurgical 
furnace, where it will be absorbed, and the resulting heating may attain 
a very high temperature without applying special electrodes. An electric 
energy of a sufficiently high frequency can be guided without insulation by 
tubes into bore wells, and thus it may heat the ground at great depths, 
which may be of help in the output of brimstone, heavy mineral oils, and 
so on. ‘ 

In making use of large high-frequency powers in closed rooms one 
should bear in mind that electromagnetic oscillations easily go out through 
very narrow slits. This is often a serious difficulty in the work. 

Effective production of ultrahigh-frequency oscillations and the 
reverse process of converting them into the electric energy of direct 
current open the possibility for the transmission of electric energy in free 
space. The scheme for the transmission, of course, will be similar to that 
already considered, but instead of a wave-guide one has to use a directed 
beam which, as is known, diverges little only at short wavelengths. Such 
a scheme for electric-energy transmission, which was first conceived by 
N. Tesla many years ago, has been discussed for a long time. Although 
this scheme is in principle possible, it 1s connected with the solution to a 
number of complex technical problems and, hence, can be put in practice 
only in special cases when other ways for the energy transmission are 
unfeasible (for example, the energy supply of satellites). 

In connection with the sewerage and application of high-power ultra- 
high-frequency oscillations it is obviously advantageous to make use of a 
planotron for the conversion of oscillations of one frequency into those of 
another frequency. A possible method of bringing about such a process is 
simple, and its principle is seen from the scheme given in Fig. 26. For 
this purpose in the planotron there are two independent resonant systems, 
either having its proper frequency. These systems are so placed that the 
working space of one system may serve as a supplement to that of the 
other system. 

Assume that the system of resonators shown at the top of Fig. 26 
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receives oscillatory energy from a wave-guide. In this case the electric 
field in the working space will be directed in such a way that electrons 
drifting from the left to the right in their travel across the working space 
may move against the constant electric field and acquire a potential energy 
on account of the absorbed oscillatory energy. When these electrons pass 
into the lower part of the working space the process will change its sense, 
and electrons will give away their energy to the other system of resonators, 
which is already oscillating with another frequency with which the energy 
will be transmitted. Thus the energy coming in with one frequency will now 
be transmitted with another frequency. Such frequency converters may 


—»>— Alternoting electric field 
—~>--— Constant mognetic field 


mee neenne Motion of electrons 


Fic. 26 


in due course become of practical importance in the transition to wave- 
guides of smaller diameters in branched systems of sewerage of high- 
frequency powers, where one may encounter the necessity of raising the 
frequency in order to fulfil critical conditions imposed upon the wavelength 
by the dimensions of the wave-guide. 

The mechanism of the electronic process in the planotron opens several 
more interesting possibilities. It seems to us that the most promising of 
these is the application of the planotron as a linear accelerator. This 
possibility becomes easily understandable if one assumes that a beam of 
charged particles is passing above the slots of an emitting planotron. If 
the distance between the slots is correlated with the law of the motion of 
particles, then one may choose operating conditions in which the frequency 
and intensity will be such that the particles in their travel above the slots 
will be subject only to the accelerating effect of electric fields produced by 
oscillations in the resonators. 

Changing the distance between the slots of resonators in the working 
space, one may change also the drift velocity of tongues, which is carried 
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out simply by a smooth change of the distance D between the cathode 
and anode. 

Such a system may be practically designed in various ways, one of 
which being shown in Fig. 27. As the basis there is taken the double 
resonant system of the planotron at the centre of which there is travelling 
an accelerating beam. The slots in the opposite ends of the resonators are 
directed towards both working spaces. The system has a magnetic circuit 
in which on the straight line where the acceleration of the particle beam 
takes place there is no component of the magnetic field in the direction 
perpendicular to the motion of the particles. From a comparison of the 
principle of action of such a linear accelerator with ordinary systems it is 
seen that in this case the coherence of the oscillations of the accelerating 
field is brought about by a strongly coupled system of the resonators, 
while the energy supply is taking place continuously along the whole of 
the path on which the acceleration is occurring. Owing to this the energy 
supply is not hampered and the synchronism of oscillations is not disturbed 
as the length of the accelerator is increased. 

I think that this brief enumeration already shows the promise of the 
planotron in solving a number of fundamental problems of high-power 
electronics. It should be noted that some of the problems enumerated 
may be solved successfully also by means of a magnetron. However, for 
this purpose the magnetron should be designed on a large scale, and its 
construction would little resemble that of an ordinary pulse magnetron. 
Its cylindric cathode would be of a larger radius, there would be separate 
emitters, and the number of the resonators would be large. From the 
theory of the magnetron expounded in Part VI it follows that under 
these conditions the electronic process in the magnetron would be 
practically identical with that in the planotron, and that it would theore- 
tically have the same high characteristics. In such high-power magnetrons 
the magnetic field will be produced by a solenoid, and one will be able to 
manage without iron. 

The question about the application in electronics of high-power 
processes occurring in the resonant interaction of electromagnetic oscil- 
lations with electrons rotating on Larmor orbits has been discussed in the 
preceding Part. There it has been shown that these processes are of 
little use for an effective production of high-frequency, but that they may 
turn out to be very useful for a selective absorption of electromagnetic 
oscillations. 

It is known that there is no simple solution to the problem of an 
effective selective absorption of short radio-waves propagating in wave- 
guides. Hence an absorbing device operating on this new principle may 
prove to be useful. Such an absorbing arrangement may be constructed 
in the form of a device similar to that serving for isotope separation and 
shown in Fig. 23 in the preceding Part. The size of electron orbits is 
considerably less than that of ion orbits, hence the device will be of a 
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substantially smaller size than that for isotope separation, and will absorb 
short radio-waves (of the order of centimetres and decimetres). The ion 
emitter 8 will now be replaced by an electron emitter. The end disc 9 will 
be absent in order that the device may be attached to a wave-guide as the 
end coaxial line. 

By means of the averaging method expounded in Parts I and VIII 
one may show that if in a wave-guide there are oscillations of any kind, 
while in the magnetic field there is an electron gas, then there will always 
take place the selective absorption of oscillations with a frequency which 
is a multiple of the Larmor frequency. The promise of the use of a 
resonance with the Larmor frequency for isotope separation follows from 
the analysis performed in the preceding Part, and we shall not return 
to this. 

The electronic processes that we have considered in this work are, of 
course, so far little investigated, but as one masters them new prospects 
Which cannot at present be foreseen will be opened in high-power elec- 
tronics. In the course of investigations on high-power electronics one 
will have to cope with a number of interesting theoretical as well as 
experimental tasks. The further development of high-power electronics 
will occur at an ever more rapid pace, which depends not only on the time 
needed for accomplishing the theoretical and experimental tasks, but 
mainly on how much the need of solving related problems has become 
acute. 


57. CHARACTERISTIC OSCILLATIONS OF 
GRIDDED CAVITY RESONATORS 


INTRODUCTION 


Tuts workf describes a theoretical investigation of the natural oscillations 
of a rectangular resonant cavity in which there is a grid (parallel to one 
pair of the walls) formed by periodically spaced parallel bars with a 
square cross-section. Under the condition that the period of the grid and 
its thickness are small in comparison with the wavelength and dimensions 
of the cavity, the presence of the grid may be taken into account by means 
of an approximate boundary condition in which there is involved the 
volume between the grid bars per unit of their length. 

An analogous investigation was carried out for a cylindric or coaxial 
cavity in which there was a cylindric grid made up of bars parallel to the 
axis of the cylinder. The oscillations of such a cavity in the presence of 
compact radial membranes were considered. In this last case we obtain a 
resonator of a complex form, similar to the resonator of a multichamber 
magnetron. 


t The work was performed in 1955. 
Tl. JI. Hanuma, Co6crsernste Komebania o6u7CMUEIX pesollaTopoB ¢ pemeTuaTon 
Leperoporkot, B Otexmponuxa Sosouuxr mounocmeit, Ilsa. axag. nayk CCCP, 1962, 159. 
Pp. L. Karrrza, Characteristic oscillations of gridded cavity resonators, in High- 
power Microwave Electronics, Pergamon Press, Oxford, 1964, p. 117. 


945 


Part I 
The Rectangular Cavity 


Our Task consists in an investigation of electromagnetic oscillations 
taking place in resonant cavities which lend themselves to a sufficiently 
accurate mathematical analysis and are at the same time sufficiently 
similar to the systems employed in planotrons, magnetrons, and like 
devices. . 

To begin with let us consider oscillations in a rectangular cavity which 
is shown schematically in Fig. 1. 
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As is seen from the drawing, the sides of the cavity are equal to 
a+d+b, 8S, and L. The bounding walls are assumed to be perfect 
conductors. The orthogonal coordinates 2, y, 2 are indicated in the drawing. 
A metal grid is placed in parallel to the y, z-plane. The slits of this grid 
are complete and are cut along the z-axis. The thickness of the grid is d, 
the width of the slits is h, and the bars are apart from each other by a 
distance 21. We have chosen the origin to be in the top plane of the grid. 

The wavelength of the free oscillations will be denoted by 2, and the 
corresponding wave number by &, so that 


nN) 


‘TT 


> 


h= (1.01) 


The time-dependence will be defined as e'', where c is the velocity of 
light; then, if V is the Hertz magnetic function, it will satisfy the equation 


VV +hV = 0. (1.02) 
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The electric and magnetic field are determined in terms of the function 
V by the following well-known relations: 


2 
oy *  Omdz 
oV eV 
E, = ik — =.— ‘ 
y= ik H, adi (1.03) 
ay 
E,=0 —_+khV 
, = ser. | 


Denote by V, and V, the function V respectively in the upper region a 
(above the grid, « > 0) and in the lower region b (below the grid, 
x < —d), and assume 


V, = 0, cos p(x — a) cos vy sin uz, 
P “yan | (1.04) 


V, =C, cos p(x + d + b) cos vy sin mz, 


where C, and C, are arbitrary constants. In order to satisfy the wave 
equation (1.02), we must have 


k= prt + pe. (1.05) 


For the electromagnetic field the boundary conditions at the walls of 
the cavity are the usual ones, i.e. the tangential component of the electric 
field and the normal component of the magnetic field are always equal 
to zero. In order that these boundary conditions may hold, it is necessary 
that in the expressions (1.04) the quantities v and uw should be determined 
by the relations 

a(m + 1) 


mM 
— oT 1.06 
y= and yu i ( ) 


where m and n may be arbitrary non-negative integers. 

Consider now the boundary conditions at the grid. Figure 2 shows 
the cross-section of the grid. Our task consists in connecting the electric 
field E* and the magnetic field H* in the upper region a with the electric 
field E® and the magnetic field H” in the lower region 6 in such a way that 
the connecting fields E and H may satisfy the usual boundary conditions 
at the surfaces of the metal bars. Since an accurate solution of such a 
problem presents great difficulties, we shall solve it in a simplified form. 
The simplification is based on the fact that we assume the distance 21 
between the bars as well as the thickness d of the grid to be small in com- 
parison with the wavelength of the free oscillations as well as with the 
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linear dimensions L and S of the grid area. Then, taking into account the 
expressions (1.06) we obtain the following inequalities: 


Ql <1, W<1, 2 <1, 
wd <1, wd <1, kd <1, 


which are fulfilled when m and n are not too great. 

Consider the function V near the grid at « 0, y © y and 2 ® Zp. 
In this region, the distribution of the fields between the sections 1-1’ and 
2-2’ shown in Fig. 2 must be such that the normal component of the 
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magnetic field and the tangential component of the electric field may be 
equal to zero at the surface of the grid. According to the conditions 
(1.07) the section considered is small in comparison with the wavelength 
A of the free oscillations, while the function V in this space satisfies 
approximately the Laplace equation. In this case it is obvious that the 
derivatives 0?V/d2? and 0?V/dy? will be of the order of V/d? and V/2?, 
while the derivative 0?V/dz? will be of the order of V/Z?, and so by virtue 
of the conditions (1.07) we can neglect it in the Laplace equation. Hence 
we obtain the equation 


ov eV 


Dae + ap = 0. (1.08) 


Consequently, in order to determine V onc has to solve the two-dimensional 
problem in the region shown in Fig. 2 with the usual boundary conditions 
at the surface of the bars of the grid, and this problem is practically the 
same as an ordinary electrostatic two-dimensional problem. 

Therefore we can consider V as the flow function. The corresponding 
potential function will be denoted by W. For the fulfilment of the 
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boundary conditions the potential function must have a constant value 
at the grid surface. 


Since the problem is two-dimensional, V and W satisfy the equations 
ov oW ov ow 
ere, oe (1.09) 
ox oy oy ox 
If one denotes by W, and W, the constant value of the potential at the 
surface of the bar 1 situated on the left and at the surface of the bar 2 
situated on the right, respectively, and by V* and V* the corresponding 
values of the flow function at the points in the middle of the bars (see 
Fig. 2), then one may assume the following relation: 


V* — V8 = 4ny(W, — W,). (1.10) 


The physical picture of the phenomenon points out that y can be con- 
sidered as the relative electrostatic capacity (per unit length) of the two 
elements of the grid which are situated between the sections I-1’ and 
2-2’. The value of x is calculated with a sufficient accuracy as an ordinary 
electrostatic capacity. A method for a more accurate calculation will be 
discussed later. 

The function V in the region considered has the following form: 


V = U(z, y) cos v¥p SiN 2, (1.11) 


where the function U depends only on x and y, being a periodic function of 
y, so that U(x, y + 21) = U(x, y). 

The function U(x, y) in the region lying just above the grid surface 
(x > 0) is expected to turn into a function which according to the ex- 
pression (1.04) assumes a constant value in a plane parallel to the grid. 
Consider the case when the distances a and 6 from the grid to the walls are 
great in comparison with / 


a>l, b>. (1.12) 


Under this condition one can assume that the plane in which U has a 
constant value and determines the function V* lies sufficiently close to 
the grid so that one may equate V* with V, when x = 0. Therefore we 
assume 


Vo = V. |,=0 (1.13) 
and, analogously, for the other side of the grid 
ve = V, - —d* (1.14} 
Substituting the values V, and V, from (1.04), we obtain 
Ve = C,, COS pa COS V¥q SIN [2%p, (1.18) 
V8 = C, cos pb cos v¥q SIN [29. 
14b* 
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Let us find now the potential between neighbouring bars of the grid, 
which we shall denote by 4. It will be equal to 


Mott 
A= | Ei, dy. (1.16) 
ut 
Calculate first this value in the slit. Then the field £, will be determined 


by V according to the expressions (1.03). Taking into consideration the 
relation (1.09) we obtain 


Yor! Me OW 
A=ik | ag ty = ik { Fy ty =e, — Wh) (1.17) 
Yo—l Yo—t 


Substituting this value into (1.10), we obtain 
px — ye ait 4. (1.18) 
ik 
Calculate now the potential A from the functions V, and V, near the 
grid. Substituting into (1.16) the value H, from the expressions (1.03) 
and (1.04), we get 
Yott 


. OV. 
A=ik | ax 


Yl xru0, 282 


dy 


Yor 
= ikp C, sin pa sin pZ, | cos vy dy. (1.19) 
Yo—l 


whence, taking into account the inequality (1.07), we obtain 
A = 2ikplC,, sin pa cos vy, sin 12. (1.20) 
Similarly, for the opposite side of the grid, 
A = — 2ikplC, sin pb cos vyy sin 29. (1.21) 


Since the potential at both sides of the grid must be the same, comparing 
(1.20) and (1.21) we obtainf 


C,sin pa = —C, sin pb. (1.22) 


+ The values (1.20) and (1.21) in the quasi-stationary approximation may 
differ slightly from each other. Indeed, the difference between them gives the 
circulation of the electric field along a closed contour, which is, according to the 
law of electromagnetic induction, associated with the magnetic flux through this 
contour, i.e. with the magnetic flux in the slit between the bars (in the direction 
of z-axis, along the slits). Assuming this slit to be sufliciently small, we disregard 
this flux and equate the potentials (1.20) and (1.21). If this were not done, then 
subsequent expressions, in particular the transcendental equation (1.24), would 
become more complex. 
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Substituting the values C, and C, from (1.20) and (1.21) into (1.15), we 
obtain 


A A 
ye — 7B 
kal cot pa, J hol cot pb. (1.23) 


Substituting this expression into (1.18), we obtain finally 
cot pa -+ cot pb = S8rypl. (1.24) 


This is just the transcendental equation sought for, on the basis of which 
we determine the value p and, substituting it into the expression (1.05), 
we obtain for different values of » and u the values of the wavelengths 
corresponding to the free oscillations. 

The distribution of the magnetic and electric fields in the upper and 
lower region is obtained from expressions (1.03), if in the formula (1.04) we 
take into account the relations (1.20) and (1.21). Then we have 


A cos p(x — a) cos vy sin pz 


a 2ikpl sin pa cos ryy sin U2, 
(1.25) 
A cos p(x + d + b) cos vy sin wz 


-— Qikpl sin pb COs r¥q SiN LZ, 


where, obviously, 4 is the potential difference between the bars of the 
grid near the point with the coordinates yo, 2». 

From the wave number p we determine according to the equation 
(1.24) the corresponding wavelengths, which we shall denote by 7,: 


_ 2a 


1.26 
p iy (1.26) 


The wavelength A, we shall call the fundamental wavelength. Substituting 
the value » into the expression (1.05) and replacing y and yw by their values 
from (1.06), we obtain 


l 1 m+1\2 /n/\? 
2 (mba (ay am 
Ann 40 2L 28, 
If the quantities m and n take on successively all integers beginning with 
zero, then we obtain wavelengths corresponding to all characteristic 
oscillations of a given type. From this expression it is evident that the 


fundamental wavelength is the largest one. 
Consider first a series of waves obtained for n = 0, when 


] ] may 1.28 
e-at| aL 0.28) 


These waves may exist, whatever S. In fact, if and v are equal to zero, 
then according to the expression (1.14) the functions V, and V, do not 
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depend on y. Then from the expressions (1.03) it is seen that the com- 
ponents Z, of the electric field and H, of the magnetic field are everywhere 
equal to zero. This makes it possible to put the metal membranes parallel 
to the x,z plane at any spot of the cavity without disturbing these 
oscillations. 

Assume that 2Z is large in comparison with 4,. Then wavelengths in 
the beginning of the series differ little from one another. Let us assume 


An.o = 49 — 4m.o- (1.29) 


Substituting these values into (1.28), upon elementary calculations we 
obtain 
Ano _ 1 (4\ 5 

In order to calculate all characteristic wavelengths of a given gridded 
cavity, one has only to determine the fundamental wavelength 7). There- 
upon making use of the expression (1.27) we obtain the remaining wave- 
lengths corresponding to m and m not too large (i.e. to such m and n for 
which the conditions (1.07) are valid). 

The fundamental wavelength can be calculated simply as the wave- 
length of the characteristic oscillations of a resonator infinitely long in 
the direction z. When » = 0 and » = 0 the function V gets considerably 
simplified, and the calculations become more obvious in the physical 
sense. The formula (1.04) assumes the form 


V,=C,cos p(x — a), 
(1.31) 
V, = C, cos p(x + d + B), 
and the expression (10.05) gives 
k=p. (1.32) 
Then according to (10.03) we have 
A = pV 
1.33 
H® = pV, 083) 


The connection between the coefficients C, and C, may be found also from 
putting equal to zero the total magnetic flux crossing the z, y plane. Disregarding 
the flux in the slits between the bars of the grid, we obtain 


toa tL -d 
| Hfdyda + | | Heayae = 0. (1.34) 


—1 0 —l —d—b 


It goes without saying that the integration (1.34) can be carried out sufficiently 
accurately only when the conditions (1.07) and (1.12) are maintained, so that the 
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non-uniform magnetic field near the grid does not affect the magnitude of the flux. 
Making use of the formule (1.31), (1.33) and (1.34), we obtain 


V,=0 cos D(x — a) 
sin pa 
V, = —¢ CSR +d + 8) 
sin pb 


(1.35) 


Consider (see Fig. 2) the section 1-1’ of the grid. According to the Maxwell 
equation 


4a 


curl H = at (1.36) 


the surface current is equal to the tangential component of the magnetic field. 
Then the current in the direction of y-axis per unit length of z-axis is equal to 


c 


c 
and I, = — — 
0 4ar 


(1.37) 


t= g=—d 


The total current I, + I, passing through the middle section 1-1’ of the bar 
of the grid goes for charging the capacity x 


l 
I, + 1, = icpy | E, dy. (1.38) 
—l 


Substituting the values J, and J, from (1.37) and the value FE, from (1.03), we 
obtain an equation concurring with (1.18): 


! 
OV. 
Vale—o _— Vilem —a = ny On dy. (1.39) 


—t 


Substituting the values V, and V, from the expression (1.35), we obtain at once 
the transcendental equation (1.24) sought for. 


From the two derivations of the transcendental equation for p one 
still cannot perceive how the capacity y is to be determined. In particular, 
this is difficult when the distances a or b are comparable with J, as shown 
in Fig. 6a. This problem will be considered in the next paragraph. 

Proceed now to an analysis of the solutions of the transcendental 
equation (1.24). It is easy to see that (1.24) has an infinite number of 
solutions, so that the wave numbers »p also form a series. The smallest 
wave number will be denoted by 5, while the subsequent wave numbers 
will be denoted as follows: 95, 91, Po,+ + +» Ps - + + Where s is an integer. 

Consider first the solution of the equation when »,2 and 7,5 are small 
quantities and when in the equation (1.24) one can replace cot pa and 
cot pyb by 1/p 9a and 1/p9b. We get 


2n\? a+b 
2 — _.. 1.40 
Po (>) Saryabl ( 
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The distribution of the magnetic lines of force in the section 2, z for the 
first term of the series (1.27) (when m = n = 0) is shown in Fig. 3a. 

Assume now the case when a <b, so that the equation (10.24) can be 
written in the form 


1 
b= 8 —_-—: 1.4] 
cot p ary pl pa ( ) 


In order to find the roots p, of this equation we shall plot a graph of its 
right-hand and left-hand side (Fig. 4). 


oo 


COLLIE LLL LALLA LL Lh 


2m <pyb<2F 


Fig. 3 


From the graph it is seen that the roots of the equation (1.41) have 
the following properties: 


< WT 
Po b. 5 
. (1.42) 
Pout — Ps << b 


From these formulae it follows that if } is sufficiently great, then the 
wave number py may be made as small as wanted, and then the shortest 
wavelength (for the fundamental oscillation) will be, according to the 
expression (1.27), simply equal to 2L. 

Denote the difference between neighbouring wavelengths by 4/,. For 
this difference we obtain the approximate expression 


Ai, 1 (D2, 
SE = 3a)” (1.43) 
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analogous to the expression (1.29). Thus, when 65> L one may obtain 
a very dense (almost continuous) frequency spectrum which begins with 
the wavelength 22 and extends to the region of shorter waves. Such a 
continuous spectrum starting with a definite wavelength was observed by 
us in the case when the external cover screening the region with the 
height b was taken away from a resonator. 


1 
Cot pb bax pl- — 


\ 


uy 20 35 4K ST 69 pb 


-ol [| | 
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The distribution of the magnetic lines for the fundamental oscillations 
in the cavities is shown in Fig. 3b and 3c. It is interesting to note that 
if pb > 7/2, then as is seen from the expressions (1.25) and (1.03) 
H, = 0 not in the grid plane, but somewhat lower, as shown in Fig. 3b. 


Part Il 
The Calculation of the Capacity x 


In ORDER to compute the characteristic wavelength of resonators one has 
to calculate the capacity y of the slit between the bars of the grid (per unit 
length). The capacity y can only be calculated to a very rough approxima- 
tion as the capacity of a flat condenser 


_ a 
a dah 
One can calculate the capacity more accurately by means of the method 


of conformal mapping. The mapping that we need for a gap between 
semi-infinite rectangles is obtained from the Schwartz formula and is well 


(2.01) 


known. Assume the coordinates as shown in Vig. 5. The complex vari- 
able in the plane of the drawing will be denoted by z, while the transformed 
complex variable will be denoted by w, so that 
w= u-+ iv, 
; (2.02) 
z=a-+ ly, 
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where u is the flow function, and v is the potential. If the potential 
difference between the rectangles is equal to 7, then the capacity sought 
for of the rectangles for the segment —I < y <1 will be equal to 


Up d h 
L=72 \H=p YW=strPp=t) (2.03) 


where u, is the value of the flow function at the point 2 + iy. The 
relation between z and w will be written in the following form: 


z= cf V cosh? a + sinh? w dw. (2.04) 
0 


To determine the constant C and the value of the flow function a at 
the point x = d/2, y = h/2 we carry out the integration along the contour, 
and in such a way find that the quantity a is determined by the relation 

ad K(k’) — E(k’) 1 
-_= k = ——.,, k’ = tanh 2.05 
h E(k) , cosh a’ ame (2.05) 
where K(k) and E(k) are the complete first and second kind elliptic in- 
tegrals of modulus k. 
Expand E(k) and K(k’) — E(k’). Then we obtain to a good 
approximation 


ad ] 


In (4 cosh a) = oh +] — 32 cosh a 


(2.06) 
If a > 2, then a further simplification is possible (with an error less than 


one per cent): 


ad 
— — + 0-3069. 2.07 


To determine u, we integrate along the contour, and obtain 


1 2 
cosh 29 ji _ si a _ B¢k, ¢) 
DP _ cosh a sinh? 2 (2.08) 
h 2H (k) 


where 
sinh a 


cos p = ———— 
? = sinh Up 


whence we find the following approximate expression for the value of the 
required flow function: 


I 
Uy = In 4 cosh a E(k) ‘| , (2.09) 
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where a is given by expression (2.06), while & = 1/cosh a. Upon elimi- 
nation of a we obtain the final expression for the capacity (2.03): 
d 1 l 

po 2a Ahem [Lowlh 220 

x 4nh — 27°? | Tin h (*) ( ) 
allowing us to calculate easily the capacity. In this expression, to the 
capacity of the gap (d/47h) there are added a capacity associated with the 
charges concentrated at the angles (1/27°) and one associated with 
charges at the side planes (the logarithmic term). 

Upon determining the value of discarded terms, we obtain for the 

estimate of the accuracy of 7 the following expression: 


Az 1 

x 32 cosh! a 

Ay a (2.11) 
“ml 


If d = 0, then a = 0, and we obtain the capacity of a hole in an 
infinitely thin plane screen 


1 . 2p 
i= 7 are sinh a (2.12) 
If the conditions 
2 d 
> and 5 <1, (2.13) 


are fulfilled, then to calculate the capacity 7 one can make use of the 
formula (2.12) in the simplified form 

1 4p 
4 = In. 
x 27? 0 h 


(2.14) 


The above formulae prove to be completely sufficient for practical 
calculations. To determine the capacity more accurately (in particular, to 
take into account the interaction of a given bar with distant bars of the 
grid) one can make use of the model method in an electrolytic bath. 

If a (or b) is less than J, then the capacity between the grid and the 
upper (or lower) wall of the cavity is expected to have an effect on the 
capacity of the system. In this case, in order to calculate the capacity y 
involved in the basic equation (1.24) we shall present it as the sum of 
three capacities 


L=kat tit ky» (2.15) 


where x, and ¥, are the capacities of the outer surfaces of the grid, while 
Yq is the capacity of the gap which we can approximately consider to be 
equal to that of a flat condenser (2.01). 
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In the case shown in Fig. 6 the capacity y, can be calculated approxi- 
mately in the following way. Since the wavelength A of the characteristic 
oscillations is according to the condition (1.07) greater than 2/, in this 
case it will also be greater than the distance a between the grid and the 
upper plane of the resonant cavity. Then the electric field produced in the 
region « > 0 where the capacity y is charged up to the potential difference 
A can be considered to be the same as in the static case. Assume that the 


Fig. 6 


electric field in the slits between the bars of the grid is uniform up to the 
very end: 


, (2.16) 
<y< 3 


Such a distribution of the electric field HZ, in the plane x = 0 is shown 
graphically in Fig. 6b. The less 4/l, the more similar this distribution is 


to the actual one. 
Expand this field in a Fourier series 


' h vig a nary | 9 
Ei \,-0 = £o 5 - > a cos | (2.17) 
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The components of the electric field E’ which satisfies the Laplace equation 
and the boundary conditions at the surface x = 0 are equal to 


hy 22 sin (nah/2l) . ny nn(a — 4 
= fi | —-~4+- +. — cosh —-———— |> (2.18 
Be = No 2la © 71 nsinh (nza/l) sin S88 l ) 
hia—2) 22 © sinnh/2l ny . , nna — 2) 
roe ET Ly FO’ _ cog —2 sink "71. (2.19 
By B| a z2;nsih(nmayjl td (2.19) 


In addition to this field produced by the electrostatic charge there is the 
electric field E” produced by the alternating magnetic field, which is 
determined directly from the Maxwell equation 


CBy  OBy ipH?. (2.20) 
Ox oy 


For simplicity we shall consider fundamental oscillations for which 
vy = « = O and k = p (see above formulae (1.31-1.39)). 

Since, according to the conditions (1.07), the quantities a and / are 
much less than the characteristic wavelength 2, in the region > 0 the 
magnetic field H, can be considered to be constant. In reality H, will be 
slightly reduced near the gap, but the amount of this reduction is of the 
order of (a/A,)? and lies beyond the range of approximation. Taking into 
account that the component #7) must be equal to zero in the planes x = 0 
and x = a, we obtain 


E" = ipyH,, BY” =0. (2.21) 


The total electric field E is the sum of the electrostatic field E’ and electro- 
magnetic field E”: 
E=E'+E". (2.22) 


From the symmetry of the picture with respect to the middle of the slits, 
and in order that the plane x = a may remain at zero potential, it is 
necessary that in the sections 1-1’ and 2-2’ (Fig. 6a) the component L, 
of the electric field should be equal to zero: 


B,= E, + iplH, = 0 for y=1. (2.23) 
From the expressions (2.18), (2.21) and (2.23), we obtain 
EB’ =iplH, = Ei" 2,24 
2 — Iplit, = £4 2a ( . ) 
and, finally, 
22 i | 2 _— 
ames sin (nzh/21) sin cosh nn (a %) 
7r=1 7 sinh (nza/l) l l (2.25) 


BE, = Bi, 
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The total electrostatic charge per unit of z-axis distributed at the 
surface of one bar of the grid (when 2 = 0 and 0 < y < J) will be equal to 


l 
1 
q= ih i E|\,—0 dy. (2.26) 
ri 


Owing to the approximate definition of the electric field in the gap accord- 
ing to the formula (1.42) the integration should be carried out over the 
entire interval 0<y<J, and also over the gap 0O<y <h/2. The 
capacity sought for will be equal to 


q 


te = En (2.27) 


Substituting the value #, and performing the calculation, we finally 
obtain 


1 2 1 , nah nia 
sin —— coth —, n = 28+ 1. (2.28) 


he = Tay, 2, 3 Bi 1 
As is evident, the series is rapidly converging, and the calculations are not 
difficult. In our calculations we have defined a somewhat artificial 
distribution of the electric field in the gap, hence the capacity obtained 
will be somewhat less than the actual one. 

When a > 1 the calculation of the capacity can be carried out more 
simply by means of the usual method based on conformal mapping, as 
was made above. Since in this case we consider not the grid, but the gap 
between two semi-infinite rectangles, the obtained value of the capacity is 
somewhat larger than the actual one, because in such a calculation the 
charge density at 2 = 0 and y = +l is overestimated. Therefore the 
actual capacity will lie between the values calculated by the two methods 
expounded. 


Part III 
Characteristic Oscillations of a Gridded Cylindric Cavity 


ConsIDER the cylindric cavity shown in Fig. 7. Two conducting surfaces 
1 and 2 are a distance LZ apart. Between these two surfaces there are two 
coaxial conducting tubes with diameters 2a and 2b, which together with 
the surfaces 1 and 2 make up the bounds of a resonant cavity. Between 
these two cylinders there is a third one—a gridded cylinder with inside 
and outside diameter 28 and 2x, respectively. The thickness of the wall 


LLL ILL LAE LL EL. 


Fic. 7 


of this cylinder is d, while the width of the clear space between the grid 
and the outer cylinder is D: 


d=a-—f and D=a —b. (3.01) 


The gridded cylinder has y through slits. Each of these slits has a width h. 
Cylindric coordinates denoted by r, 0 and z are adopted. They are 
plotted in Fig. 7. Find the characteristic oscillations of such a system. 
Denote the Hertz magnetic function sought for by V. It satisfies the wave 
equation (1.02), and we shall assume it to be of the following form: 


V = N,F (pr) cos 0 sin pez. (3.02) 
Introduce the following notation: 
on a(m + 1) 
k = 7? ft = sn 3 (3.03) 
Bo ptt pe. (3.04) 
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Here n may be any integer. The function F,, may be expressed as a 
combination of the nth order Bessel functions. 

We shall consider in the resonators only those oscillations for which the 
component of the electric field along the z-axis is equal to zero. Then the 
electric and magnetic field are determined by following relations :+ 


7 2 
1 oF H eV 


E = — jik- —_— = ——_, 
’ ike 06 " Or 2 
., OV 1 &V 
72 
L,=0 H, =?" 4 py. 
oz 


The function (3.02) that we have chosen ensures the fulfilment of the 
boundary conditions at the conducting side surfaces 1 and 2, so that 


E,= EF, = H,=0 when z=0 and z= L. (3.06) 


Denote the function V in the range b <r < # by V,, and in the range 
a<9r<aby V,. The boundary conditions EF, = H, = 0 at the surface 
of the cylinders with the radii a and 6 will give 


aV 
oVe = 0 atr=a, 
or 
3.07 
ov, (3.07) 
— =Oatr=48, 
or 
so that the functions F% and F? will assume the following form: 
re = Yi (pa) J,(pr) —J,(pa)Y,(pr), 
n(pr) (pa) J,,(p7) (pa) ¥,,(pr) (3.08) 


Fr(pr) = Y,(pb) J,(pr) — J, (pb) Y, (pr). 


We deduce the boundary conditions on the grid in the same way as in 
the plane case. We take as the basis the picture shown in Fig. 2, and 
consider an element of the grid near the point with the coordinates 6, and 
2). Since the number of slits in the grid is equal to y, the angular width 
of every period of the grid is equal to 27/y. The potential 4 between the 
bars must be the same on each surface of the grid. Therefore 


20 Qu 
Oy+ 7 6+ , 


A=ze | ES| a dé =p | Et, =. d@ for z = Zo. (3.09) 
&% 


t+ See, for example, J. A. Srrarton, Electromagnetic Theory, McGraw-Hill 
Company, New York and London, 1941. 
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In order to calculate this integral, introduce boundary conditions analogous 
to the conditions (1.07). These conditions in the cylindric case are 
called upon by the fact that the linear dimensions of the element of the 
grid must be small in comparison with the wavelength and the length of 
the cylindric region, so that 


2 2 
p— <1, b= <1, y>n, 
Y 


(3.10) 
2Qre 
ud <1, kd <1, a<— 


Then, making use of the expressions (3.02), (3.05) and (3.08), we obtain 


2 . 
A = ikp * N*F/(px) cos nO, sin 11% 
? 


n nr 


2 . 
= ikp 2np N° F/°(pB) cos nOy sin U2; (3.11) 
Y 


where 
F’*(px) = Y)(pa) J) (px) —J;,(pa) Y;,(p2), 


(3.12) 
FP (pp) = Y (pb) J; (pB) — Jn(pb) Y (p86). 


Substituting N* and N® into the expressions (3.08), we obtain for V, 
and V, the following expressions analogous to (1.25): 


A F*(pr) cos n6 sin uz 


V.= PE) 608 MSD 
° 2rra Fi? (pa) cos 269 sin 2 


ikp 


(3.13) 


V.= A = F®(pr) cos 6 sin pz 
a ikp 28 F7’(pB) cos nO sin 2, 


Introduce now, as in the plane case, the values V, and V, into the 
expression (1.18). We obtain the following transcendental equation for 
the determination of p: 


F%px)  F(p8) On 
OH = 4 ype 3.14 
2F'"(pa)  BE%(pp) > (3.14) 


In this expression the quantity y is very similar to the capacity of two 
bars of the grid (per unit of their length), and can be calculated in the same 
way as in the plane case. The transcendental equation is very similar in 
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its structure and properties to the equation (1.24) which we deduced 
for the plane case. Indeed, one can show that the transcendental equation 
turns into (1.24) when the difference a — b between the radii remains 
constant as the radii tend to infinity. The solution of this equation gives 
a sequence of the roots which we shall denote by 9, p,,.. .,,.. . and 
arrange in increasing order. 

We shall again call oscillations for which m = 0 the fundamental 
oscillations. They are of the greatest interest to us. Upon determining 
the root p, from the expression (3.14), one can according to the expressions 
(3.03) and (3.04) calculate the whole series of the characteristic wave- 
lengths 4,,,. Writing 

Qa 


P= a" (3.15) 


we obtain an expression analogous to (1.27): 


Consider the case when the inside cylinder with the radius 6 is absent. 
Upon putting 6=0 in the formula (3.14), we obtain the following 
equation: 

Filipe) J (DB) = dnyp Qa (3.17) 
AP (px)  B,,(pB) ? 
When n = 0 the function V does not depend on 6, and we have circular 
symmetry. Let us introduce the following simplification. Assume that 
the gap on the outer side of the grid is small, ie. that D=a—« is & 
small quantity in comparison with the radius « as well as with the funda- 
mental wavelength 4,. Then upon several transformations we obtain 


_ IAB) _ 4 2B OB ! (3.18) 


This last equation as well as the equation (1.41) can be solved 
graphically. This is shown in Fig. 8 for the case n = 0, the picture of the 
intersections being similar to Fig. 4. It is known that 


Sol) re cot (= — *) for «> 1, (3.19) 


hence the general character of the solution for the cylindric and plane 


case is the same. 
It should be noted that in the cylindric resonator in contrast to a 
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rectangular resonator there may exist (when » ~ 0) travelling waves 
because the grid is closed on itself. In order to demonstrate the nature of 
these travelling waves, we shall write down explicitly the time-depend- 
ence, and pass from a complex notation to a real one. There may be two 
cases. The first case corresponds to the standing wave 


V = N,£,,(pr) cos n0 cos wt sin nz 
(w = ck), (3.20) 
while the second case corresponds to a wave travelling on a circle. For 
this last wave 
V = N,F,(pr) cos (n? — wt) sin pz. (3.21) 


Owing to the linearity of the wave equation the standing wave can be 
considered as a superposition of two travelling waves, while the travelling 


JSo(PB) arg) Pp 
4 o"f- 2 
Ji(pB) TX P + phe 


/ 
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wave can be assumed to be a superposition of two standing waves. On 
the basis of the expressions (3.05) we shall write first the components 
of the electric and magnetic field for the standing wave, assuming for 
simplicity of notation that the constant WV, is equal to unity: 


I . . . 
EL, = —-= F,(pr) sin n6 sin ot sin pz, 
BE, = — kpF)\( pr) cos v6 sin wt sin yz, 
E,= 0, 
(3.22) 
A, = pe (pr) cos n6 cos wt cos pz, 
A,= — ve F (pr) sin 76 cos wt cos pz, 
r 
H, = p’l’,(pr) cos n6 cos wt sin “uz. 
For the travelling wave we write: 
kn _, . 
E, = —— F,,(pr) cos (n6 — ot) sin pz, 
r 
E, = kpF (pr) sin (nO — wt) sin pz, 
E,=0 
° (3.23) 
H, = pu Fk) (pr) cos (n6 — wt) cos pz, 
H,= — me F (pr) sin (nO — at) cos pz, 
r 


H, = pF ,,(pr) cos (nO — wt) sin pz. 
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In these oscillations the vector of the electric and magnetic field rotates 
around the z-axis with an angular velocity equal to w/n = ck/n. From 
these expressions it follows that when » = 0 the standing and travelling 
waves coincide, and so they are to be distinguished only when n # 0. 
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Fig. 10 


Figure 9 shows schematically the magnetic fluxes in a symmetric 
oscillation (when » = 0). The arrows indicate the current that flows on 
the surfaces. Figure 10 shows the same quantities for an unsymmetric 
oscillation (when m = 2) having the character of the standing wave. 


Part IV 
Gridded Cavity Resonators 


THE METHOD of investigating characteristic oscillations in rectangular 
and cylindric gridded resonators described here can be applied also in a 
number of cases when metal membranes are inserted into a cavity. Owing 
to these membranes oscillations of certain types can be madc more stable. 
For instance, in cylindric resonators one can in such a way hamper the 
excitation of travelling waves. 

Consider the following problem: how can one place thin conducting 
plates in a cavity in such a way that given oscillations may not be sub- 
stantially disturbed. It is obvious that we can put the conducting 
membranes at loci where the tangential component of the electric field E 
and the normal component of the magnetic field H with respect to their 
surface are absent. 

Plates perpendicular to the z-axis are the simplest to apply as such 
membranes. If in the formulae (1.06) and (3.03) m> 0, ie. m= 1, 
2,. .., then in the interval 0 <z< L in addition to the end surfaces 
z= Oandz = L there are also m — 1 planes where sin wz = sin amz/L = 
0. In these nodal planes, as is seen from the expressions (1.03) and 
(3.05), the necessary boundary conditions are fulfilled automatically in a 
rectangular as well as in a cylindric resonator, and the conducting plates 
placed at these loci do not disturb the electromagnetic field. However, 
there arise currents in them, and this gives rise to additional losses and to 
a corresponding reduction of the quality factor. 

Change now to radial conducting membranes in a cylindric resonator, 
which lie in the plane containing the z-axis. Consider first symmetric 
oscillations, when » = 0. From expressions (3.22) it is obvious that 
when n = 0 the components E,, #, and H, are everywhere equal to zero. 
Therefore the number of radial membranes has no effect on the symmetric 
oscillation. In Fig. 11 there are shown such membranes and how the 
current is flowing on them. 

As already mentioned, in a rectangular resonant cavity one can also 
put membranes at an arbitrary locus in parallel to the x, z plane without 
disturbing the fundamental oscillation. Such membranes always give 
rise to additional losses, and reduce the quality factor, but the distribution 
of the magnetic and electric field of the fundamental oscillation (n = 0) 
is not changed. 

In a cylindric resonator radial membranes are feasible only when 
n ~ 0 and when the oscillation has the character of a standing wave. 
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From expression (3.22) it is seen that H, = 0 and H, =O only when 
sin nO ~4 0. Therefore one can place 2n radial membranes in such a way 
that neighbouring membranes intersect each other at an angle z/n. In 
Fig. 10 the loci for these membranes (when n = 2) are denoted by the 
numbers 1, 2, 3 and 4. Such membranes, obviously, will impede the 
production of the travelling waves (3.23). 

In rectangular gridded resonators one can also put membranes parallel 
to the z, x plane when oscillations arise in operating conditions other than 


~ 


oe 
S23 oa 2B 
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the basic one, i.e. when n 40. These membranes must be situated at 
such values y = const. where #, = 0 and H, = 0. From the expressions 
(1.03) and (1.25) we obtain for these values sinvy = 0. Then, sub- 
stituting the values v from the formula (1.6), we get 


_ 19 
=" q=1,2,....n —1. (4.1) 


If the walls 2 = 0 and z = L are taken away from a rectangular and 
cylindric resonator, then the characteristic wavelengths will become 
similar to those corresponding to a resonator of infinite length. In this 
last case, according to expression (1.05) we obtain for the rectangular 
resonator 


1 p\? {n\* 
zo (2) + (*) (L = 00) (4.2) 
and for the cylindric one 


A= > (L = 0). (4.3) 
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A resonator with open ends will be emitting intensely. Nevertheless, 
in practice it is possible to bring about the characteristic oscillations and 
at the same time avoid losses that are due to the emission from the open 
ends of the resonator. For this purpose it is necessary that one should 
not bring the bars of the grid up to the open ends of the rectangular 
resonator, as is shown in Fig. 12 (gaps between the end of the grid and the 
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open ends of the resonator are denoted by the letters A and B). Such a 
cavity will have the characteristic wavelengths determined by expression 
(4.02). It is obvious that the gaps A and B will somewhat increase the 
quality factor of the resonator and the wavelength of the characteristic 
oscillations. In the technical construction of this oscillatory system the 
bars of the grid may be fixed by the stanchions 1, 2 which are parallel to 
the x-axis and are to be placed at spots where the membranes little 
disturb the oscillations. 
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Analogous oscillatory systems can be designed proceeding from the 
gridded cylindric resonator. In such a way one can in cavities attain 
oscillations very similar to those applied in multichamber magnetrons. 
Figure 13 shows schcmatically such a resonant cavity. 

Oscillations in the magnetron along the structure of the electromagnetic 
field are very similar to those considered above, if it is taken that the 
number y of the slits is equal to the number of chambers. Then in the 
resonator in Fig. 13 we will obtain a 7-oscillation, assuming y = 2n and 
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=o. The corresponding wavelength can be estimated by means of 
the equation (3.14). 

Oscillations in a real magnetron are somewhat perturbed in comparison 
with those analysed above, because the membranes are placed at loci 
where the tangential component of the electric field is not equal to zero. 
In order to estimate the effect of this factor, it is necessary to proceed 
from the following known properties of the cavity resonator. If in a 
resonator one puts a membrane crossing the magnetic field, then the 
frequency of the characteristic oscillations increases, whereas if the 
surface of the membranes is parallel to the direction of the electric field 
then the frequency of the characteristic oscillations of the system decreases. 
Membranes forming the walls of chambers in the middle part of the cavity 
in essence do not screen the magnetic field Hy, but are parallcl to the 
component #, of the electric ficld and, therefore, their presence is expected 
to lower somewhat the characteristic frequency. 

Thus, these oscillations will have longer wavelengths than those 
presented in Fig. 10. Considering these oscillations as a result of a pertur- 
bation of the oscillations for which the equation (2.14) is valid, one can 
estimate the spectrum of the characteristic oscillations of a magnetron. 


58. THE THEORY OF ELECTRONIC PROCESSES 
IN A CONTINUOUS HIGH-POWER GENERATOR 
OF THE MAGNETRON TY PE* 


The theory of a magnetron generating continuous large power in a micro- 
wave range is expounded. A theoretical analysis is given of difficulties 
encountered in designing continuous high-power generators of the magne- 
tron type. It is shown that these difficulties can be overcome in a device 
called the double-set nigotron, the anode and cathode of which have a perio- 
dical structure (two sets of slots) and are put into a cylindric resonator. 
When a nigotron operates a Hy,, oscillation, somewhat perturbed by the 
presence of the cathode and anode blocks, is excited, while the slots oscillate 
in phase (0-oscillation, in contrast to z-oscillation in magnetrons). The cal- 
culation of the basic characteristics of a nigotron is given. 


INTRODUCTION 


It is well known that nowadays the magnetron represents an efficient 
generator of high-power U.H.F. pulses. Various types of pulsed magnetrons 
are widely used in radiolocation, for accelerators, and so on. However, the 
problem of designing a high-frequency oscillator generating continuous large 
power with a good efficiency is still not completely solved. It turns out that 
here difficulties of principle arise, which resemble those encountered in 
constructing a continuous source of high-voltage electric energy and large 
power, whereas a high-power pulse is obtained simply by discharging a con- 
denser of the type of a Leyden jar. 

In what follows, basic difficulties encountered in carrying out a continuous 
generation are presented, their theoretical analysis is given, and ways of over- 
coming them are shown. As a result of our work a generator of continuous 
oscillations, operating on the principle of the magnetron, was constructed. We 
called it the nigotron. It is now a reliable device, which has operated already 
several years, generating in a microwave range (the wavelength being of the 
order of 20 cm) and giving a continuous power sufficient for solving the prob- 
lems of high-power electronics, with an efficiency exceeding 50 per cent. 

In expounding the matter we shall make a wide use of the theory published 
in High-power Microwave Electronics, Volume J (Pergamon Press, 1964, this 
Volume, papers 56 and 57. Referring to the latter, we shall indicate in 


Tl. Jf. Kanuua, C. HW. ®uaumonon, C. II. Kanaua, Teopus Onertponnnx [poueccon B 
Maruetponnom Teneparope Henpepsenoti Mompocru, Qsexmponuxa BDonvmux Mownocemet, 
Tom IIL, Hagarenpcrro Hayra, Mocrsa, 1964. 

P. L. Karirza, 8. 1. Faimonov, and S. P. Kapritzs, The Theory of Electronic Pro- 
cesses in a Continuous High-power Generator of the Magnetron Type, [High-power Micro- 
wave Electronics, Vol. 111, Pergamon Press, Oxford, 1965, p. 1. 

* This work was completed in December of 1962. 
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parentheses the corresponding chapter, page or number of formulae, preceded 
by 56 or 57; the page number refers to the page in the present volume.) 


1. PROPERTIES OF A ConTINUOUS HIGH-FREQUENCY GENERATOR 


Solution of the problem of continuous power generation began with a theo- 
retical and experimental study of a generator that we called the planotron 
and described in a preceding work (56, Part VII). This generator has the same 
mechanism of excitation of oscillations as the magnetron, but its working 
space is open, like that of a travelling-wave tube. 

Even this device enabled the continuous power generation to be investigated. 
The basic distinction between a pulsed and a continuous generation consists 
in the following. In the working space of existing magnetrons extremely high 
pulse powers, reaching several hundred kilowatts, are obtained from a square 
centimetre of the cathode surface. It is well known that only at such high 
powers the magnetron operates with a sufficiently high efficiency. In a conti- 
nuous generation mode one cannot obtain such powers from a unit surface, 
since a power of such an order of magnitude will necessarily be dissipated on 
the surface of the cathode and anode, and even under an intense water cooling 
it could not be drawn. Indeed, at permissible temperature drops it is difficult 
to draw more than 1 or 2 kW/cm? of the surface cooled. Hence the cooling 
of the surface of the cathode and anode imposes a rather strict limit on the 
power to be drawn from a unit area at a continuous generation; namely, in 
practice it is very difficult to generate more than several kilowatt per square 
centimetre of the working space. 

Thus, at continuous generation the power to be drawn per unit working 
surface will be a hundred times lower than at pulsed generation. Because of 
this, for one and the same power a continuous generator must have a working 
surface at least a hundred times larger than a pulsed generator while the 
volume of the entire continuous generator will be even a thousand times 
larger. . 

The increase in the area of the working space leads to three basic conse- 
quences, which determine the design of a continuously operating generator. 

1. In pulsed magnetrons the entire cathode surface is heated and used as a 
source of electrons. At pulsed generation this is not necessary; itis quite suffi- 
cient to put a number of individual emitters on the cathode surface. This has 
already been mentioned in connection with the planotron, where a tungsten 
filament, heated by current from an independent source, proved to be a most 
convenient emitter (56, p. 913). The cathode itself must be cooled by water 
(56, Fig. 20). 

2. When the cathode surface is considerably enlarged the so-called zero 
current, i.e., the anode current which does not depend on the process of genera- 
tion, increases. We considered it earlier (56, Part V). Since the zero current 
causes losses which are practically constant, i.e. independent of the power to 
be generated, at continuous generation, when the power drawn is many times 
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less than in pulsed operating conditions, the zero current lowers the efficiency 
much more. As shown by experiment (56, p. 916), and as follows from theoretical 
considerations (56, p. 891), the zero current is determined by the orbital motion 
of electrons, which is superposed on their drift. Hence it is very important to 
suppress the orbital motion. For this it is sufficient to lower the electron 
emitter into the body of the cathode (56, p. 872). Using as an electron source 
a tungsten filament placed somewhat below the cathode surface, one can 
reduce the zero current and raise the efficiency of the generator. 

3. The most important feature of the design of continuous power generators, 
which makes them in principle different from pulse generators, is also asso- 
ciated with the necessity of having a large working space. It is well known 
that in pulsed magnetrons the oscillatory energy is transmitted from the working 
space to resonators through a number of slots in the anode surface, each of 
which being a capacitive part of its own cavity resonator. Thus, in multi- 
chamber magnetrons the number of slots is equal to that of resonators. These 
slots are set apart at the same distance, which is usually somewhat smaller 
than one tenth of the wavelength to be generated. The length of slots them- 
selves along the magnetic field is also restricted by the stability condition and 
cannot exceed one half of the wavelength to be generated. If the resonance 
system of a multichamber magnetron is used for a continuous generation, then 
for the generation of a continuous power equal to the pulse power of the magne- 
tron we would have to increase the number of slots and accordingly the number 
of resonators by a factor of a hundred or even more, since we cannot increase 
the length of the slots. This would not only make the construction more com- 
plicated, but would make the spectrum of the characteristic frequencies of 
the resonance system so rich that a stable operation of the generator would be 
impossible. Therefore a natural and, apparently, the only solution is to work 
out oscillatory systems in which each individual resonator is connected with 
the working space not through a single slot but through several ones. An 
example of such an oscillatory system has already been given earlier for the 
planotron (56, Fig. 20, p. 919). 

Such a multislot coupling between the resonator and working space can be 
brought about owing to the fact that, according to theory (56, Part IT), the 
mechanism of phase focusing is carricd out not only when (like in an ordinary 
magnetron) neighbouring slots oscillate in counter-phase (z-oscillation) but 
also when they oscillate in phase (0-oscillation). Experiments with the above 
mentioned planotron and with a number of other ones confirmed the validity 
of this theoretical conclusion. We shall discuss below in more detail the mecha- 
nism of excitation of oscillations and that of the phase focusing when slots 
oscillate in phase. 

We shall not describe subsequent experiments with the planotron, because 
they are no longer of practical importance, and are of interest only as a tran- 
sitional stage towards experiments with the nigotron—a generator of a cylindric 
type. We note only that the characteristics of the planotron obtained at that 
time were promising. Thus, making one of the planotrons which we worked 
out emit radiation continuously through slots in the upper part of each 
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resonator and through a quartz tube into the surrounding space, we succeeded, 
for a wave of about 15 cm, to obtain a still rather small continuous power up 
to 4 kW with an efficiency of 30-40 per cent. 

We ceased further experiments mainly because it was difficult to protect 
from radiation observers as well as the surrounding apparatus. The radiation 
penetrated not only through upper emitting slots but also through the edges 
of the cathode and over conductors. An ultrahigh-frequency containment of 
the planotron, necessary for the work, could not be carried out in a simple way. 
Therefore we bent every effort to work out the nigotron, which allows con- 
siderably larger powers to be obtained. First we constructed a nigotron with 
a single set of slots, and then a nigotron with a double set of slots, which is 
now an efficient and reliable generator. We shall first give a brief description 
of the single-set nigotron, and then we shall proceed to the double-set con- 
struction. 


2. SINGLE-SET NIGOTRON 
Figure la and 1b show the schemes of two nigotrons. In the nigotron of 


Fig. la the cathode and emitters are placed inside the anode, while in the 
nigotron of Fig. 1b they are placed outside the anode resonator. In both 
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Fic. 1. a—nigotron with an inside cathode; b—nigotron with an outside cathode; 
c—working space of a singlet-sct nigotron. 
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generators electron tongues are drifting in a ring-shaped space between the 
anode and cathode, like in the magnetron. As will be seen in what follows, 
nigotrons differ from magnetrons mainly by their resonance systems, which 
in nigotrons ensure in-phase oscillations of slots. Thus, in the nigotron a 
Q-oscillation takes place instead of z-oscillation for magnetrons. 

In Figs. La and 1b the same notation is used for both nigotrons. The cylin- 
dric resonator J is put in the solenoid 2. The uniform magnetic field HZ, pro- 
duced by the solenoid, is directed along the axis of the resonator. The generator 
is placed at the right-hand end of the resonator. It consists of the cathode 3 
and anode 4 and looks like a grid forming a “squirrel wheel”. This grid is fixed 
above the cathode by the rods 5 which, if need be, may be used to supply 
water for the cooling of the grid. The filaments 6, emitting electrons, are placed 
in longitudinal gutters cut in the cathode and distributed opposite to the middle 
of the bars of the grid. The protecting hoops 7 confine the electron cloud, 
preventing it from escaping from the working space. 

Oscillations in such gridded resonators were considered earlier (57, Figs. 12 
and 13, p. 971; these figures show the topography of the electric field and the 
distribution of electric currents on boundary surfaces). The fundamental (having 
the longest wavelength) oscillation of such a system is symmetric with respect 
to the azimuth (n = 0). It is strongly coupled with oscillations of the type Hy, 
in the left-hand part of the resonator, which, as is well known, have the 
highest Q-factor. The length of the resonator may comprise several half-waves 
(¢ half-waves or g “magnetic wheels” for the Ho,, oscillation). It is easy to 
see that in the whole of the resonator one can put as many “squirrel wheels” 
as half waves, and that each of such a ‘squirrel wheel”’ will be an independent 
generator, representing at the same time a part of the common oscillatory 
system. Since the coupling between individual generators will be strong, they 
will operate in unison at one common load. We call such a parallel connection 
of nigotrons an “echelonment”’. The possibility of combining several nigotrons 
into a single, strongly coupled chain of generators represents a very important 
advantage of such resonance systems, allowing one to consider the production 
of high continuous powers. 

The transition to long cylindric resonators led to the fact that the uniform 
magnetic field was to be produced not by an electromagnet but by a solenoid*. 
The application of a solenoid is associated with an expenditure of power for 
producing the magnetic field, which usually at a continuous generation of 
powers of hundreds of kilowatts does not lead to any substantial increase in 
relative losses. 

It proved convenient to draw the oscillatory energy from the cylindric reso- 
nator through a round quartz port 8, placed at the end of the resonator. When 
there are H,, oscillations, electric lines of force in the dielectric window will form 


* A solenoid with oil cooling, ensuring the necessary high uniformity of the strong 
magnetic ficld, was designed by S. P. Kapitza. The description of this solenoid is given 
in the second volume of High-power Microwave Electronics (Pergamon Press, Oxford, 
1965). The solenoid has the advantage over an clectromagnet that the uniformity of the 
field does not depend on the intensity of the current. 
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closed circumferences, and will not begin and end at the metal. This distribution 
of lines of force is very favourable, because it hampers a break-down and loads 
uniformly the quartz disc of the port. 

For a quantitative study of electronic processes in the working space whose 
height is small in comparison with its radius, it is sufficient to consider the 
plane problem, as was already pointed out in the study of electronic processes 
in the magnetron (56, p. 910). Furthermore, it can easily be shown that the 
averaging method that we used for calculating electron orbits (56) arising 
at Q-oscillation gives the same phase trajectories as for z-oscillation in the 
planotron (57). We have earlier considered the variable electric field for 0-oscil- 
lation (57, Fig. 6, p. 959). It is defined by the formulae 


. ngh 
h oo sin —> 

E,=—F, ran + OS (HU rng D nh MI cosng x sing ¢, 

(2.01) 
h 
9 - sin —2 
Ey = zh oo nba g Donn gy sinngx|sina ?t, (2.02) 
where 
g=afl. 


The notation is explained in Fig. 1c. The x-axis lies in the cathode plane. 
The origin is in the middle between the slots. The distance between the cathode 
and anode is D, the field in the slots has the component EL, = E, sinw t, while 
the width of slots is denoted by h. As compared with Fig. 1 of 56 (p. 848), the 
distinction lies in the fact that the slots are more spaced, namely they are set 
apart at a distance 21 from each other. 

Expressions (2.01) and (2.02) are derived in the same way as formulae (2.25) 
in our earlicr paper (p. 960). From these expressions it is seen that for 0-oscil- 
lations the first term (nx = 1) of the expansion, periodic with respect to the 
x-axis, differs only by a numerical coefficient and by a shift along the x-axis 
from the first term of the expansion obtained earlier for z-oscillations (56, p.850). 
As is apparent from formula (2.01), the component £, for 0-oscillations has 
also a term proportional to y and independent on a; it represents the zero 
term of the Fourier expansion. It can easily be seen that this zero term has 
no effect. on the averaged motion of electrons, because in averaging it never 
satisfies resonance conditions and vanishes. 

Therefore not only the phase velocities A and B but also the mechanism of 
formation of tongucs, their stability, the effect of space charge and all other 
results which we obtained earlier (56, Parts II-V) for the z-oscillation, are com- 
pletely applicable to a 0-oscillation. In studying 0-oscillations one has to take 
into account. the zcro term only when calculating the critical quality factor Q, 
(56, p. 868). Indecd, in calculating the electric cnergy in the working space the 
zero term gives a substantial contribution. Integrating the squares of the com- 
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ponents (2.01) and (2.02) and taking into account only the zero term and the 
first term, we obtain for the electric energy in the working space per unit area 
of the cathode and anode the following expression: 


DE} m\? 1U2 
Wy == (gh)t + (=) <r sinh 2g D, (2.03) 
where 
. gh 
e 2 mo 
U = (2.04) 


‘mx ‘sinhgD’ 

Comparing the quantity (2.03) with that obtained earlier for z-oscillations 
(56, p. 869), we see that in formula (2.03) there appears the first term which is 
due to additional currents on the surface of the anode and cathode*. This leads 
in the end to a lowering of the quality factor Q,, which in turn reduces somewhat 
the contour efficiency of the generator. 

We tested several types of the single-set nigotron, and they proved to be 
easily excitable generators. We quote some results, mainly concerning the 
nigotrons shown in Fig.1b. Already in the first types of these devices the effi- 
ciency reached 30 per cent, and we drew up to 1-7 kW at a wavelength of 15 cm. 
We ceased attempts at a further improvement of these devices, because it turned 
out that with increasing anode potential and magnetic field the energy charac- 
teristics of the device remained approximatcly constant, and afterwards even 
grew worse. 

Experimental investigations and a theoretical analysis of electronic processes 
in single-set nigotrons allowed us to understand the basic cause restricting the 
efficiency of these generators and find a way of improving them radically. 
Therefore we ceased the working out of the single-set nigotron and passed over 
to a generator of a new type—the nigotron with a double set of slots. Such a 
nigotron allowed us to obtain high characteristics, which we mentioned above. 
Hence we shall not dwell upon the single-sct nigotron and shall proceed to an 
analysis of the double-set nigotron. We note only that from the theory of the 
single-set nigotron, shown schematically in Fig.la, it follows that, by con- 
structing it with a small cylindric cathode 3 whose entire surface, like in ordinary 
magnetrons, emits electrons, one could obtain an efficient pulse generator of 
ultrahigh frequency. It would be of a simple construction, and would generate 
stable oscillations. However, this problem is beyond the range of our interests. 


3. PROPERTIES OF A NIGOTRON WITH A DOUBLE SET OF SLOTS 


It is well known that the high-frequency power drawn from generators of 
the magnetron type increases with increasing the constant potential (under 
the condition that the magnetic field increases proportionally). However, 
experiments with a single-set nigotron have shown that when the constant 
electric field in the working space increased above a certain definite value the 


* In what follows it will be seen that in a double-set nigotron these currents are smaller, 
while for 8 = 1 they are absent. 
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energy characteristics of the single-set nigotron began to grow worse. On the 
basis of experimental and theoretical investigations we came to the following 
conclusion: the cause of this phenomenon lies in the fact that the initial for- 
mation of tongues gets disturbed with increasing potential. 

The plane in which tongues begin to form in the working space was called 
by us the supply plane (56, p. 854). We denoted its distance from the cathode 
by d. The distance d decreases with increasing constant field &), and this leads 
to the fact that in the region of formation of tongues the component E, of 
the variable electric field decreases and the conditions of tongue formation 
become worse. As was shown earlier (56, Part IV), the centres of the initial orbits, 
on which electrons from emitters are moving, are distributed in the supply 
plane. The trajectory of electrons in the absence of the high-frequency field 
is a cycloid. We considered earlier in more detail the mechanism of formation 
of these cycloids, and showed that for end losses to be reduced electrons in 
the supply plane should move as rectilinearly as possible, i.e. without orbital 
motion (the radius a of the orbit must be as small as possible). It was shown 
that, if electron emitters are recessed into the cathode, one can obtain trajec- 
tories close to a straight line parallel to the cathode surface. These trajectories 
will be located at the following distance from the cathode (56, formula (4.17), 
p. 876, and formula (2.24), p. 853): 

2 9 
dng ame oF (for a = 0), (3.01) 
where 21 is the distance between the slots, 4 is the wavelength to be generated, 
cis the velocity of light, and m/e is the electron mass to charge ratio. From the 
potential obtained it is evident that d decreases with increasing strength of 
the constant field &, in the working space. 
The anode efficiency is equal to (56, formula (4.16), p. 876) 


d 
Na 1 D by (3.0 ) 


hence as d decreases the efficiency increases. Such an increase in the electronic 
efficiency is in fact observed, but we have to explain why it ceases at rela- 
tively large @). From expression (2.01) it is seen that the terms E, and EF, 
of the first space harmonic (n = 1) near the cathode are sufficiently small, 
and for g D> 1 their order of magnitude is e*? =e"! times lower 
than that of the same terms near the anode. This is physically accounted for 
by the fact that space harmonics have the character of surface waves whose 
field decreases as the distance from the anode increases. Furthermore, at the 
cathcde H, = 0 and, as the supply plane approaches the cathode plane the 
horizontal component E£, of the high-frequency field in the supply plane de- 
creases rapidly. Hence as d decreases the drift velocity of electrons from the 
supply plane towards the anode, determined by the component H,, decreases, 
while the perturbing effect of space charge on the formation of tongues in- 
creases. Owing to this the margin of stability, which ensures the phase focusing, 
decreases, while at the same time the critical quality factor increases and the 
contour efficiency of the generator decreascs. 
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The stability of the generator against the effect of space charge is determined 
quantitatively by the value P,, which we called the critical power (56, formula 
(3,31), p. 867). As is seen from this expression, the critical power is proportional 
to sinh2gd. For small value of d we can replace the sinh by its argument. 
Then this expression will assume the form 


m\? wm U2 
P. = (=) =) gd. (3.03) 
Substituting g, @ and U according to formula (3.01) and (2.04), we obtain 
ley 
| me 24°" 2] pi B 
P. = -e— >= (3.04) 


e 2° \sinhgD/ 7? 8° 
From this expression it is seen that the critical power P, for one and the same 
strength of the variable field /, in the slots of the anode and, consequently, 
in the working space decreases with increasing constant field &,. 

Expression (3.04) shows also that the critical power increases with decreasing 
height D, hence magnetrons are usually constructed with as small as possible 
a gap between the cathode and anode. Since one has to increase the magnetic 
field as D decreases, practically feasible strengths of the magnetic field 
determine in the end the limiting value of D. 

Pulsed magnetrons are less subject to the loss of stability as the constant 
field increases, since in them the entire cathode surface emits electrons and, 
hence, the height d of the supply plane is four times larger than for recessed 
emitters, which should be applied in continuous generation. Therefore, for the 
same parameters of the generator the critical power of pulsed magnetrons is 
four times larger. 

From the above it follows that the initial formation of tongues can be faci- 
litated by increasing the horizontal component of the variable electric field 
near the cathode surface. We attained this by passing to a double-set nigotron, 
in which beside a set of usual slots in the anode there is also a set of slots in 
the cathode, near the supply plane. Slots in the cathode of a continuous 
generator are quite permissible in regard to construction, since emitters occupy 
only a small part of the cathode surface and the presence of the slots does not 
decrease the emission current. 
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Fic. 2. Double-set nigotron. 
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The design of a double-set nigotron is shown in Fig. 2. The notation in this 
figure is the same as in Fig. 1 for a single-set nigotron: J is a resonator, 2 is 
a solenoid, 3 and 4 are the cathode and anode, 5 are stanchions supporting the 
bars of the ‘‘squirrel wheel’’, 6 is an emitter, 7 are restraints, and 8 is a quartz 
port. An element of the working space is shown schematically in Fig. 3, 
where all notations adopted are explained and where a theoretically obtained 
electron tongue is presented. Electron tongues in a double-set nigotron differ 
essentially from those in a single-set nigotron. Therefore in the next paragraph 
we shall consider in detail the mechanism of formation of tongues in a device 
with a double set of slots. 


4. ELECTRON TRAJECTORIES IN A DOUBLE-SET NIGOTRON 


The variable electric field in the working space of the double-set nigotron 
can be considered as a superposition of two high-frequency fields arising from 
the set of slots in the anode and from the set of slots in the cathode. We assume 
that the slots oscillate in phase. An expression for the variable field in the 
working space is obtained simply in the form of the sum of two fields: the field 
from the upper slots, given by expressions (2.01) and (2.02), and the field from 
the lower slots, which is obtained from the same expressions by replacing the 
y-coordinate by D — y. Then, retaining only the zero term and the first term 
of the Fourier expansion, we obtain for the components of the variable field 
the following formulae: 


1 2 1 1 
b, =— {ppg hy + Hag he(D — y)) + 


sin hy sin. hy 
1 SnhgD nha y + Be smhgD nba (P — y) cosg x | sine t, (4.01) 
9 sin 2 sin 2" 
fy = x E, Snhg D coshg y — Hs hg D coshg (D — y)| sing x sing é, 


(4.02) 
where H, and EF, are the amplitudes of the variable field in the upper and lower 
slots having the widths h, and hy, respectively. 

The calculation of the motion of electrons in such a ficld is carried out by 
the same averaging method as for a device with a single set of slots (56, Part II). 
We shall not repeat the mathematical operations and shall give at once the 
equations for the phase velocities A and B for the basic process of generation, 
when the radius of electron orbits is constant (@ = 0). These equations have 
the form 


. 1 
A=— ap U1 coshg B — U, coshg(D — B)|sing A, (4.03) 


1 
B= 55 (0, sinhy B + U,sinhg(D — B)] cosg A. (4.04) 
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where, as before, g = a/l, 2 is the Larmor frequency, while A and B are phase 
coordinates. We introduced also the notation 


sing 
U _~& 2 fe 4.05 
1m a + sinhgD’ (4.05) 
sin 2? 
e 2 2 
U,=— (4.06) 


ma *sinhg D - 
Integrating equations (4.03) and (4.04) we find, as for the planotron (56, 


Part IT), that the motion of electrons is similar to the flow of an incompressible 
fluid. The flow function is easily calculated to be 


U 
Y= 04 [sinhg B + PB sinhg(D — B)jsing A, (4.07) 
where 
vy F,sin ue 
B= 7 =— (4.08) 
. E, sin _ , 


It is useful to note that in the nigotron the width of slots h, and h, is usually 
small in comparison with the distance 27 between them, hence the sine can 
be replaced by its argument. Then we have 
= ae 4.09 
where V, and V, are the potentials in the slots. 
We assume that the quantity # has such a numerical value that it can be 
presented in the form 


B= cosh g b 
~ coshg(D — b) © 


Then for the flow function (4.07) after simple transformations we obtain the 
expression 


(4.10) 


_ U, sinhg D 

~ 2Q 9 cosh g(D — 6) 
From expression (4.10) it follows that when e-&? < 8 < e6? we shall have 
— co <b < o; if still narrower limits are taken 


1 


Y coshg(B — 6) sing A. (4.11) 


——— <f <scoshgD, th 0<db sD, 4,12 
coshgD — B cosh g en ( ) 
and, finally, if 
D 


As will be seen in what follows, the most important cases for us are when 
the coupling between oscillations in the working space and thosc in the reso- 
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nator is the strongest. Then the value of 8 is close to unity, owing to which 
condition (4.13) is of greatest interest. 

Constructing the lines Y = const. according to formula (4.11), we find the 
family of trajectories on which electrons are moving in the phase space of the 
double-set nigotron. These trajectories are plotted in Fig. 4. In Fig. 3 it is 
shown how tongues are formed from these trajectories in the working space of 
a double-set nigotron; the arrows show the direction of motion of electrons. 
In these drawings it is seen that b is the distance from the cathode plane to 
that plane relative to which the trajectories are distributed symmetrically, 


eal te, 


WY \ 
Vy \ | 


Anode 


Symmetry 
€,|——— - —_———- - 
plane ie) 


\S 


c gA 
Cathode 


2k 


Fia. 3. Electron tongues in a double-set nigotron. 


= 


Symmetry 
plane 


R=cash gB singA 


Fig. 4. Phase trajectories in a double-set nigotron. 
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hence we call the plane B = b the symmetry plane. It is easy to see that in 
the symmetry plane the phase velocity A =0. As to the phase velocity B, 
it reduces to zero at the verticals g A = + n/2. 

If B <e-8? or B > 8”, then, as can be shown, the phase trajectories of 
electrons will be of the same character as in the planotron or single-set nigotron, 
and will be determined by the equation 

R = sinhg(B — b) sing A (4.14) 
(in this case the symmetry plane will not lie in the cathode plane). This case 
is also of no interest for us. 

It should be noted that, by changing the mutual position of upper and lower 
slots along the horizontal axis and the strength of the electric field in the slits, 
the form of tongues can be controlled to a considerable degree. It is not ex- 
cluded that in the further development of the nigotron advantage can be taken 
of this fact. 


5. Basic CHARACTERISTICS OF A DOUBLE-SET NIGOTRON 


We now discuss the properties of a device with a double sct of slots, and 
compare it with a single-set device. 

The first property is secn from Fig. 3. It consists in the fact that the tongues 
are formed differently. A considerable fraction of electrons, which get into 
tongues and begin to move towards the anode, come back to the cathode 
without reaching the symmetry plane B = 6b. Thus, in a double-set nigotron 
the back current is larger than in a single-set nigotron. 

We denote the total current from the cathode per unit of its area by J, the 
back current by J,, and the current towards the anode by J,; then 


J=J,+e. (5.01) 


The current through the cross-section of the working space, at the boundaries 
of which the flow function assumes the values Y, and ¥4, is equal to (56, p. 860) 


Jo =r (Fy — Fo), (5.02) 
where 9 is the uniform density of electrons in the tongue. Making use of formula 
(4.11), we obtain 

Ja 1 

J = Foohg =a’ 
where, as before, d is the distance from the cathode to the supply plane. From 
this expression it is seen that the anode current is always smaller than one half 
of the total current. 

In constructing the nigotron it is important to choose properly the ratio 
of the width D of the working space to the pitch 21 (the distance between the 
slots). From expression (5.03) it follows that the anode current is determined 
to a considerable degree by this ratio. As we have already mentioned, the case 
of greatest interest for us is when the potentials in both sets of slots are the 
same. Then, according to expression (4.09), we have 8 =1 and b = D/2. 


(5.03) 
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Since g = x/l, the ratio of the anode current to the total current in these con- 
ditions is equal to 
To 1 (5.04) 


D — 2d 
2 cosh (x "| 


This dependence is shown in Fig. 5. The distance d decreases with increasing 
anode potential according to formula (3.01) and in practice is usually small in 


0-5 
0-4 
Jo 973 
J 
0-2 
O-l 


16] 0-2 0:4 0°6 0-6 1-0 1-2 
0 -—2d 
u 


Fic. 5. Dependence of the anode current on the geometry of the nigotron. 


comparison with D, hence in preliminary calculations D — 2d can be replaced 
by D. 

The effect of back current on the operation of the planotron was considered 
in detail earlier (56, Part IV); it affects in the same way the operation of a 
double-set nigotron. Cathodic losses depend on the initial trajectory of the 
motion of electrons. If the orbital motion of electrons takes place on a circle 
of a radius a » d, then electrons come to the cathode with a small energy, 
and the back current does not lead to large cathodic losses. Then anodic losses 
are dominant, and the electron efficiency is equal to 


€ 


2 
n=1— =< (when a = d) (5.05) 


(56, p. 875). But if the initial trajectory of electrons is a straight line parallel 
to the cathode plane (the emitter being lowered into the body of the cathode), 
then the back current will bring to the cathode an additional energy, which 
basically determines losses (see 56, p. 879). In this case the electron efficiency is 
equal to d J 


= ——_—_ ——— iq .7 
Ne = 1 ID Ty” (5.06) 


As a matter of fact, the efficiency will lie between these two limiting values. 
In order that the efficiency from formula (5.06) may exceed that from for- 
mula (5.05), it is necessary that the inequality 


Ja - 
F< 0-25. (5.07) 


should be fulfilled. 
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In accordance with Fig. 5 we obtain the inequality 


D 
7< 0-85, (5.08) 
which must be satisfied by the gap D. Since all the same one has to seek to 
reduce the back current, the ratio D/l should be chosen to be as small as pos- 
sible. As will be seen from the consideration of stability, it is advisable to choose 
Dil = 0-5. 

It should be noted that in a double-set nigotron the back current cannot 
be less than the anode current, hence the smallest possible value of the electron 
efficiency is 

He =1 -£ (5.09) 

The harmful effect of the back current is extenuated by the major advantage 
of a double-set nigotron—the reduction of the perturbing effect of space charge 
on the initial formation of tongues. Let us see (56, Part III) how the phase 
trajectory changes under the action of the perturbation 4 &,, caused by a 
small change in the strength of the constant field &,,. The perturbing ac- 
celeration is equal to 


€ o 6 
Afoy = md 6 oy: (5.10) 


The perturbed flow function is given by the expression (56, formula (3.09), 
p- 862) 
U, sinhg D 
~ 20g coshg(D — b) 
The perturbed phase velocity is obtained from the equations 


, aw oy 
ro SA 1 5.12 
A op 6° ta (5.12) 


Ul 


coshg(B’ — b)sing A’ — Aton (B’ — b), (5.11) 


We introduce dimensionless quantities, analogous to those used earlier 
(56, p. 862): 
a=gA’, y = 9(B' — 6), | 


+= 2Afy, coshg(D — 5d) 


U; sinh g D (5.13) 
pa229 coshg(D — b) | 
— U, sinhg D ” 


Then the equation of the perturbed trajectory assumes the following form: 

R=coshysinx —cy, (5.14) 
where the coefficient ¢ determines the perturbation, since it is proportional to 
A fo, In order to picture how the perturbation affects the motion of elec- 
trons we plotted in Fig. 6 trajectories in the phase plane x, y when o = 0-75 
for different values of R; the arrows on the trajectories show the directions 
of the phase velocities. 


988 COLLECTED Papers OF P. L. Kapirza 


Comparing the trajectories of Fig. 6 with the unperturbed trajectories shown in 
Fig. 4, we see that electrons, travelling towards the anode, cross the symmetry 
plane y = 0 not in the interval —n/2 <2 < z/2 but in a smaller interval 
determined by the inequality — a) < 2 < 9. In Fig. 6 the part of the electron 
flux which passes from the cathode to the anode is hatched. 


R=| Anode 


| 
DET) 
Ls 


WG 


-2 


-3 
Fic. 6. Phase trajectories when the phase velocity does not coincide with 
the drift velocity (¢ = 0-75). 


We shall show that the perturbation always decreases the anode current 
and that there is a limiting value of o for which the anode current vanishes. 
To calculate the anode current per unit area we substitute into formula (5.02) 
the values of the flow function WY at the boundaries of the tongue in thesymmetry 
planc y = 0. Then we obtain 


eo U, sinhg D 
2x2 coshg(D — b) 


Ja = 


Sin 2p. (5.15) 


Further, we express sina, in terms of o. In Fig. 6 it is seen that the limiting 
trajectory of the tongue, passing through the point x = a,, y = 0, passes also 
through the point x = 2/2, y = — yp. In the drawing, this point is denoted 
by Q; it possesses the same property as the point Q of Fig. 4a of 56 (p. 862) 
in the family of perturbed trajectorics in the planotron. Trajectories passing 
through this point have in it an indefinite tangent (for trajectories going from 
the cathode to the anode this tangent is vertical). From formula (5.14) 
we obtain 
dy coshy cosa 


dx o —sinhy sina’ (5.16) 
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In the point Q we must have 


cosx = 0, sinhysinz =o, (5.17) 
whence 
x= >, sinhy, =a, | 
2 ° (5.18) 
sin%» = coshy, — y,sinhy. | 


From these expressions we find the dependence of sina, on the coefficient o, 
shown in Fig. 7. As is seen from the graph, at a certain value of o we have 


sin xo 


0 0-2 0-4 O6 O-8 1°90 1-2 1:4 16 


o 


Fie. 7. Dependence of sinz, on a. 


sinx, = 0 and, consequently, according to expression (5.15), the current J, = 0. 
At larger values of o the anode current is also equal to zero. Assuming sin, = 0, 
we obtain from the last formula (5.18) the transcendental equation 


Yo = cothy,, (5.19) 


having the solution ¥) = 1-20, whence the limiting value of the perturbation 
coefficient o is 
o = sinh 1-20 = 1-51. (5.20) 


Phase trajectories for this limiting value of o are drawn in Fig. 8. Following 
the arrows showing the direction of motion of electrons it can be seen that for 
o = 1-51 these trajectories can, indeed, not cross the symmetry plane. Hence 
for |o| = 1-51 the anode current will be absent and generation will cease. 

The amplitude of the horizontal component of the variable electric field in 
the symmetry plane (for B = b and A = 0) will be denoted by Ej. It is cal- 
culated easily from formula (4.01), (4.05), (4.08) and (4.10) to be 


. gh, 
9 sin > 
Bt, -24,——__* _., (5.21) 
It coshg(D — b) 
so that from formulae (5.10) and (5.13) we obtain 
2A Boy 


_ 24 boy 5.22 
o Er (5.22) 
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Taking into account the preceding expressions, we come to the condition 


| 4 Foy | 


Ee < 0-75, (5.23) 


under which generation is still possible. 


eo ry | 
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Fia. 8. Phase trajectories for o = 1-51, when the anode current vanishes. 


Formula (5.23) shows that the perturbation of the electrostatic field in a 
stable generation should not exceed threc quarters of the amplitude of the 
variable electric field H, in the symmetry plane B = b. It is useful to compare 
this result with that obtained earlier for single-set devices (56, formula (3.18), 
p. 864), according to which 4 E,, must be less than one half of the amplitude 
of the vertical variable field in the supply plane B = d, i.e. at the cathode 
itself, where the strength of the variable electric field is small. 

From expression (5.15) and the analysis performed it is seen that any per- 
turbation leads to a decrease in tlie anode current and, accordingly, to an 
increase in the cathode current. The increase in the cathode current leads in 
turn to an increase in cathodic losses. These relationships make it possible to 
estimate the accuracy with which a nigotron should be manufactured and 
adjusted. 

The larger stability against perturbations is the major advantage of the 
double-sct device over the single-set device. This stability plays an even more 
important role for perturbations caused by space charges. We shall show that 
the stability of operation of a double-set nigotron with respect to space charge 
is indeed larger than that of a single-set nigotron, because the critical power 
does not depend on the strength of the constant field. 
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From expressions (5.15) and (5.18) it is seen that the anode current in the 
nigotron can be expressed as a function of the parameter y,, namely 


0 U, sinhg D 


2950 coshg(D — by (COSP Yo — Yosinh ys) (5.24) 


where @ is, as before, the density of electrons in the tongue. We assume, as 
in the case of the single-set nigotron, that the perturbing field A &), is pro- 
portional to the space-charge density o. Reasoning as before, (56, pp. 865 and 
866), we obtain the same relation between the density g and the perturbing 
acceleration due to it: 


é 


The coefficient y is determined by the form of the tongue and, as shown 
earlier, is of the order of unity. Making use of expression (5.13) for o, upon a 
simple transformation we come to the expression 

m U, sinhg D 


C= By coshg(D — b) (5.26) 


Substituting this expression into formula (5.24), we obtain 


m U} sinhg D 


2 
kena A See — y, sinhy,) si ; ; 
 dnyI |coshg(D —b) (coshYy — Yo Sinhy 9) sinhy,. (5.27) 


J, = 
This expression shows that the anode current J, as a function of the para- 
meter y, has a maximum for a value of y, satisfying the equation 
cothyy) = 2Yo, (5.28) 
i.e. for yy = 0-772. 
Thus, if the current is restricted by the perturbation caused by the space 
charge, then its highest (critical) value will be equal to 
. 2 : 2 
Joe = m 0-556 Uj; sinhg D (5.29) 
e 4x 412 | coshg (D — 6) 
Knowing the critical current Ja:, it is easy to find the critical power (per 
unit area of the cathode). It amounts to (56, formula (3.30), p. 867) 


P, = ne Jac 6 D- (5.30) 


Substituting the values J,,, U, and &/Q (56, formula (2.24), p. 853), we 
obtain finally 


0-556 w 


,. gh D 
P, =. (asin 1 


2 
om) cosh? g(D —b) © (5.31) 


In the most interesting case, when b = D/2, the preceding expression assumes 
the form . h, \2 D 
Po = (x, sin £3) —— 
7 x cosh? Z (5.32) 
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Whence it is seen that, in contrast to the single-set nigotron (sce formula (3.04)), 
the critical power of the double-set nigotron does not depend on the strength 
of the electrostatic ficld &,. This is an important advantage of double-set 
devices. 

The obtained expression for P, makes it possible to establish the most 
effective relation between the dimensions of the working space, since P, 
depends on the ratio D/l. Differentiating P, with respect to D, it is easy to 
show that the maximum of expression (5.32) is reached when g D is the root 


of the equation D 
gD = coth 2. (5.33) 
Solving this equation, we obtain 
a” = 0-77, = = 0-49. (5.34) 


Substituting these values into expression (5.32), we obtain the maximum 
value of the critical power 

‘1 i _ gh,\? . 

Pmax = Ne ais (z, sin r ; (5.35) 


a4 


corresponding to the values f = 1 and D = 0-491. 


ie) O2 0-4 0-6 O68 1:0 [:2 


DAL 
Fra. 9. Dependence of the critical power on the ratio D/l. 


Thus, the limiting power is reached when the height D of the working space 
is approximatcly equal to one quarter of the pitch 27 (the distance between 
the slots). In practice one has to require that D should be as large as possible; 
then the device is more easy to manufacture, and one can work with a smaller 
magnetic field. The dependencc of the limiting power on the choice of D/! can 
be seen in Fig. 9. It is clear that the maximum is sufficiently sharp, hence one 
should not choose D/l > 0-6. 

Knowing the limiting power, one can (56, formula (3.34), p. 868) calculate 
the critical quality factor for a loaded generator. It is equal to 
wo Wo 


Qe = (5.36) 


ypP.- 
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where W, is the electromagnetic energy per unit area of the working space, 
which is detcrmined by the formula 


Dil 
1 
0-1 

where H, and H, are the amplitudes of the components of the high-frequency 
electric field. Let us calculate W, for the case when # = 1. Substituting the 
values #, and H#, from expressions (4.01) and (4.02), after some calculations we 
come to the formula 

D 


Ww, = |——~— 
0 3273 


l 
(9 44)? + 5 coth g D (i + 


gD )sine 2 
27 


"nh gD sin? | Ei. (5.38) 

Thus, to determine Q, it is necessary to know only the geometric dimensions 
of the working space (D, l, h,) and y—the use factor of the electric field. As 
already shown (56, footnote on p. 869), in practice y is most simple to determine 
by means of cold measurements—from the shift of the characteristic frequency 
of the resonator when a dielectric is introduced into the working spacc. 

It is easy to see that the working space of a double-set nigotron should be 
placed in that part of the resonator where the electric field has a maximum. 
This will ensure the strongest coupling of the working space with the resonator 
and, consequently, the highest value of the factor y. An analysis shows that 
the factor py will have the highest value when f = 1. Hencc the value B = 1 
is of greatest interest, and in investigating electronic processes in the nigotron 
we bore it in mind. 


CONCLUSION 


A theoretical study of the mechanism of generation in a double-set nigotron 
leads us to the following conclusions: 


1. In a double-set nigotron a more stable focusing, independent of the 
position of the supply plane, can be obtained. 


2.In a double-set nigotron a stronger coupling can be ensured between 
oscillations in the working space and in the resonator. 


These advantages are attained at the price of an increase in the back current. 
But in the end the gain from the application of two sets of slots is undoubtedly 
considerable. Experiment confirms that very stable and efficient continuously 
operating U.H.F. generators can, indeed, be obtained in this way. 
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